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PROCEEDINGS 


AT THE 


MEETINGS OF THE PHYSICAL SOCIETY 


OF LONDON. 


SESSION 1914-1915. 


October 23, 1914. 
Meeting held at the Imperial College of Science. 
Prof. Sir J. J. Тномзох, O.M., F.R.S., President, in the Chair, 
The following Paper was read :— 


" Ionisation," Presidential Address by Sir J. J. THOMSON. 


November 13, 1914. 
Meeting held at the Imperial College of Science. 
Dr. А. Russet, M.A., Vice-President, in the Chair. 
The following Papers were read :— 
1. “А Bridge for the Measurement of Self-Induction.” Ву D. 
Owen, B.A., B.Sc. 


2. “ On the Coefficient of Diffusion in Dilute Solutions." By 
В. W. Crack, B.Sc. 


Vill. PROCEEDINGS OF THE PHYSICAL SOCIETY. 
November 27, 1914. 
Meeting held at the Imperial College of Science. 
Dr. A. RvssELL, M.A., Vice-President, in the Chair. 


The following Papers were read :— 


1. * Note on the Conduction of Electricity at Point Contacts.” 
By А. Е. HALLIMOND. 

2. “ The Thermal Conductivity of Badly Conducting Solids.” 
By T. Barratt, B.Sc. 


| December 18, 1914. 
Meeting held at the Imperial College of Science. 
Dr. A. RvssELL, M.A., Vice-President, in the Chair. 
The following Papers were read :— 


1. ^ An Exhibition and Description of Some Apparatus for 
Class Work in Practical Physics." Ву Dr. G. Е. C. SEARLE, 
F.R.S. 

2.* “А Vacuum Guard Ring and its Application to the Deter- 
mination of the Thermal Conductivity of Mercury." Ву Н. К. 
NETTLETON, B.Sc. 


January 22, 1915. 
Meeting held at the Imperial College of Science. 


Prof. Sir J. J. Тномзох, O.M., F.R.S., President, in the Chair. 


The following Papers were read :— 


1. “ Practical Harmonic Analysis.” By Dr. A. RussELL, M.A. 

2. “ Measuring the Focal Length of a Photographie Lens." Ву 
T. SMITH, B.A. 

3. " The Polyscope and its Projection.” By Prof. А W. 
BICKERTON. 


* Taken as read. 


PROCEEDINGS OF THE PHYSICAL SOCIETY. 1х. 


Annual General Meeting. 
February 12, 1915. 
Meeting held at the Imperial College of Science. 
Dr. A. RussELL, M.A., Vice-President, in the Chair. 
The Report of the Council was taken as read. 


In the year 1914 fourteen ordinary meetings have been held. The 
meeting on June 20th was noteworthy in that it was held at Cambridge. 
About 100 members and visitors took advantage of the occasion to 
visit the works of the Cambridge Scientific Instrument Co., and were 
subsequently the guests of the Company at a luncheon held by kind 
permission of the Master and Fellows inthe Hall of St. John’s College. 
In the afternoon a science meeting was held in the Cavendish Labora- 
tory, and was followed by tea in the laboratory by the invitation of the 
President and Lady Thomson. The average attendance at the mectings 
was 56. | 


Oa February 27th the first Guthrie Lecture was deliverel by Prof. 
В. W. Wood, of Johns Hopkins University, Baltimore, his subject being 
“ Radiation of Gas Molecule3 Excited by Light," and was much appre- 
ciated by a large audieace. 


During the year a report on “ Radiation and the Quantum Theory," 
by Mr. J. H. Jeans, F.R.S., was published by the Society. It is in- 
tended that this shall form the first of а series of reports on various 
branches of physics. 


A report of the Committee on Nomenclature and Symbols was pub” 
lished in the August number of the “ Proceedings," so that it may be 
discussel before the Council take any definite action. A second report 
will be published shortly. 


The Annual Exhibition of Apparatus was not held during the past year, 
as the Council felt it would not be fully supportel owing to the war. 


The Presidential Address this year was deliverel at the first autumn 
meeting instead of at the Annual General Meeting, аз had been the case 
hitherto, it being felt that the autumn provided а more convenient 
time of year for a new President to deliver his a-ldress. 


The пат зг of Ordinary Fellows ол the roll at December 31, 1914, аз 
distinct from Honorary Fellows, was 454. Twenty-cight new Fellows 
have been elected, and there have been eight resignations. 

The Society has to mourn the loss of one Honorary Fellow, Prof. W. 
Hittorf, and six Ordinary Fellows—namely, Mr. R. Kaye Gray, Prof. 
С. M. Minchin, Prof. J. Н. Poynting (one of the Society's Past Presidents), 
Lieut.-Col. М. Т. Sale, Mr. Augustus Stroh, and Sir Joseph W. Swan. 


The Report was adopted by the Mecting. 


x. PROCEEDINGS OF THE PHYSICAL SOCIETY. 


The Report of the Treasurer and the Balance-sheet were pre- 
sented by the Treasurer. 


The total income of the Society again shows an improvement over 
the preceding year, in spite oi the adverse conditions existing in the 
latter part. It is satisfactory to note that there is a material increase 
in the income derived from subscriptions and from the sales of publica- 
tions. The steady increase in the sales of publications seems to indicate 
that the activity of the Society is being more and more appreciated by 
the scientific world. 

The expenditure for the vear has increased, due in part to the greater 
activity in publication, and also to the more forward policy of the 
Council with regard to lectures and scientific reports. 

The Society’s income this year has exceeded its expenditure by 
£101. 16s. 3d., which 1 think shows that the Society is in a sound 
financial condition. 

Owing to the favourable conditions which prevailed at the beginning 
of 1914, the Council was able to order an investment of some of the cash 
assets, which stood in the last accounts at £698. l4s. I, therefore, 
purchased on behalf of the Society, £500 India 3$ per cent. Stock. 

The total assets of the Society show a slight increase, but too much 
importance should not be attached to the figures given for the present 

values of the investments. The values given tor the securities were 
kindly supplied by Messrs. Parr’s Bank, and are based on the Stock 
Exchange minimum prices. 

The liabilities on account of the Life Compositions Fund are a little 
higher, in spite of the deaths of four Life Fellows, as two new Fellows * 
have compounded for their subscriptions. The balance available in 
the General Fund of the Society has slightly increased since last year. 


The Report of the Treasurer was adopted. 
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xiv! PROCEEDINGS OF THE PHYSICAL SOCIETY. 


The Election of Officers and Council then took place, the new 
Council being constituted as follows :— 


President.—Sir J. J. Тномзох, O.M., D.Sc., E.R.S. 


V ice-Presidents, who have filled the Office of President.—Prot. 
G. C. Foster, D.Sc., LL.D., F.R.S. ; Prof. В. B. Cirrron, M.A., 
Е.К.8.; Prof. A. W. Вахого, C.B., M.A., F.R.S. ; Prof. Sir 
ARTHUR W. Rucker, M.A., D.Sc., F.R.S. ; Sir W. ре W. ABNEY, 
R.E., K.C.B., D.C.L., E.R.S. ; Prin. Sir OLIVER J. Горов. D.Sc., 
LL.D., F.R.S.; Prof. Silvanus P. Тномрхох, D.Sc., E.R.S. ; 
В. T. GLAZEBROOK, C.B., D.Sc., F.R.S. ; Prof. J. Perry, D.Sc., 
F.R.8.; C. Cures, Sc.D., LL.D., F.R.S.; Prof. H. L. CALLENDAR, 
M.A., LL.D., Е.К.5.; Prof. А. Scuuster, Ph.D., Sc.D., F.R.S. 


Vice-Presidents.—W. В. СоорЕв, M.A., B.Se.; A. RUSSELL, 
M.A., D.3c. ; Е. E. Smita, В. S. WHIPPLE. 


Secretaries.— S. W. J. міти, M.A., D.Se., F.R.S. ; W. Есська, 
D.Se. 


Foreign Secretary.—R. T. GLAZEBROOK, C.B., D.Se., F.R.S. 
T reasurer.— W. DuppELL, F.R.S. 
Librarian.— S. W. J. Smitu, M.A., D.Se., E.R.S. 


Other Members of Council.—8. D. Cuatmers, M.A.; Prof. 
G. W. О. Howe, M.Se.; Prof. J. W. Nicnorsox, M.A., О.5е.; 
Major W. A. J. O'Meara, C.M.G. ; С. C. Paterson; C. Е. S. 
PuinLies, F.R.S.E.; Prof. A. W. Porter, B.Se., F.R.S. ; Prot. 
О. W. КіснаКкрхох, M.A., D.Se., F.R.S.; Prof. the Hon. В. J. 
STRUTT, F.R.S.; W. Е. Sumpner, D.Sc. 

Prince B. Galitzin was balloted for and elected an Honorary 
Fellow of the Society. 


The following Papers were read :— 
1. “А Galvanic Cell which Reverses its Polarity when Illu- 


nunated.” By A. А. CAMPBELL SWINTON. 


2.* “Оп the Criterion of Steel Suitable for Permanent Mag- 
nets." Ву Prof. S. P. Тномрхох, F.R.S. 


3.1 “Ап Investigation of the Photographic Effect: of Recoil 
Atoms.” By A. В. Woon, М.Ъе., and A. I. STEVEN, М.А. 


* Read in abstract by the Secretary in the absence of the Author. 
| Taken as read. 
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February 26, 1915. 
Meeting held at the Imperial College of Science. 
Dr. A. Russet, M.A., Vice-President, in the Chair. 
The following Papers were read :— 


1. * Magnetic 'Character' Figures, Antarctic and Inter- 
national." By Dr. C. Corer, F.R.S. 

2. “ The Electrification of Surfaces as Affected by Heat." By 
Dr. P. E. SHaw. 

3. * Electromagnetic Inertia and Atomic Weight." By Prof. 
J. W. Nicholson, M.A., D.Sc. 


— 


March 12, 1915. 
Mecting held at the Imperial College of Science. 
Dr. A. RvssELL, M.A., Vice-President, in the Chair. 
The following Papers were read :— 


1. “ The Estimation of High Temperatures by the Method of 
Colour Identity.” By Cirrrorp C. Paterson, A.M.Inst.C.E., 
and B. P. Dupnisa, A.R.C. 8c. 

2. " The Unit of Candle-power in White Light." Ву CLIFFORD 
C. Paterson and B. P. Dupnisa. 

3.* * The Relative Losses in Dielectrics in Equivalent Electric 
Fields, Steady and Alternating (R.M.S.).' Ву G. L. ADDEN- 
BROOKE, M.I.E.E. 


March 26, 1915. 
Mecting held at Univeisity College, Gower-street, by invitation of 
Profs. J. A. Егемихе, F.R.S., and A. W. Porter, F.R.S. 
Dr. A. RussEeLL, M.A., Vice-President, in the Chair. 


The following Papers were read :— а 


1. “ The Change of Thermal Conductivity with Fusion.” Ву 
Prof. А. W. Porter, D.Sc., F.R.S., and Е. Simeon, B.Sc. 


* Taken as read on account of lateness of the hour. 
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2. “ An Instrument for the Optical Projection and Delineation 
of Physical Curves, such as Hysteresis, Resonance and Charac- 
teristic Curves.” Ву Prof. J. A. FLemine, D.Se., F.R.S. 


3. " The Stability of Some Liquid Films.” By Dr. P. PHILLIPS 
and Mr. J. Rose Innes, M.A., B.Sc. 


Before and after the Meeting a Demonstration of the Green 
Flash at the Setting of an Artificial Sun was given by Prof. A. W. 
PonrER and E. T. Paris. 


April 23, 1915. 
Meeting held at the Imperial College of Science. 


Dr. А. RussELr, M.A., Vice-President, in the Chair. 
The following Papers were read :— 


1. “ On the Theories of Voigt and Everett regarding the Origin 
of Combination Tones." By Prof. W. B. Morton, M.A., and Miss 
M. DARRAGH. 


2. " Experiments оп Condensation Nuclei produced in Gases 
by Ultra-violet Light." By Miss M. SALTMARSII. 


3.* “ On the Self-induction of Solenoids of Appreciable Winding 
Depth." By S. BUTTERWORTH, M.Sc. 


May 14, 1915. 
Meeting held at the Imperial College of Science. 
Dr. А. RusskLL, M.A., Vice-President, in the Chair. 
The following Papers were read :— 


1. “ Precision Resistance Measurements with Simple Appa- 
ratus," Ву E. Н. Rayner. 

2. "Some Novel Laboratory Experiments." Ву Е. W. 
JORDAN, B.Sc. 

3.* " On Electrically Maintained Vibrations.” By 8. BUTTER- 
WORTH, М.х. 


* Taken as read in the absence of the Author. 


ани ИОН 


PROCEEDINGS OF THE PHYSICAL SOCIETY. x vii. 
May 23, 1915. 
Meeting held at King's College, Strand, by invitation of Profs. 


О. W. Ricnarpson, M.A., D.Sc., F.R.S., and J. W. Nicuorsow, 
M.A., D.Sc. 


Dr. A. RussELL, M.A., Vice-President, in the Chair. 
The following Papers were read :— 


1. “Оп Numerical Relationships between Electronic and 
Atomic Constants.” Ву Dr. Н. 5. ALLEN, M.A. 


2. “ Оп а Method of Calculating the Absorption Coefheients of 
X-Radiation.” By Н. Moore, A.R.C.Sc. 


Prof. О. W. RicHarpson showed two experiments illustrating 
Novel Properties of the Electron Currents from Hot Metals ; 
Prof. E. Witson described and exhibited the Apparatus used 
in his recent work on High Permeability in Iron: and Mr. T. К. 
MERTON showed an experiment illustrating the Relative Width 
of Hydrogen and Neon Lines. 


June 11, 1915. 
Meeting held at the [Imperial College of Science. 
Dr. А. RussELL, M.A., Vice-President, in the Chair. 


The following Papers were read :— 


1. " The Coefficient of Expansion of Sodium.” Ву E. А 
GRIFFITHS and E. Grirrirus, M.Sc. 

2. " Notes on the Calculation of Thin Objectives." Ву T. 
Eu B.A. 

“Оп Tracing Rays through an Optical System.” Ву T. 

Змитн, В.А. 

4.* "The Асситасу of the Lensand Drop Method of Measuring 
Refractive Index." By Н. В. NETTLETON, B.Sc. 


* Taken as read in the absence of the Author. 


xviii. PROCEEDINGS OF THE PHYSICAL SOCIETY. 
June 25, 1915. 
Meeting held at the Imperial College of Science. 
Dr. А. Russett, M.A., Vice-President, in the Chair. 
The following Papers were read :— 


1. * The Conduction of Electricity through Metals." By the 
President, Sir J. J. THomson, O.M., F.R.S. 

2. “On an Unbroken Alternating Current for Cable Tele- 
graphy.” By Lieut.-Col. @. О. Squier, Ph.D. 


NOTICES TO FELLOWS. 


The question of using letters to denote Fellowship of the Society 
has been raised from time to time. The practice of Fellows has 
varied in the past, ard it is obviously advisable that there should b> 
uniformity. In the circumstances, the Council has decided to sanc- 
tion and adopt the letters F.P.S.L. as the official indicatioa of Fellow- 
ship of the Society. Fellows are, therefore, asked to use no other 
letters for this purpose. 


ERRATA 


IN 
VOL. XXVII. PART I. 


—Ф— 
On pag 94, line 35, for iron read ion. 
» » 97 „ 24 , proporlion read proportional. 
» » 100 , 20 ,, induction read inductive. 
» » 10) , 34 , unlike read unlikely. 
» » lll , 25, insert pulse after Rontgen. 


The quantity у MQ is in the denominator of all the expressions 
in which it occurs on page 95 et seq. 
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PRODUCTION OF SOFT RONTGEN RADIATION. l 


I. The Production of Soft Röntgen Radiation Фу the 
Impact of Positive and Slow Cathode Rays. ' By Sir J. J. 
Тномзом, O.M., F.R.S.* 


A cap of about eight octaves separates the softest char- 
acteristic Rontgen radiation yet investigated, that of alu- 
minium, and the shortest waves in the Schumann region, 
those recently discovered by Prof. Lyman; the latter 
have a wave-length of about 9х 10-8 cm., the former опе 
of 3-6х 10-8 ст. Very little is known about any radiation 
of intermcdiate wave-length, and yet th» study of such 
radiation is essential for the determination of the structure 
of the atom. By its aid we might hope to gain a knowledge 
of the distribution of the electrons in the atom, to determine, 
for example, how many rings of electrons there are in the 
atom and the number of electrons in each ring. We asso- 
ciate the K and L types of radiation with the vibrations of 
the two rings nearest the centre of the atom, and the visible 
spectrum with those of the outermost ring. By using Róntgen 
radiation ranging in hardness from that characteristic of 
aluminium to the hardest we can produce, we can detect the 
existence and study the properties of the two rings nearest 
the centre. By using the light of the visible and ultra violet 
region we can find out a good deal about the outermost ring, 
but to study the intermcdiate rings, and thus get even an 
approach to the constitution of the atom, we require radiation 
intermediate between Schumann and ordinary Rontgen rays, 
a type of radiation which has not hitherto attracted much 
attention. | 

I wish in this Paper to describe some experiments recently 
made in the Cavendish Laboratory on methods of producing 
and studying radiation of this type. 

In the first place I wish to describe à new method of pro- 
ducing this radiation, for I find that when positive rays im- 
pinge against a solid, radiation of this type is produced. 

The apparatus is shown in Fig. 1. The positive rays are 
produecd in the bulb A, they pass through a tube about 2 mm. 
in diameter and 5 cm. long in the cathode C, and strike against 


* Communicated by the Author, having been read before the Physical 
Society, June 20, 1914. 
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a platinum disc, P. Віз aside tube, at the end of which is the 
arrangement described in my book on “ Positive Rays,” by 
which a photographic plate could be exposed to the radiation 
in the tube ; a slit was placed in front of the plate, so as to 
get a definite image. The plates used were Schumann p'atcs 
or plates specially prepared for me by the Paget Plate Com- 
pany ; these are not so sensitive to the radiation as the Schu- 
mann plates, and require a longer exposure ; when, however, 
the radiation is strong enough they are more convenient to 
work vith. L and M are two pairs of parallel plates 6-5 cm. 
long and 1 mm. apart, placcd so that any radiation coming 
from A and striking the plate P must pass between L, while 
any radiation from P must pass through M before it reaches the 
photographic plates. These plates could be connected to a 
large battery of small storage cells, and a potential difference 
of 1,000 volts established between the plates in either pair. 
When the positive rays were striking against the plate an 
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exposure of a Schumann plate for an hour gave a dense 
photograph of the slit, showing that something was coming 
down the side tube which could affect a photographic plate. 
There are many well recognised types of radiation produced 
in A, and it is necessary to make further experiments to see 
if the photograph is produced by these or by some new type 
of radiation. It might be suggested, for example, that the 
effect had nothing to do with positive rays passing through 
the cathode to P, but was produced by ultra-violet light or 
Röntgen rays generated in the discharge-tube, which passed 
through the aperture in the cathode, and was then reflected 
from the platinum plate. If this were the case, since neither 
ultra-violet light nor Róntgen rays are deflected by an electric 
field, the intensity of the photograph should be the same 
whether the P.D. between the plates in L was zero or 1,000 
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volts. It was found, however, that the photographic effect 
almost disappeared when there was а Р.О. of 1,000 volts | 
between the plates, showing that the effect is due to the posi- 
tive rays. The effect, though rcduced to a small fraction of its 
former value by putting on 1,000 volts, is yet not entirely 
eliminated. The small residual effect is due, I think, to the 
fact that the positive rays, except at the very lowest pressures, 
do not remain constantly positively charged, but alternate 
from the charged to the uncharged condition : thus a few ot 
them might remain without charge all the time they were 
between the plates and thus escape deflection ; after passing 
through the plates they might re-acquire a positive charge 
before striking against P. I think this is more probable than 
that the residual effect is due to ordinary Róntgen rays or 
ultra-violet light produced in A, for the rays, as we shall sce, 
are too easily absorbed by white fluorite to be ultra-violet 
light, and by thin mica or collodion to be ordinary Róntgen 
rays. Another proof that the effect is not due to stray radia- 
tion from А is that it disappcars entirely if C is made anode 
instead of cathode. 

One of the effects of the impact of positive rays against a 
metal plate is to make the plate emit slow cathode rays, and 
it might be thought that the effect on the photographic plate 
was due to these rays, starting from P and travelling down 
to the plate. It this were the case, then putting a P.D. of 
1,000 volts between the plates in M ought to stop the effect 
entirely. Г find, however, that th» photographs are just as 
dark when 1,000 volts are on the plates as when they are at the 
same potential. This seems a conclusive proof that the radia- 
tion which affects the plate is not a corpuscular radiation or a 
form of positive rays, but is analogous to light or Róntgen 
radiations—that, in fact, Róntgen radiation is produced by 
the impact of positive rays against a solid. 

This radiation is unable to penetrate even the thinnest films 
I have been able to procure of substances such as collodion, 
mica, paraffin-wax, aluminium, or white fluorite. When part 
of the slit was covered with one of these films it entirely 
stopped the radiation, through that part of the slit. This 
radiation can be reflected, for if a slit of the kind shown in 
Fig. 2 is put in front of the photographie plate, it is found 
that the plate is affected not only underneath A, but also on 
the part to the left of the opening B. Part of this reflected 
radiation is corpuscular, as it is affected by a magnet; a part 

A 2 
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of it is not so affected, and so must, like the incident rays, 
be a form of Röntgen radiation. 

^  T should estimate the velocity of the positive rays at about 
2x 108 em./second ; the impact of cathode rays possessing the 
same energy as these would generate а very hard type of 
Róntgen ray; the type of Róntgen ray generated by the 
impact of positive rays more nearly resembles that produced 
by cathode rays with the same velocity, but much less energy 
than the positive rays. 

I now pass on to consider the production of soft Róntgen 
radiation by the impact of slow cathode rays. The arrange- 
ment used is shown in Fig. 3. C is à Wehnelt cathode—a 
thin strip of platinum foil with a patch of barium oxide 
deposited on it by burning away a speck of sealing-wax. 
The anode А is a piece of brass rod with а hole bored through 
it, through which the cathode rays pass on their way to the 
target B, a copper plate which is at the end of, and in metallic 
communication with, a cylinder of wire gauze. The variation 


B A 


ae, 


in the speed of the cathode rays was produced by putting 
between the gauze and the anode an E.M.F. tending to stop 
the rays. Thus, if V, is the P.D. between the anode and the 
cathode, V, that between the anode and the gauze, the energy 
of the cathode rays when they strike the target is proportional 
to V,—V,. This method of varying the energy of the rays 
was found to work better than altering the potential between 
the cathode and the anode, as the emission of cathode rays 
from C was much more regular with a constant P.D. between 
the anode and cathode. 

To detect the radiation coming from the target, а cam-ra 
similar to that used in th» previous experiment was placed at 
the end of the side tube T. A slit was placed in front of the 
plate, and half of it covered by thin slices of paraffin-wax, 
collodion, mica, glass, or fluorite so as to estimate the pene- 
trating power of the radiation. А magnet was placed between 


ге 
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the target and photographic plate so as to deflect from the 
latter any corpuscular radiation from the target. The vacuum 
was made as low as possible by means of charcoal and liquid 
air; it was so low that no luminosity could be detected 
between the anode and the target. The plates used were 
Schumann plates; the Paget plates were not sensitive enough 
to detect the radiation from the slowest cathode rays, though 
they gave good photographs when the rays fell through an 
effective potential of more than 100 volts.* The times of 
exposure, which varied from 1 minute to 2 hours, were chosen 
so as to make the energy in the cathode rays striking against 
the target during the time of exposure constant: thus with 
cathode rays which had fallen through 20 volts, the time of 
exposure would be 10 times that for those which had fallen 
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through 200 ; the latter gave quite dense photographs with an 
exposure of 2 minutes. 

I have obtained photographs with cathode ravs whose 
energy ranged from 10 to 600 volts, and there would be no 
difficulty in getting those corresponding to higher voltages 
by using larger batteries to produce the main discharge. 
These photographs are not due to ordinary light coming 
from the discharge-tube, for (i.) they are not obtained when 
the beam of cathode rays is deflected by a magnet from the 
target, and (ii.) the rays which produce them are unable to 
penetrate exceedingly thin films of glass To test whether 
they were due to a corpuscular radiation from the target two 
methods were emploved. First, a magnet was placed between 
the target and the photographic plate, so as to deflect the cor- 
puscular radiation from the plate; this did not affect the 
photographs. The second method was to place between the 


* Since this Paper was read I have, by using & more copious supply of 
cathode rays, been able to get photographs at the lower voltages with Paget 
plates. 
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target and .the photographic plate a pair of parallel plates 
similar to those used in the first experiment with positive 
rays, and apply to them a Р.О. of 1,000 volts. The intensity 
of the photographs was not diminished when all the radiation 
which struck the plate had passed through this strong electric 
field, which would have stopped any charged particles. 

With regard to the penetrating power of this radiation, 
when it is produced by cathode rays with less energy than 
40 volts, I have never been able to detect any photographic 
effect behind a film of collodion thin enough to show the 
colours of thin plates, paraffin-wax 4 и thick, mica, or thin 
fluorite.* When the energy corresponds to 80 volts the effect 
behind the paraffin and collodion is appreciable, while with 
200 volts and more there is very considerable penetration of 
the collodion and paraffin by the rays. 

The great opacity of very thin films suggests that the 
frequency of the rays may be within the limits of those vibra- 
tions which, according to the usual theory of dispersion, are 
totally reflected by a medium. 

According to this theory, if the medium has only one free 
period of frequency n, it is impervious to light, whose frequency 
p is given between the limits given by the equation, 


p=n, 


N 
and p?—n4- 


е? 
т? 


when N із the number of electrons per unit volume, е апа т 
are respectively the charge and mass of an electron. This 
relation applies when the wave-length is large compared with 
the distance between the molecules ; and the limits ot opacity 
depend on the degree of closeness with which the molecules 
are packed: for example, in a gas they depend upon the 
pressure. In the case of Róntgen rays when the wave- 
lengths are small, or even comparable with the distance 
between the molecules, the case is different. The effect ot 
matter in this case is not so much to increase the refractive 
index as to scatter the radiation, and this scattering will be 
greatest when the atom is impervious to the radiation. If we 
apply the equation to the atom itself it indicates that the atom 


* With larger currents from the Wehnolt I have been able to detect tho 
photographic effect of tho 40 volts rays behind thin collodion and mica, and 
also to detect the photoelectric effect and ionisation due to the rays which 
had passed through the films. 
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would be impervious to, and therefore scatter strongly, rays , 
whose frequency is between limits which depend on the density ` 
of the electrons within the atom, and not on the closeness 
with which the atoms are packed. 

When there are more frequencies than one intrinsic to the 
atom, there will be several regions of great opacitv separated 
bv intervals of comparative transparency. 

І am indebted to my assistants Mr. Everett and Mr. Eagle 
for the assistance they have given me in these experiments. 


————— 
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IL On the Measurement of the Temperature Coefficient of 
Young's Modulus for Metallic Wires, with Special Applica- 
tion to Nickel. By E. Рнилр Harrison, Ph.D., F.R.S.E., 
Indian Educational Service, Professor of Physics, Presidency 
Colleye, Calcutta. 


RECEIVED May 28, 1914. 


Introduction. 


THE problem of finding the variation of Young’s modulus 
with temperature has always presented considerable difficulty, 
partly because small changes in temperature produce elonga- 
tions in the material comparable with the stretches to be ob- 


served on loading and partly on account of the effects of the ' 


“ after effect " (elastische nachwirkung) which becomes appa- 
rent at high temperatures. 

To these special difficulties must be added the complexities 
common to the measurement of all elastic constants, such as 
anomalous changes in elasticity due to variations in the method 
of loading and annealing, or to the effect of the time during 
which a material has been subject to stress before its elasticity 
is measured. The fact remains that very little work has been 
published on the elastic constants of metals above 200°C., and 
none at all, so far as the present writer can discover, on nickel. 

Of the earlier researches on the effect of temperature on 
elasticity the most important are those of Wertheim,* Pisati,T 
Katzenelsohn,? Macleod and Clarke.§ 

Pisati investigated Young's modulus for iron up to 300 deg., 
and expresses his results by means of a third degree empirical 
formula which shows a gradual diminution in the modulus as 
the temperature rises. Katzenelsohn experimented at lower 
temperatures, and Macleod and Clarke by heating a tuning 
fork and observing its changes in frequency deduce that the 
adiabatic modulus for steel decreases uniformly within the 
limits of their experiments. Wertheim also used an acoustical 
method. 


* Wertheim, “ Ann. Chim. Phys.," (3), Vol. XIL., 1844. 

+ Pisati, ‘‘ Gaz. Chim. Ital," Vol. VIL, p. 1; '" Nuovo Cimento ” (3), 4, 
152, 1878; and 5, 34, 1879. 

$ Katzenelsohn, “ Beiblatter," 12, p. 307, 1888. 

$ Macleod and Clarke, '' Phil. Trans. R.S.," Vol. CLXXI., Part 1, 1880. 


we = 
—_ 


COEFFICIENT OF YOUNG'S MODULUS. 9 


Of more recent researches concerning the effect of tempera- 
ture on Young's modulus only (apart from the important work 
of Horton and of Meissner on the rigidity modulus, or of Mallock 
on the bulk modulus) the following bear directly on the sub- 
ject of this Paper :— 

Miss Noyes * used a horizontally mounted wire, the distance 
between two scratches on which was determined by reading 
microscopes. The load was applied by adding weights to а 
scale pan connected to the wire by a string passing over a 
pulley on anti-friction rollers. Heating was effected, some- 
times by a steam or hot-water jacket, sometimes by an elec- 
tric current, and the experiments did not extend above 180?C. 

It is claimed in the first Paper that Young's modulus varies 
with the temperature differently according to the method of 
electric heating employed. If the wire is heated by passing a 
current through it the modulus reaches a maximum at some 
temperature below 100 deg., but on heating by surrounding the 
wire with а helix conveying a current the modulus decreases 
uniformly with rise of temperature. 

In the second Paper, using larger loads, the modulus was 
found to decrease uniformly whatever the method of electric 
heating. The author concludes that no detectable difference 
in the thermal coefficient is produced by magnetising the wire 
longitudinally or circularly. i 

Shakespear f used an interference method for measuring 
the stretch, and was thereby enabled to reduce the length of 
his specimen. The wires were heated by a steam jacket, and 
the temperature was measured by mercury thermometers. 

He found that after a first heating the modulus was greater at 
higher than at lower temperatures, but that on repeated heat- 
ing and cooling the material settled down to a steady state, in 
which Young’s modulus decreased with rise of temperature. 
Gray Blyth and Dunlopł determined the variation of Young's 
modulus with temperature between 20 deg. and 100 deg. They 
used vertical wires 5 metres long, and heated with a steam 
jacket, reading the stretch with reading microscopes. Tem- 
peratures were measured by thermocouples. No maximum 
was found within the limits of their experiments, the results of 
which were similar to those of Shakespear. 


* Noyes, '' Physical Review,” Vol. II., 1895, and Vol. III., 1896. 

+ Shakespear, ‘‘ Phil. Mag.," Vol. XLVII., 1899. 

{Gray Blyth and Dunlop, “ Proc. R.S.” Lond., Vol. LXVIL, 1900, 
р. 180. 
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The modulus for steel at high temperatures was determined 
by Hopkinson and Rogers,* who heated a specimen ¢ in. in 
diameter and 4 in. long in an electric furnace. The experi- 
ments were carried up to 750 deg. in an atmosphere of nitrogen. 
Only six values of the modulus are given between 0 deg. and 
750 deg., so that the authors are not in a position to express 
their results by means of a formula, but they find a decrease 
with rise of temperature and some evidence of a sudden in- 
crease in the temperature coefficient at 600 deg. 

The difficulty of the experiments is increased by elastische 
nachwirkung, which is shown to increase with temperature. 
The authors claim definite values of the modulus even at 
600°C. or 700°C., since they always used the “ instantaneous 
extension " produced on first adding a load. 

Wassmuth,f using a nickel wire, finds a value for the tem- 
perature coefficient up to about 100 deg. equal to 3-26 x 10-4. 

А series of Papers by Н. Walker] describe experiments on 
Young's modulus between 0 deg. and 180 deg. А horizontal 
wire method is used, similar to that employed by Miss Noyes 
(loc. cit.), whose results are to a large extent confirmed and 
extended to other metals. Тре temperature of the wires was 
measured from their observed resistance, the resistance tem- 
perature coefficient being known from previous experiment. 

The experimental portion of the wire used by Walker was 
about 1 metre long. It was enclosed in a glass tube, and the 
scratches on the wire were observed by microscopes through 
two holes bored in the glass. 

The main results are as follows : When a metal is heated by 
the ordinary method (water jacket or vapour bath) Young's 
modulus decreases uniformly with rise of temperature ; when, 
however, the temperature is varied by passing a current 
through the wire, the resulting variation ш the modulus 
depends on the load employed. When the latter is large the 
modulus changes as it does when heated ordinarily ; when the 
load is small both magnetic and non-magnetic metals show 
irreversible changes, which decrease to zero as the load is 
increased. Moreover, for small loads the modulus reaches a 
maximum below 100 deg. for electric heating only. 


* Hopkinson and Rogers, “ Proc. R.S.” Lond., Series A, Vol. LXXVI., 
1905. 

+ Wassmuth, “ Akad. Wiss. Wien Sitz. Ber.," 115, 2a, pp. 223, March, 
1906. 

{ Н. Walker, '' Proc. I.S." Edin., 27, Part 4, No. 34, 1907; 28, Part 8, 
No. 40, 1908; 31, Part 1, No. 10, 1911. 
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Method employed in the Present Experiments. 


The investigation described in this Paper was undertaken 
with the object of determining Young’s modulus for nickel 
near its magnetic critical temperature, and was suggested by 
the fact that an anomaly in the temperature coefficient of 
expansion of that metal had been shown * to exist at about 
370 deg. (a peculiarity subsequently investigated by Randall, 
and confirmed by Colby,f who used a Pulfrich interferometer). 
In my own experiments referred to above the wire under 
test had been stretched by a spring, the expansion coefficient 
at all temperatures being measured when the specimen was 
in à state of tension. It is a matter of some interest to dis- 
cover to what extent, if at all, the expansion coefficient is 
modified by the existence of a load on the wire; one way in 
which this information can be obtained, apart from direct 
experiment, is by determining the temperature coefficient of 
Young’s modulus and deducing therefrom the value of da/dT, 
where a is the linear expansion coefficient of a metal under 
tension T. Thus a determination of Young’s modulus at 
different temperatures up to 500°C. would supply the required 
information as to the relation between stress and the expansion 
coefficient, and, in addition, might be expected to decide 
whether or not any anomalous features exist in the neighbour- 
hood of 370 deg. 

To determine the stretch for a given load with the required 
accuracy in a length of wire sufficiently small to ensure reason- 
ably uniform heating is a problem to which the optical method 
used by Shakespear is perhaps the best adapted; but the 
arrangements are elaborate, even at ordinary temperatures, 
while above 100 deg. the experimental difficulties are materially 
increased. It was, therefore, decided to use the reading 
microscope method, which had proved entirely satisfactory in 
finding expansion coefficients, and to modify the apparatus so 
that the necessary accuracy in the measurement of the stretch 
could be obtained on about 20 cm. of wire. 

In view of the work of Miss Noyes (loc. cit.) it was thought 
legitimate to ignore the effects, if any, of circular magnetisa- 
tion ; consequently the specimen was heated directly by an 
electric current, its temperature being determined from its 
resistance. By using so short a length of wire the chance of 


* Harrison, “ Phil. Mag.," June, 1904. 
t Colby, '' Phys. Review,” 30, pp. 506-521, April, 1910. 
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‘ patchy ” heating due to inequalities in radiating power of the 
metal was much reduced, while pseudo stretches caused by 
want of periect straightness in the wire are also negligible. 
With a length of wire so great as 1 metre, such as was used by 
both Miss Noyes and Walker, it appears almost impossible to 
eliminate the chance of such sources of error in measuring the 
modulus, especially at temperatures below 300 deg. or 400 deg. 

As regards the position of the specimen to be tested, the 
alternative of suspending the wire vertically and hanging 
weights on to its end was discarded in favour of a horizontally 
stretched wire, for the following reasons :— 

1. Uneven heating would be less likely to occur owing to the 
absence of air convection currents. 

2. Errors due to “ sag " are negligible in so short a length as 
20 cm. ; in any case such errors could be calculated and allowed 
for (see Searle, “ Experimental Elasticity,” p. 88). 

3. The difficulty of applying the stretching force and of 
estimating the effect of friction when the load is not applied 
directly to а freely hanging wire was overcome by means of а 
special apparatus designed for the purpose, in which a spring 
under compression was used to produce the stretching force. 
Moreover, various associated evils, familiar to anyone who 
has worked on the subject, were completely eliminated, such, 
for instance, as sudden jerks in the stretched wire, or the diff- 
culty of keeping the wire continually in focus when taking a 
series of readings over a large range of temperature. 

To sum up, the method used was to observe by means of 
reading microscopes the elongation of about 20 ст. of the 
central portion of a horizontally-stretched wire, heated elec- 
trically. 

The temperature was measured by observing the resistance 
of the wire, and the stretching force was applied by a cali- 
brated spring in conjunction with an apparatus specially 
designed to avoid friction and “ wobbling.” 

It was decided that a pair of reading microscopes (1 in. 
objectives) with good micrometer eve-pieces were preferable 
to any form of microscope moving along a mechanical slide, 
since the former, in the first place, afford greater accuracy in 
reading, and, in the second place, the fact that the microscopes 
themselves are fixed during a series of measurements reduces 
the chance of accidental displacements to a minimum. Ш 
these circumstances, if the horizontal wire method is to give 


reliable results, the first necessity is for the specimen of wire 
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to remain always in focus, notwithstanding changes in the 
stretching force or expansion by heat; for any readjustment 
of the focus is likely to alter the relative position of the micro- 
scope tubes, and thereby vitiate the results. То attain the 
required perfection in “ focus ” is was necessary to ensure 
that the wire when stretched or expanding should move truly 
parallel to itself. | 

Many attempts were made to apply the stretching force bv 
means of weights hanging over systems of pulleys (Noyes and 
Walker), or by means of spring balances of various patterns, 
but in every case the results were more or less unsatisfactory. 
Subsequently, as above remarked, the load was applied bv a 
spring in compression, one end of which was fixed indirectly at 
one end of the experimental wire and the other to the other 
end. (See Fig. 1 (a), which is diagrammatic, and merely shows 
the principle of the arrangement.) The end a of the wire is 
fastened to a rod projecting centrally from and rigidly attached 
to the tube T. T slides inside another tube T", to which the 
right-hand end & of the wire is fixed ; thus, if a spring, C, in 
compression is inserted between flanges А and B on the left- 
hand ends of the two tubes, the wire is subject to a tension 
inversely proportional to the distance AB. A large number of 
measurements of Young's modulus at different temperatures 
were made with an apparatus of this type, in which the tube 
T slid without appreciable “ shake " inside T’, the sliding sur- 
faces being very accurately turned and polished; but diff- 
culties due to friction, though not so great as might be imagined, 
were nevertheless considerable, and the apparatus was aban- 
doned in favour of the modification described in the next 
section. 


Detailed. Description of the Apparatus. 


The apparatus finally evolved is based on the above prin- 
ciple, but instead of the tube T sliding inside T' in the ordinary 
way, & system of ball bearings was introduced in à manner 
which will be best understood, perhaps, with the help of the 
diagrammatic sketches shown in Fig. 1 (a) and (b). 

The tube T is provided with two flanges, ХХ”, one at each 
side, which project freely through two horizontal slots (one of 
which is indicated bv the dotted line in Fig. 1 (a) in the sides 
of Т”). 

a, b, c, d are plates rigidly attached to T" and parallel to the 
flanges. In the top and bottom surfaces of the flanges are 
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machine-cut grooves parallel to the axis of the tube T, while 
corresponding parallel grooves run along the length of the 
approximating surfaces of the plates; thus between XX’ and the 
four plates four ball races are formed each occupied by a series 
of small steel bicycle balls. 

The tube T is thus enabled to slide within T’, supported and 
guided by accurately parallel machine-cut ball bearings, with 
the result that the “ focus ” difficulty disappears, while at the 
same time all jerks and vibrations in the expanding wire are 
stopped and friction is reduced to a remarkable extent. The 
projecting end of T whose centre of gravity in the actual appa- 
ratus is well outside and to the left of T" | Fig. 1 (a)] is supported 
by a plate, P, bearing by means of another parallel pair of ball 
bearings on a thick adjustable brass "table" М. This last 
detail was found to be essential to the success of the apparatus, 
since without it the bearings between T and T' are apt to jam. 
When the instrument is in adjustment and the races well oiled 
the efficiency of the arrangement is very striking and, in the 
opinion of the writer, has rendered the horizontal wire method 
a most accurate and convenient one for the measurement of 
Young's modulus, or of an expansion coefficient. 

The above is а description of the principle on which the ball- 
bearing system was introduced. Many details have been 
omitted for the sake of clearness, but а drawing to scale of the 
complete arrangement is seen in Fig. 2 (a), the lettering 
of which applies also to the diagrammatic sketches in Fig. 1 
(a) and (b). It will be seen that in practice the left-hand end 
of the wire is attached to a rod, 7, which passes through a long 
hollow square threaded screw, ss. The rod r can be clamped 
at M or can slide freely without ' shake ” inside the screw. It 
is useful for purposes of adjustment. The steel compression 
spring C which applies the load to the wire bears on a screw 
nut А, working on ss while the nut А (and therefore the screw 
itself and the left-hand end of the wire) is attached to the 
sliding tube T. The nut is enabled, when it is screwed along 
88 to turn freely inside the tube T by means of the groove д, 
into which projects a screw, р; this arrangement allows А to 
rotate relatively to T but prevents relative motion along the 
axis of the tube. The reason for introducing the screw ss and 
the nut А 13 in order that the tension of the spring may be 
varied at will. It is clear that if A 13 screwed (say) from left 
to right—the right-hand end of the wire (not shown) being 
attached indirectly to T'—the spring is compressed and the load, 
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on the wire increased, while if A is moved in the opposite 
direction the load is reduced. 


A water jacket, W (only a portion of which is shown in 
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Fia. 3 (а). 
Fia. 3 (b). 
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Fig. 2 (a) ), completely surrounds the wire and prevents 
the latter from heating up the reading microscopes and other 
apparatus. The right-hand end of the wire is fixed to the 
right-hand end of W. The simplest way to look at the some- 
what complicated arrangement is to regard T, A, В and r as 
‘one system and B, T’ and W as another system capable of 
shding freely relatively to one another, the two systems being 
tied together by the experimental wire and forced apart Бу 
the expansion of the spring C. 

Fig. 3 (а) gives a general view of the whole apparatus, includ- 
ing the water jacket which surrounds the experimental wire. 

The end piece E is shown in detail in Fig. 3 (b), and is necessary 
in order to insulate the two ends of the wire from one another, 
for the left-hand end is obviously in electric contact with the 


water jacket. E consists of a brass plate, b, carrying a clamp, с, 
separated by an ebonite block, e, from the brass cap f which 
screws on to the end of the water Jacket. "Thus, when the end 
piece is in position and the wire clamped at C, a heating current 
can be passed between К and K’. 

Four holes, h and h’, Гапа Г, pierce the water Jacket. The 
former pair are for viewing the scratches on the wire ; the latter 
are for illuminating purposes and for bringing out the potential 
leads used in the resistance measurement. 

Fig. 4 1s a cross-section of the water Jacket through А and / 
(or h’ and Г), showing the wav the leads are brought out through 
glass tubes £, which do not interfere with the illumination. 

The whole apparatus as shown in Fig. 3 (a) was mounted on 
the massive bed of a large comparator by Nalder Bros. with a 
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_ pair of microscopes which could be firmly clamped in any posi- 
tion. In order to illuminate the reference marks on the experi- 
mental wire, two straight-filament electric lamps were supported 
near the illumination holes land Г. Each lamp was completeiy 
surrounded by a cylindrical water jacket pierced with a hole 
through which the light could fall on the aperture Гог l’ in the 
apparatus. The water circulation was found necessary to 
avoid heating the microscopes and the observer. 

The water Jacket of the main apparatus as well as those of 
the two lamps were in series with a coiled tube surrounding a 
standard manganin resistance used in connection with the 
resistance measurements ; a continuous flow of water was kept 
up through the circuit during a series of observations. 


Experimental Details. 


General.—In making a measurement of the modulus at any 
temperature previóus observers appear to have applied а 
definite load to the specimen and then to have read off the 
resulting elongation. The measurement was then repeated 
several times with the same load and the mean value of the 
stretches so observed was used to calculate the modulus. 

The method used in the present research was to plot а load- 
elongation graph at each temperature, using a series of loads 
the greatest of which was well within the elastic limit* at that 
temperature. The probable error in the determination of the 
modulus obtained in this way is less than when a single load is 
applied, while additional information is supplied at each 
temperature as to whether Hooke's law is holding or not. The 
conclusion of Walker, for instance, that the elastic thermal 
coefficient is different for small loads from what it 15 for larger 
loads, is the same thing as stating that the load-elongation 
graphs are not linear over that range of temperature. 


Measurement of the Stretching Force. 

Calibration of the Spring.—By removing the cap E and 
attaching the wire, which thus passes freely out of the end of 
the water jacket to a specially constructed spring-balance 
arranged horizontally, the spring C was calibrated in situ under 
exactly the same conditions which prevail during an actual 
measurement of the modulus. 


* See remarks on p. 27 as to the meaning to be attached to this 
expression. 
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The distance apart in centimetres of the flanges А and В , 
(Fig. 1 (a) ), was observed during the calibration. 

The spring balance, in which friction was practically negli- 
gible,* had been previously calibrated in a vertical position, 
using 100 gramme steps. 

The final calibration graph for spring C in which the distance 
between A and B was plotted against the tension of the spring 
in grammes weight proved to bea perfectly straight line within 
the limits of accuracy sought; this forms a good indication of 
the uniform nature of the extremely small frictional resistance 
of the ball-bearing slides. 


Temperature Coefficient of the Spring.—An approximate 
measurement of this was made between 28°C. and 45°C. The 
maximum change in the temperature of the spring during one 
of the main experiments on Young’s modulus was less than 
5 deg., and it was found that the correction to be applied to 
the stretching force on account of changes in the elasticity of 
the spring was negligible. 

Estimated Accuracy.—The distance AB was measured with 
a steel millimetre scale to +, mm., and, owing to slight 
mechanical irregularities in the flanges, was probably not 
correct to within + mm. This means that the estimated 
error on a single observation of the force as read off from the 
calibration graph is equal to 20 grammes weight. 


Measurement о] the Elonqation. 


Considering the excellent definition of the microscopes and 
the fact that the wire when once mounted and annealed never 
got out of focus, it was found better to use small natural marks 
on the wire as reference markst than to make artificial scratches. 
This method was not subject to accidental errors due to mis- 
takes in identifying the marks, since any such mistakes would 
be detected at once when the load elongation graphs were 
plotted. 

In all measurements the positions of the reference marks on 
the wire were read in terms of the ' teeth " and fractions 
thereof in the micrometer eye-pieces ; the readings were sub- 
sequently converted into centimeters by multiplying bv the 
magnification factor. 


* The spring of this balance was practically '' free," the light index from: 
its free end hardly touching the scale. 
T С.р. Horton, ‘‘ Phil. Trans." R.S., series A, Vol. cciv., p. 52. 
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The Magnification Factor.—This was found by placing a 
micrometer millimeter (by Zeiss) divided to fifths in the same 
plane as the surface of the wire and measuring the value of 
3 шт. in terms of “teeth” at several places along the scale. 

The mean value found was 1 “ tooth ’’=0-00423 cm. 

The magnification was checked by similar measurements on 
the divided millimeter of a standard invar meter scale. 


Estimated Accuracy.—The micrometers were read to 0-01 
tooth, but since the setting of the cross-wire on a mark was 
probably doubtful to about twice this amount, the accuracy of 
an individual reading of a reference mark is estimated at not 
less than 0-02 tooth, or 0-00008 cm., which is about sth of the 
degree of accuracy obtained by Shakespear in measuring the 
elongation by an interference method. ; 


Measurement of the Distance between the Reference Marks. 


A standard invar meter was mounted so that its scale was 
in the same plane as the top surface of the wire. The actual 
distance apart of the central fixed threads of the eye-pieces was 
then determined at a known temperature. This distance was 
found to be 20-276 cm. at 28°C. A correction on the distance 
between the various pairs of reference marks used at different 
temperatures could then be easily applied since the actual 
readings of the reference marks on the toothed scale of each 
Microscope was known. 

It was seldom necessary to apply this correction, since marks 
were usually chosen which lay near the central thread. 


Estimated Accuracy.—The length measurements were correct 
to 0-01 cm., which was much greater than was necessary in 
comparison with the other measurements. 


Measurement of the Area of Cross-section of the Wire. 


This was found at the end of the experiments by making a 
series of 76 determinations of the diameter at different places 
along the wire with a standard screw gauge. Another series 
of measurements was made on a portion of the fresh unheated 
wire. The difference of the means of these two experiments 
was 0-0002 cm. The probable error of the mean of each series 
was much less than this, so that it was legitimate to consider 
the determination of the cross-section as correct to 0-000004 
$4. em. throughout the range of the experiments. 
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The diameter from these measurements was 0.04298 ст.» 
giving а mean cross-section of 0-001906 sq. ст. 


Estimated Accuracy of the Determination of the Radius.—The 
radius was taken as being correct to 0-0001 ст. throughout the 
range, since the error on the radius due to expansion of the 
wire when heated through 400 deg. was of about the same 


г? r 
ploved, as the difference between this and the ordinary mean 
did not affect the results to 2 per cent. 


l 1 
value.’ The correct expression , m =- was not em- 
mean 


Adjustment and Determination of the Temperature. 


General.—The most important. and perhaps the most difti- 
cult, feature of these measurements is to keep the temperature 
constant during the application of a series of loads. 

That this is essential is easily recognised from the following 
calculation :— 

If 1—1, is the change in length of the wire for a change of 
temperature of Odeg., we have 1,—l,=l,a0 approximately, 
where a is the average coefficient of expansion over the range 
0deg. [10015 the change in length due to temperature only ; 
ие in order that changes in temperature шау not 
vitiate the measurements of elongation due to loading. we must 
choose 0 so as to make /,а0 small compared with the average 
increment of elongation produced bv a load. 

Taking the elongation increment as 0-001 cm. (which is less 
than the average) we must make [140 less than (sav) 45th of 
this. That 1s, 0 must not be en aio: than 0-0001 /7,a. 

If we take a at 250 deg. as 0. 000017,* апа 1, —20 cm.. we get 
the result that 0 ought not to be greater ‘han 0.3°С. This 
degree of steadiness was actually attained i in the large majority 
of the measurements. When changes in temperature materi- 
allv larger than this took place the measurements were dis- 
carded.+ 

A battery of large capacity storage cells was used to supply 
the current, and the series of constantan rheostats 1n the heat- 
ing circuit, as well as the standard manganin comparison resis- 
tance, were immersed in oil. 


* Harrison, '' Phil. Mag.," June, 1904. 
T See, however, p. 34. 
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As has already been stated, the experimental nickel wire was 
completely enclosed in a water-jacket through which a circu- 
lation was kept continuously running. The wire was thus 
effectively protected from draughts, and prevented from heat- 
ing the apparatus in its neighbourhood. 


Measurement of the Resistance. 


Potential leads gq’ of very fine platinum were silver soldered 
to the wire, each about 2 cm. beyond the reference marks mm’ 
(see Fig. 5). The smallest possible quantity of solder was 
used so as to avoid disturbing the uniformity of the heating. 
These two leads were brought out of the water-jacket through 
the illumination holes. The resistance of the portion qq’ of 
the nickel was determined by a potentiometer method, using 
as comparison standard a coil of No. 12 B.W.G. managnin 
immersed in oil and surrounded by a water circulation coil. 
The potentiometer was specially constructed for these measure- 
ments, and the various resistances were adjusted so that 1 mm. 


——————— See: СЕРЕДЕН ЕРЕС 
т m 


Fic. 5. 


shift in the balance point corresponded to about 1?C. change of 
temperature in the nickel. Thus, in order to keep to the stan- 
dard of temperature steadiness aimed at (0-3 deg.), observations 
were discarded (at least for the purpose of calculating the 
modulus) in which the balance point on the bridge wire 
changed by more than about 0:5 mm. It must be remem- 
bered, however, that such a degree of accuracy in the measure- 
ment of the temperature is by no means claimed. It was 
merely necessary for the temperature to remain constant to 
this extent during the observations. 
А sketch of the electrical arrangements is given in Fig. 6. 


Measurement of the Temperature Coefficient of Resistance of the 
Nickel. 
The specimen of nickel wire used in these experiments was 


good, but was not known to be of exceptional purity. It was, 
therefore unjustifiable to use the results for pure nickel already 


24 PROF. Е. Р. HARRISON ON THE TEMPERATURE 


obtained by the writer in 1902.* Consequently a complete 
resistance temperature graph was constructed for the actual 
specimen employed in the Young’s modulus experiments. | 

A suitable length of the nickel wire was wound into a spiral, 
fitted into a porcelain tube, and placed in an electric furnace 
side by side with a platinum thermometer. The two tubes 
were bound together with copper sheet, and their ends sym- 
metrically placed in the centre of the furnace. 

Temperature measurements were made by using the plati- 


--- 


Nickel Standard 


Fic. 6. 


num thermometer in conjunction with a Callendar's recorder, 
corrections to air thermometer temperatures being applied 
graphically. 

The resistance of the nickel at various temperatures was 
measured on the same potentiometer which was used in the 
elasticity experiments. The comparison coil was a l-ohm 
standard immersed in a water bath. 

The curve resulting from these resistance temperature 
measurements possesses a critical interval extending from 


* Harrison, “ Phil. Mag." S.R., Vol. III., No. 14, February, 1902. 
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365 deg. to 370 deg., a position which differs little from that 
found by the author for pure nickel (loc. cit. p. 24). 

Estimated Accuracy.—The temperature measurements are 
correct to about 4?C. below 250 deg. and above 400 deg. 
Between 250 deg. and 400 deg. they are correct to about 3 deg. 
This follows from the fact that the resistance variation is more 
rapid near the critical temperature. 

In view of the above degree of accuracy errors due to change 
of resistance of the wire by stretching or to changes of tem- 
perature of the standard manganin coil do not come in. 


Discussion of the Accuracy of the Method. 
Taking the value of Young's modulus (E) to be given by 
_ IL 


zr? 


where f is the stretching force in dynes, which produces an 


extension of l cm. in a wire of length L cm. and radius r cm., 
we have the following expressions for the proportional error 
(8Е /Е), produced in E by errors 6(f/l), ÔL, ór, іп the quantities 
И, L and r respectively :— 

Due to error in //1— 


(ôE), ФЛ 1 


01... . . . (1 
gr p UID (1) 
Due to error in L— 

(ôE). óL 

c= IEEE 
Due to error in r — | 

C EE ва (3) 

r =r: 


Now, suppose that a single observation of the stretch corre- 
sponding to a particular load is taken. It can be shown that 
the error on the quotient f/l, when f and Г are subject to errors 
ôf and ôl respectively, is given by 

óly? 
/ (y ary 


where ó(//I) is the error on a single observation of //l. 


- —— a m mm ee 


26 PROF. Е. Р. HARRISON ON THE TEMPERATURE 


Now, from р. 21 the value of ôl for a single measurement is. 
0-00008 cm. and from р. 20 the value of ôf for a single measure 
is 20 grammes weight ; hence, taking /—520 grammes weight 
and the corresponding stretch [=0-0025 cm. (as 1s the case for- 
normal temperatures), we get 


ó(f/I) = 4- 10,000 approximately. 


Let it be assumed for the purposes of calculation that onlv 
five observations were made in obtaining a load elongation. 
graph, then if each value of //lis given the same “ weight," the 
probable error of the mean of the five observations is 


l Jf 
= 0(;)=4,600. 
V5 N 
From expression (1) above, the percentage error produced in 
Е by an error of 4,600 in measuring //l is therefore given by 
100 (Е), 100х0:0025х 4,600 
Е i 520 


Again, from p. 21, the estimated error in Lis 0-01 em., so that: 
. from expression (2) 


—2 per cent. 


1O0(6E), 0.01 ,.. 
о —0-0» per cent., 


and from р. 22 the estimated error in r is 0-0001 cm.  Hence,. 
from expression (3), 


100(5E)_2X0-0001 5. cone 
E — 0.0946 08 Per cent. 

Combining these three it appears that the error on an indi- 
vidual measurement of Young’s modulus, apart from the in- 
fluence of errors due to temperature changes, is about 2 per 
cent., which is all that is required considering the temperature 
difficulties. 

The above gives an idea of the accuracy of the method at 
ordinary temperature when the latter does not change by more 
than 0-37C. At higher temperatures the probable error in the 
present research 15 slightly less than 2 per cent., owing to the 
existence of larger elongations for a given load. 

If the length of the experimental portion of the wire were 
increased, and a somewhat larger spring employed, measure- 


COEFFICIENT OF YOUNG'S MODULUS. 27 


ments of the modulus could easily be made to -hth of 1 per 
cent. 
Method of taking the Measurements. 


The wire was annealed by heating electricallv to about 
500°С. under a tension sufficient to straighten out large kinks 
and bends in the wire. The temperature was then reduced to 
300 deg., the load gradually and carefully increased at this 
temperature, the corresponding stretches being measured, and 
the process continued until no further anomalous elongations 
were observed (due to kink-straightening). 

A load elongation graph was then determined at the tem- 
perature of the laboratory (about 27°С.). 

The temperature was next raised to about 50 deg. and 
another graph obtained ; and so on bv steps of 30 deg. or 
50 deg. up to 450 deg. 

During the process а return was often made to lower tem- 
peratures. Throughout the range from 350 deg. to 430 deg., 
where anomalous features in the modulus were detected, the 
temperature intervals were much more frequent, and the 
measurements were made with continuously rising and con- 
tinuously falling temperatures. Аз a rule, only one or two 
graphs could be obtained in one working dav, as it took some 
time for the temperature to become steady, but throughout 
the course of the research the final form of the apparatus gave 
no trouble whatever, and when once in adjustment remains 
so indefinitely ; as was emphasised before, the chief difficulties 
are connected with the temperature steadiness. 

The total load on the wire varied from 2,000 grammes weight 
to 40,000 grammes weight up to a temperature of 200 deg., from 
1,800 to 3,000 up to 350 deg. and from 1,600 to 2.800 up to 450 
deg. The usualload increment applied was about 200 or 250 g.w. 
In forming a graph of load elongation, the actual load incre- 
ment was plotted against the corresponding stretch in the 
experimental portion of the wire; up to 350 deg. а complete 
series of measurements included observations during unloading 
as well as during loading. Above this temperature the effects 
of elastische nachwirkung began to make themselves felt for 
the higher loads so that the graph for unloading was meaning- 
less from the point of view of these experiments. In fact, 
all those portions of the graphs where the “ after effect " 
became apparent correspond to what Hopkinson and Rogers 
call the “instantaneous extension," and this is what was 
employed in calculating the modulus. 
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When the graphs* had all been plotted, a load increment of 
520 g.w. was chosen (equal to 1 cm. compression of the spring), 
and the corresponding stretches were read off from the graphs. 
The quotient of the corrected lengthf of the wire by the 
stretch gives L/l for each temperature; this is a quantity 
proportional to Young’s modulus, and is shown in column 2, 
Table I. 

The following table gives the data from which Fig. 7 was 
plotted :— 


TABLE I. 
Temperature of wire L rtional to E) Tx 2.73 
| ` -;(pro ion ; 
in degrees C. j (Propo ао 

27-0 8,300 

21-5 8,055 

96:0 7,800 
121.0 7,800 
145-0 7,600 
185-0 7,440 
222-0 7,440 
236-0 7,550 
255-0 7,110 
285-0 7,110 
329-0 6,530 
350-0 6,200 
360-0 5,970 
376-0 5,890 
382-0 5,154 
396-0 5,754 
397-0 5,690 
401-0 5,754 
406-0 5,890 
409-0 5,820 
422-0 5,820 
425-0 5,820 
430-0 5,690 
432-0 5,620 
437-0 5,370 
448-0 4,690 
454-0 4,480 
465-0 4,360 


Length of the wire between the marks... 20-276 cm. 


Mean radius of wire............. ecce 0:04928 cm. 

Mean cross-Section...........cccecccereeceeccees 0-001906 sq. cm. 

Load increment ................... e eere 520 grammes weight. 

Total minimum load .......................-- From 1,600 to 2,000 grammes 

Value of Young's modulus at 0? C.(by ex- [ weight. 
trapolation).cccsecccseccsscceecssesaceesenss 22,200 kilogrammes/sq. mm. 


* Typical examples are shown in Fig. 8, a, b, c, d and e. 
T See p. 21. 
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The multiplying factor for converting L/l into E is, of course, 
| -520 
0-1907 
metre. The values of Young’s modulus so obtained are shown 
in column 3, and are expressed in kilogrammes per square 
millimetre. They are exhibited graphically in Fig. 7. 


and is equal to ———-—2.727 kilos. per square milli- 
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Discussion of Results. 


General.—Up to about 300?C. the modulus for nickel 
diminishes slowly as the temperature rises. The results up to 
this temperature are represented well by the parabola 


E, — Es(1—0-0002860 — 0-00000084656?), 


where E—22,200 kilos. per square millimetre for the specimen 
used. This formula was calculated for the complete series up 
to 325 deg. by the Method of Least Squares. 

Above 325 deg. the modulus begins to decrease rather more 
rapidly, reaching а minimum just below 400 deg. It then 
appears to increase again slightlv, or at least to remain nearly 
constant up to 425 deg., after which а rapid diminution occurs.* 

Too much stress ought not to be laid on the existence of an 
actual minimum at 390 deg., but the large number of observa- 
tions above 330 deg. taken on different days with temperatures 

_ both rising and falling seems to establish with certainty the exis- 
tence of a stationary value between 375 deg. and 425 deg. 
with less certain evidence of an actual minimum value. It is 


* 400 deg. and 325 deg. are the mid.points of the temperature ranges 
throughont which T. A. Lindsay (‘‘ Proc." В. S. Edin., 29, 1908-1909) found 
important evolutions of heat to occur in Ni on cooling. 
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clear that the beginning of this constant value of the 
modulus coincides with the beginning of the critical interval in 
the resistance of the metal. 


The Load Elongation Graphs (Fig. 8, a, b, c, d, e, f, g and h).— 
In general these were linear at all temperatures (see the 
examples shown in Fig. 8, a, b, c, d and е), but in certain 
experiments (see Fig. 8, f, g and h) the relation between load and 
extension was not found to be linear ; moreover, the curve for 
unloading did not coincide with that for loading. 

In cases in which non-linear graphs were obtained, different 
tvpes appeared on different occasions, but these invariably 


l l 1, 
(1) (2) (3) | 
Г Р 


Temperature rising dur- Temperature rising dur- _ Temp>?rature rising dur- 
ing loading; constant ing loading and unloading. ing loading; falling to its 
during unloading. original value during un- 

loading, 
1 1 и. 
(4) (5) | (6) 
f f f 

Temperature falling dur- Temperature falling dur- Temperature falling dur- 

ng loading and unloading. ing loading and rising ing loading; rising during 
during unloading. unloading. 
Fig. 9. 


conformed to one or another of the six types shown in Fig. 9, 
which represent diagrammatically the obvious effect of a 
gradually changing temperature on an otherwise linear load 
elongation graph. It will be noticed that f, g and ^ are of the 
type shown in Fig. 9, Nos. (1), (5) and (3) respectively. 

It is true that curves similar to Nos. (1) ог (3) might be pro- 
duced by the “ after-effect " alone, provided the latter set in at 
some stage during loading, but in the instances referred to, not 
only was there no appreciable '' after-effect," but the observa- 
tions when repeated under constant temperature conditions 
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invariably gave a linear graph in which the values of the stretches 
during loading coincided with those during unloading. 

The most usual form of non-linear graph obtained was like 
Fig. 9, Nos. (1) and (3), and in every instance of the kind it was 
evident from changes in the electric resistance of the wire that 
a slight rise, followed by a slight fall or by constancy in 
temperature, had occurred during the experiment. 

The author, although misled at first by the regularity of such 
curves as À (Fig. 8) into a belief that they represented a genuine 
phenomenon connected with the elasticity of the metal, has 
now reached the conclusion that all the looped load elongation 
curves obtained in this research are due, not to an irreversible 
elastic effect, but merely to temperature changes. And this 
notwithstanding the experiments of J. О. Thomson* (who 
shows that increase in length is not exactly proportional 
to the stretching force) seeing that the effects claimed by 
Thomson are very much smaller than those at present under 
discussion. 

It is interesting that Shedd and Ingersolf obtained curves for 
indiarubber at different temperatures of a similar kind to 
those in Fig. 8, No. f, g, h, but insufficient evidence 13 quoted аз 
to the constancy of the temperature, so that in the absence of 
further information the present writer is not quite satisfied 
that Shedd and Ingersol's results cannot be explained as the 
result of temperature variations. 

When a wire is stretched the temperature effect produced is 
always such as to increase the elasticity and thereby to oppose 
the stretch. If it be conceded, as a result of the present experi- 
ments, that the temperature coefficient of elasticity continually 
decreases up to 400 deg., then up to this temperature a stretch 
produces a fall of temperature in the wire. Hence, during 
loading adiabatically the temperature would be expected to 
fall shghtly and to increase again on unloading, giving rise to 
the appropriate contraction and expansion in the metal. This 
effect, although it was actually detected in a few instances, is in 
general far too small to afford any explanation of the want of 
linearity of the load elongation graphs. 

It is therefore concluded that, within the limits of accuracy 
discussed on pp. 21, et seq., the present experiments show that 
the elongation of a nickel wire increases in direct proportion to 


* Thomson, ‘“ Wied. Ann.," 44, 1891. 
1 Shedd and Ingersol, “ Phys. Rev.," Vol. XIX., p. 107, 1904. 
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the load, provided the “ instantaneous extension ” is employed 
in all cases in which the ''after-effect " is apparent.. The 
above conclusion seems to be at variance with the results both 
of Miss Noyes and of Walker, who suggest that the thermal 
coefficient may be smaller for a small load than for a large one. 
Shakespear regarded effects of this nature as holding only 
during the first few heatings of a wire, the latter settling down to 
a steady state after repeated heatings and coolings, and 
although the present writer cannot confirm this the point is not 
to be regarded as settled, for if Thomson's results are accepted 
and hold for different temperatures some small effect of the 
kind claimed by Miss Noyes and by Walker may really exist. 
It is noteworthy that Walker quotes an incredibly small value 
for Young's modulus for nickel (about 14x10" at 16°С.). 
On calculating the average thermal coefficient of the modulus 
from his results I find 0-06 dyne per square centimetre per 
degree C., which is 200 times the value given by any of the few 
observers who, to my knowledge, have worked on the subject 


Secular Effects. 


It seems likely that above 425 deg. some structural change, 
possibly crystalline, occurs in the metal, and that this change 
sets in at the beginning of the critical interval, for at 425 deg. 
the wire 1s approaching the condition in which Hooke's law 
ceases to be true and small loads produce а permanent stretch 
which does not recover with time, 

Below 400deg. or thereabouts, when the load exceeds a certain 
value the influence of “ elastic after-effect " becomes increas- 
ingly apparent as the temperature rises (c.p. Hopkinson and 
Rogers), but if time for recovery is allowed the wire returns to 
its original length, but not to its original condition as regards 
elasticity. It is slightly hardened by the process. Horton 
noticed an analogous effect in dealing with the rigidity of metal 
wires (loc. cit.). 

Consequently it appears that unless a load is sufficient at any 
particular temperature to induce appreciable “ after-effect " no 
important effect is produced on Young's modulus by the result- 
ing stress, whereas if the “ after-effect " has once occurred, a 
higher temperature is needed to wipe out the resulting 
hardening. 

These remarks apply to temperatures below 425 deg. ; pro- 
bably they do not hold above that. 

VOL. XXVII. . С 
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If the load is so small that no “ after-effect " is noticeable, it 
appears that the metal is softened by heating to 400 deg. or 
500 deg., but that it recovers with time. 

In a metal which has no critical temperature possibly the 
transition to the condition found in nickel above 425 deg. is 
gradual instead of abrupt. 


da 
Val 19. 
alues of iT 


It follows* from the definitions of Young's modulus (E) and 
the coefficient of linear expansion (a) that 


) 
da d 1_ 1 dE (4) 
dT d E FE?’ a ^"^ "Z^ 


where T is the tension on the expanding wire. 
w dE, 
Hence, obtaining the value of 10 from the formula 
Ез=Е1+ A9+ В0?), 


and substituting in equation (4), we get 


whence, adopting the values of A and B from the formula on 
р. 29, 

аа Е, 

ат Eg 
Calculating this for various values of the temperature, the 
following table is obtained, which, of course, apphes only 
(strictly speaking) to the particular specimen of nickel used in 
this research :— 


(0-000286-- 0-000001690). 


TABLE И. 
| Fe т kilos. do d 
ts | per square millimetre. dl e 
10 22,180 1:37 deg.-!kilo-1mm.? . 
100 21,840 2.09 Н | 
200 20.220 3-87 F i 
300 | 18,650 5-08 ji 


Ео= 22,200 kilos./sq. mm. 


* Scarle, " Experimental Elasticity,” p. 74, Chap. IIT. 


COEFFICIENT OF YOUNG’S MODULUS. 35 


The values of column 3 are shown plotted against the tem- 
perature in Fig. 10. 


Expressing > as a parabolic function of 0, 


we have 844 b0-- c0?. 


Integrating this on the assumption that E: is independent of T, 


[а], — (a-1-b0-1- c02)T- P, 


where Р is a constant and is a function of 0. 


O8 degree-2 kiles! mm.? 


da 
атх! 


If [0], is the value of a when Т=0 we find P—[a,]o. во, finally 


a da 
[ag] — [ach (a--0--ct*yr =T( 2") ; 
d d 
Where un is the value of a at temperature 0. 
Since we know from Fig. 10 the variation of with 6, it is 
simplest to keep the equation in the form 
a 


d 
[as]: — [a T) е ® ° ө е . (5) 
and to calculate s graphically. 


To express this equation in terms of the actual expansion of 
C2 
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the wire, let the temperature of the wire change from 0 deg. to 
Odeg. Then, when the tension is zero, 


1 Ol, . 
Eu *e e . . e . e ( 
1, 90 3 ( 2) 
where lais the length at 0 deg. and 013 the expansion for change 


of temperature 60, both measured under zero tension. 
When the tension is T kilos. sq. mm. 


1 dl, 
lr 60° 
when lr is the length at 0 deg., and ôl, is the expansion for change 


of temperature 00, both measured under tension T. 
Now, by definition of Young’s modulus, 


[aolo = 


[as] — 


E— To at 0°C., 
1—1, 
Е 
or ана! 
so the equation (6) becomes, on substituting for lo, 
Eq s 


ael ——— .- > 
= ^50 

whence, substituting this value and that for [ae]; above, in 
equation (5), we have 


- | Е ба de 
= ól,— 1.00. na : 


on Cera р for tensions of the order employed 13 sensibly 


unity, we have finally 


5lp—SIp—=ly . 00. T. (=). ЕЕ 

Equation (7) gives the difference between the expansion 
under zero load and under a load T kilos. persquare millimetre, 
when the temperature changes from 0 deg. to 00. 

The result is not appreciably different if we regard the tem- 
perature change 00 to occur at any point along the temperature 
scale provided lis then taken as being the length under tension 
T at the lowest temperature of the range. 
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Suppose, as an example, it is required to find the expansion 
under zero load for a nickel wire of length about 10 сш. at 
100°С, when the value of the expansion under a load of 
8 kilos. per square millimetre is known by experiment. We 
then have 

00 = 100. | 
E—22-2x 10? at 0? (by present experiments). 
T —8 kilos. per square millimetre. | 
ól, —increase in length for 100 deg. under load T. 
—0-014 cm. by experiment. 
[. —10-32 cm. under tension T at 0 deg. 


(92) =1-64x 10-8 taken from the curve Fig. 10 at 50 deg, 
the mean temperature of this range. 


Then, from equation (7), 
01. — 04 = 10-32 х 100 x 8X 1-6 x 107*—0-00136 mm. 


Apparently the only direct experiments on the measurement 
of a are those of Bottomley. That observer found an extra 
extension of 0-14 mm. on about 500 cm. of copper wire due to 
a load difference of about 8 kilos. per square millimetre and a 
temperature difference of about 80°C. 

This gives ól, —ôlo=0:003 mm. on 10cm., showing that 
du 
dT 
yet available, the effect obtained by Bottomley for copper is of 
the same order as that found theoretically for Ni irom the 
present experiments on the temperature coefficient of Young's 
modulus. 


although no direct experimental data for |, for nickel are as 


Summary of Results. 


I. A parabolic empirical formula is obtained which ex- 
presses the relation between Young’s modulus and the tem- 
perature for nickel up to 300°C. An anomalous change is 
found to occur in the temperature coefficient of the modulus 
at the same temperature as the magnetic, thermo-electric, 
resistance and expansion critical points, namely, between 
365 deg. and 425 deg. 

2. Hopkinson and Rogers’ result, that the “elastic after- 


* Bottomley, “ Phil. Mag.," Vol. XXVIII., 1889. 
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effect" in steel increases with temperature, is shown to be 
also true for nickel. 

3. When the temperature is constant and the “ elastic after- 
effect ” is absent or allowed for, load elongation graphs are 
found to be linear, showing (a) that no appreciable irreversible 
effects are produced on loading and then unloading, (6) that 
the elastic temperature coefficient is the same for all loads 
employed during the research. 

This is in conflict with the results of several other observers, 
as is also the fact that no maximum value in the thermal co- 
efficient just below 100 deg. was detected, even with the smallest 
loads employed, which were half the value of the smallest load 
used by Walker. It is true, however, that the question of the 
existence of a maximum was not very specialiy investigated 
during the course of the present research. 


66 


4. The value of г where а is the coefficient of expansion 


under tension T, is deduced from the thermal coefficient of 
Young’s modulus obtained. It can be expressed as a parabolic 
function of the temperature. 

Hence a formula is determined which gives the difference 
(at any temperature) between the expansion due to heat when 
the wire is free and when it is subject to a load T. 

Iam much indebted to Dr. W. A. K. Christie, of the Geological 
Survey of India, for giving me the specimen of nickel with 
which the above experiments were carried out. 


Baker Physical Laboratory, 
Presidency College. — 
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Ш.—А Bridge for the Measurement of Self-Inductwn in 
Terms of Capacity and Resistance. By Davin OWEN, 
B.A. (Cantab.), B.Sc. (Lond.), Lecturer in Physics, Birk- 
beck College, London. 


RECEIVED OCTUBER 1, 1914. 


1. The object of this Paper is to introduce an alternate- 
current bridge method of measuring inductance. This bridge 
is simple both in theory and practice, and proves to be adapted 
to accurate measurement over the whole range from a micro- 
henry upwards. 

The use of alternating current for the accurate measurement 
of inductance or capacity has many advantages. The revolv- 
ing commutator allows of an increase of sensibility in bridge 
methods where direct current is applied, but introduces a 
somewhat delicate and complex piece of apparatus, the use of 
which is obviated by applying to the bridge an alternating 
voltage at the outset. Where the formula of calculation is 
independent of frequency the method has the’ advantage of 
being unencumbered by the determination of that quantity ; 
and, furthermore, very good work is rendered possible with no 
source of current more elaborate than a buzzer or small 
induction coil. Sensitive means of determining the attain- 
ment of a balance are available in the telephone, the vibration 
galvancmeter and the alternating-field moving-coil galvano- 
meter 

2. The Proposed Bridge. —The bridge (represented in Fig. 1) 
serves for the determination of self-induction in terms of 
capacity and resistance ; or, alternatively, for the measure- 
ment of capacity in terms of resistance and a standard of self- 
induction. We will proceed by regarding the determination 
аз that of а self-induction L. This is placed in the second arm 
BC of the bridge in series with an adjustable non-inductive 
resistance, making up the total resistance of the arm to r,. In 
the first arm AB is an accurately known non-inductive 
resistance r4. The third arm AD consists of a known standard 
"f capacity K,, whilst the fourth arm DC contains a capacity 
Kin series with a non-inductive resistance Ё. On applying an 
alternating voltage to opposite points of the bridge no current will 
traverse the conjugate arm if the following conditions hold :— 

КВ, вы: хо ue che Зе в SAL) 
Ки R=K,r,R=L.. .. (2) 
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These conditions are independent of frequency. and therefore 
apply whatever the wave-form of the applied voltage. 

The double adjustment required for balance is of the satis- 
factory type where the attainment of one condition remains 
undisturbed in the process of attaining the second. Let us 
suppose K,, K,, and r, to be chosen. The procedure consists 
in first altering r, until the effect in the detecting instrument 
is reduced to a minimum; R is then altered until the zero 
minimum is indicated On repeating the process, slightly 


Fic. 1.—DiAcGRAM OF BRIDGE. 


readjusting r, to its best value and then В, the true balance is 
quickly reached. The value of the inductance required is 
then given by the formula L— K,7,R. 

It will be observed that L is proportional to R. This leads 
to a result of great practical convenience, namely, the pos- 
sibility of attaining а balance whatever the value of L mav be. 
Having satisfied the first condition, one 15 assured beforehand 
that the second condition can be fulfilled. For the.same 
reason, as will be shown later, it is possible to correct experi- 
mentally for any error due to residual inductance or capacity 
in the bridge. 


3. Proof of Formula.—The formula is most readily obtained 
by aid of the theorem that for zero current in the galvanometer 
or detector the vector-impedances of branches one and two 
must be in the same proportion as those of branches three and 
four. This gives 

ooh рК (3 
ЭРЕК 0000000 ® 
where ;—4/—1. and р=2лх frequency. Multiplying across 
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and equating real terms to real, and imaginary to imaginary, 
we find 


Ed uon ow wd 
pK, pK, 
and в, пис © x, DA) 


which are identical with equations (1) and (2). 
The bridge also lends itself to a simple graphical treatment. 
In Fig. 2 ac and a’c’ are vectors representing the voltage at 
any instant between А and C. The voltages across f,, 7,, and 
L are represented by ab, be, and ec respectively, the angie aec, 
ешо а right angle. Similarly the voltages across Кз, K, and К 
are represented by the vectors a'd, de’ and e'c' respectively 


Ri’ 


t’ е’ 
PK, pK 
Fia 2.—VEcTORIAL REPRESENTATION OF VOLTAGES IN BRIDGE. 


а’е’с’ being aright angle. For zero current in the galvanometer 
the voltage from B to D must be zero at every instant. This 
requires the voltages from A to B and from A to D to be equal 
both in magnitude and in phase ; that is, the triangles ace and 
а’с’е’ must be similar and equal and b must divide ae 1л the 
sarne proportion as d divides a'e’. Denoting the current along 
the path ABC by г, and that along ADC by 7, the above con- 
ditions are 


a’ 
ud 

P 4 
"a | Я 
Lpi—Ri 


42 MR. D. OWEN ON THE 
or pK r= pr ht 2... (4) 
leading as before to 
L 
Kor, =K r= | 


We may regard the path ABC as a resistance in series with an 
inductance, and the path ADC as a capacity in series with a 
resistance. The first-named resistance is split at B, the 
capacity at D, in the proportions required for equal potentials 
at each instant at the points B and D. 

4. It is of interest to consider the relation of the above 
bridge to a more symmetrical arrangement of inductances, 
resistances and capacities. 


Fic. 3.—GENERALISED SERIES-RESISTANCE BRIDGE. 


The bridge of Fig. 3 may be described as of the " series- 
resistance " type. The conditions for zero current in the arm 
BD at each instant are 


f Rn Ro e n Bs 
mint 4 .) 
PAL RL, Ry) = c e 


This bridge has been employed by Воза* and Grover for the 
measurement of the power-factor of a condenser, the required 
difference of phase angle of the two condensers being determin- 
able in terms of the known and adjustable inductances L, and 
L} We can, however, eliminate the terms in p? by writing 


* Bulletin, Bureau of Standards, Vol. LLL, 1907, р. 390. 
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L,=0, R,—0 (or L,=0, R,=0), when the above equations 


reduce to 
"В. | 
3! (6) 
and вый 
К К, 


and we have a bridge adapted to the measurement of self- 
induction. This is the bridge described in the present Paper. 


Z 8. 
Fie. 4.—GENERALISED SHUNT-RESISTANCE BRIDGE. 


lf as starting point we take Ще arrangement in Fig. 4, a 
bridge of the “ shunt-resistance " type, the conditions for zero 
current in G are 


Su Poo е 2... (1) 


(K,r,—Kgr,)+(L,8,—L,8,) =0} 

Once more the conditions for balance are complicated, and 
involve the frequency. The frequency terms may here be 
made to vanish by making К, and L, (ог К, and L,) equal to 
zero, when the conditions of balance reduce to 

T4394 —T7,53—0 ) r, В — 
or т R | (8) 
L,5,—K,7,—0 J L,—K,nR, 

This is the Maxwell bridge. This bridge, as is well known, 
has the disadvantage that the two adjustments for balance 
specified in (8) are not independent. The modifications 
suggested by Rimington and by Niven have the drawback, 
when employed with alternating currents, of requiring а 
knowledge of the frequency; the formula, moreover, becomes 
rather complicated and inconvenient in use. In Anderson's 
well-known modification, operated with alternating current as 
was first done by Fleming, the two conditions of balance are 
made independent without sacrificing the advantage of 
independence of frequency. 
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9. Elimination of Residual Inductance and Absorption 
Effects.—It is necessary to proceed to a closer examination of 
the series bridge, with a view to estimating the influence of 
residual effects on the accuracy of the inductance determina- 
tion. These residual effects are (1) the inductances l, of the 
coil 7,, la of the arm r, (exclusive of that of the coil under test), 
I, in the leads to K,, and L in the coils В; and (2) absorption 
in the condensers in the arms three and four, which may be 
represented by resistances рз and р, т series with the capacities 
К, and К, Ш place of equation (3) we have now to write 


mE СТЕУ, 
о ay 


ri pO o) R+ pi =, к +. 


leading to the fcllowing as the two do of balance :— 
r T> ә н 2 р l ә 
KK, bP aR + ра) pln, — РАЕН, — рз, . . (10) 
and 
> 
К.В =Ь-Ь- К. (оз. ри) =. tp Kal, 
pk, l(L4-). . . . . (11; 

The procedure for balance remains as before—namely, the 
adjustment of r,, followed by that of В. One effect of the 
terms in p? is to diminish the value of 7, to a slight extent. 
This is no disadvantage, since 73 does not enter into the evalua- 
tion of L, and therefore need not be known. The second effect 
of the residual terms is equivalent to an addition to L, which is 
completely eliminated by repeating the experiment with L 
removed. Let Ry denote the resistance in series with К, 


which is required for balance with L cut out, and 7,’ and 7, the 
new values of r, and l}. Then, 


/ , K . / р) / 4 
Ку’ R5 — 1 4- K,(r, Оз пр) -LiH PEL рК, (17) 


Subtracting (11’) from (11) we have 
Kr (R—Ro)=L+ (!, -lz рита та p ax. Eh - 
-pEJ4(LEG—u).  . . . (2) 
Calculation shows that the only term (after the first) on the 
right-hand side of (12) that is of sensible value is (1,—1,); 
30 that we may write 
Ksr,(R —Ro)=L+ (la =l) ^. . . (12 
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Now the ratio of (J,—/,’) to L is the ratio of the time-con- 
stant of the substituted resistance coils to that of the coil under 
test. Taking the time-constant of the former as 10-8, the error 
involved in neglecting (1,—/,’) will be less than 1 in 10,000 in the 
case of all inductive coils whose time constant exceeds 10-4; 
and even if coils be included for which the time-constant is as 
low as 10-5 the error is below 1 in 1,000. We may conclude 
that it is only rarely that it is necessary to consider the induc- 
tance of the substituted resistance coils. Our working formula 
thus becomes 

L=K,r,(R—R,). . . . . . . (13) 

Examples quoted below show that, using standard mica 
condensers and the usual resistance boxes, the value of Ro is 
very small compared with R, except where L is very small, in 
which case it becomes quite important to obtain the auxiliary 
balance with L omitted. 

It appears from the above examination that by the aid of 
(13) self-inductance may be determined free from error due 
either to residual inductance in the resistance coils used, or to 
absorption in the condensers. 

In regard to the term (/,—I,’) in (12^) it may be observed 
that the difficulty of making allowance for it is common to all 
bridge methods of measuring inductance. 

6. Sensitiveness of the Bridge.—1f a pure sine voltage, v, be 
applied between the points А and C of the bridge (Fig. 1), the 
current through the galvanometer arm BD is given by the 
expression 


= jc pe Al — та UN (z?) 


Аир 


where 

R 
AERO Enter) C —- ^x. Ses dtm 
and 
B=pLR(r,+9 pL т Jro troay (Gtr) tre) ғә 
= 1 


p'K;K, pK, рКа 
| (16) 
The arm BD is assumed to consist of a pure resistance g; 


that is, inductance and back Е.М.Е. in the detector are neg- 
lected. 


Ac m ee ee ee сре eee = - p eee "m 


'-- mo 


Ыгын ee a 
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As A and B occur to the first power in the numerator of 
(14), but to the second power in the denominator, the current 
i, for a given voltage across the bridge will be increased by 
reducing A and B. The expressions for A and B involve the 
frequency, and it appears that when р=0 both quantities 
become infinite. The bridge is thus inapplicable to steady 
currents. Аз p increases А becomes zero at а certain fre- 
quency, then increasing numerically, but with change of sign. 
B, like А, has the value minus infinity at zero frequency, and 
passes through zero at a certain frequency, generally higher 
than that at which A vanishes. There is, therefor:, some 
intermediate value of the frequency for which the sensitivity 
of the bridge is a maximum. This value depends on the capa- 
cities employed and on the inductance to be measured. The 
expressions for А and B are made up of products of resistances 
and reactances taken three at a time, and the general rule for 
high sensibility is to aim at making the resistances and re- 
actances of the arms and of the detecting instrument of 
approximately the same value. Using capacities each equal 
to 4 m.f. it would appear that the best frequency to select in 
the case of inductances of the order of a tenth of a henry is 
about 200 per second, higher frequencies being called for the 
lower the inductance. 

Much, however, will depend on the choice of detecting т- 
strument. The vibration galvanometer appears to have its 
greatest sensitivity at low frequencies, say, 100 per second ; 
whilst the telephone (or rather the ear) has its maximum sensi- 
tivity at 800 or 1,0007». The sensibility of the Sumpner 
alternate-current galvanometer is independent of frequency, 
provided the voltage applied to the field-coil is in proportion to 
the frequency. The fact that both the sensitivity ot th? bridge 
and that of the ear rise with frequency are to the advantage of 
the choice of the telephone, and in practice it has been found 
that, at all events over the lower range of inductance, the 
superiority as regards accuracy rests distinctly with that 
instrument. 

From (14) it may be seen that the galvanometer current is 
made up of two components in quadrature; one arising from 
the non-attamment of the condition L=K,r,R, the other from 


| И г r 
the non-attainment of the second condition KK. This 
i 3 


result applies indeed. to all bridges involving two conditions 
of balance. 
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б. Effects of Ететиепсу. —А рат" from the slight residual 
effects depending on frequency, which have already been dis- 
cussed, there are three effects of frequency which may affect 
the value of inductance obtained bv an alternating-current 
method. These are the skin effect (both on the inductance of 
the coil under test and on the resistance of the bridge coils), 
the effect of frequency on the capacity of a mica condenser, 
and, lastly, the effect arising from distributed capacity т the 
coil under test. 

At frequencies below, say, 2,000 per second the first of them, 
the skin effect, is inappreciable. 

The second effect 1s appreciable in measurements where the 
highest accuracy is required. A standard mica condenser 
shows a decrease of capacity of it may be five parts in 10,000 
when the frequency rises from 100 to 500 per second. It is 
thus necessary that the capacity of the condenser should be 
known at the frequency used in the test. 

The effect of distributed capacity is to cause an increase in 
the effective inductance of the coil tested, the increase being 
proportional to the value of the inductance and to the square of 
the frequency. The effect is only of importance in the case of 
large inductances and at the higher frequencies, and where 
necessary its value can always be experimentally determined 
(see, for example, observations Nos. 14 and 15 below). 


7. Experimental Arrangements and Results.—Examples of 
tests are included for inductances ranging from 0-4717 henry 
to 2:05 microhenries. The whole range may be covered 
without change in the pair of condensers employed. As a 
rule two nominal 4 m.f. mica standard condensers were used. 
The value of r, was 1, 10, 20, 100, or 200 ohms. To obtain 
the exact adjustment of r and В for balance. bridge wires were 
inserted in the arms BC and СО. Each ot these consisted of a 
length of about 80 cms. of constantan wire doubled on itself, 
the two halves running parallel at about 0-5 ст. apart, the whole 
being mounted on a baseboard graduated in centimetres. A 
short-circuiting sliding bridge-piece allows of a continuous 
variation of resistance. The resistance per centimetre of 
wire was almost exactly 0:02 ohm. With their help exact 
balance could be rapidly and accurately secured, the value of 
В being thus determinable to within а hundredth of an ohm. 

In the case of very low inductances of onlv а few micro- 
henries, it is necessary to allow for the small alteration of in- 
ductance in the bridge-wire in the arm BC between the settings 
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for R and Ro; in other words, equation (12’) should be em- 
ploved for the calculation and not (13). А continuous varia- 
tion of resistance with practically constant inductance may, 
however, be secured by the aid of the mercury U-tube of 
Wenner and Dellinger, or by using a carbon plate rheostat. 
The latter method was used in some of the measurements re- 
corded below, the bridge wire in arm two being dispensed with. 

The sources of current »mployed were a small induction coil 
or buzzer giving a frequency of 95, another giving 530 ; a small 
transformer with tuning fork interrupter of 100 co, which pro- 
vided а source of very steady frequency for use with the 
vibration galvanometer; also а microphonic hummer giving 
512%. 

With regard to detecting instruments: Except in the case of 
the largest inductances, and of coils containing iron, the tele- 
phone in conjunction with the buzzer of 530 ~ was found to 
give very satisfactory results Theoretically, owing to effects 
of residual inductance and of absorption, it is impossible to 
obtain perfect silence in the telephone unless a pure tone is 
employed. In practice this difficulty largely disappears. With 
low inductances, say, below 0-1 millihenry, the effect of over- 
tones is almost inappreciable. At higher values it 13 easy after 
а little practice to reduce the fundamental note in the telephone 
to inaudibility in spite of the distinct presence of the overtones. 
Using a frequency as high as 530 for the fundamental tone this 
is particularly the case : probably only the first two, or perhaps 
three, overtones are effective, for not only 18 the intensity of the 
higher components present in the source smaller, but the sen- 
sibility of the ear to the corresponding tones 13 at the same 
time reduced Readings are taken of the limiting resistances 
at each end of the range of inaudibility —these limits are sur- 
prisingly sharp—and the mean of these readings gives the true 
balancing value. 

For the largest inductances the vibration galvanometer was 
used. 

For the testing of coils containing iron the telephone is prac- 
tically useless. With the vibration galvanometer, on the other 
haud, the condition of zero movement 13 reached as completely 
as in the case of air coils, though, of course, the meaning of the 
resulting figures is not so easy to define. 

The standard mica condenser used throughout as K, had the 
value 0.33200 m.f. at 16°C. Из value at other temperatures 
was read off from the curve of Fig. 5. 
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The condenser К, was a nominal 4 m.f. mica condenser, 
except in experiment No. 16 (see footnote). 
In the last column T stands for telephone, and V.G. for 
vibration galvanometer. 


Table I. 
| | | Estimated | Detecting 
No. K,(m.f.)| ri R В, | L=K,r,(R—Ro) г ои 
| | | 10,000). | frequency. 


SS AS SS a Ia — 


| 

| Single circular turn of copper wire, diameter of wire 0:071 cm., circumference 

of circle 150 cm. 

| ' 0:3318 1:0102 6-49+0-02 | 0:455 | 2:04 microhenry 64 

| | 0-3320 | 1:008. 9-72+0-02 | 3-50 | 2°08 microhenry 64 

Helix, single layer of 147 turns, length of helix 22°8 cm., external diameter 5°36 cm., 
diameter of wire 1:22 mm. 


T. 530 
T. 530 


3 033194 10 70°05+0-04 | 0°67 | 0°2303 millihenry 6-5 T. 530 
4 033194 10 10-50 +006 | 1:02 | 072306 millihenry , 13 | T.95 
——————————————Á— 
| Helix of ohmic resistance 1:1 ohm, with core of soft iron wires. 
| 5 03319 200 | 15395705 0:2 , 010216 henry 6 V.G. 95 
^ 6 | 0-3319 | 200 | 1530-5205 | (2 | 0-10156henry | — 6 V.G. 95 
Circular coil of 500 turns, mean diameter 22 cm., resistance 9 ohms. 
7 033194 | 200 | 1198:39+0-04 | 0-16 — 0:079548 henry 0:5 T. 530 
8 |0:33194! 100 | 2397-42+0-1 0-25 | 0:079572 henry 0-5 : | Т. 530 
9 |0-33194| 200 | 1198-4 +0-4 — 0-2 | 0079540 henry 5 | V.G. 95 
| 


mr óismemed nU a ————————ÓÀÓ— R, 


Equal circular coils A and B, of 500 turns, mean diameter 36 cm., axial breath 2:54 cm. 


( 
| 
| radial depth 5*6 cm. Placed coaxially one over the other in immediate contact. 
\ А оп ly— | | | | 
| 10 033190 200 | 2362-19 *0-4 i 0:2 | 0.15679 henry 1-7 V.G. 95 

В on ly— | | 
| 11 033190. 200 | 24035404 — 0-2 | 015953 henry 17 | У.6. 95 
| Aand Bin ser ies, aid ing— | 
‚ 12 0:33190 200 | 1094-5+2-5 ‘0:2 | 0:47090 henry 3:6 V.G. 95 

| 

| AandBinseries opp osing— | | 

13  0:33190| 200 | 2440:4-0:4  , 0'2 | 0-16199 henry 1-7 V.G. 95 
| From (12) and (13) же have Laí--Lg =0°31644 henry, 
| and from (10) and (11) we have Ly+Ly =0°31632 henry ; 
| also from (12 and (13) by subtraction 4 M —0:30891 henry ; 

. M =0-07723 henry 
а ев nt a Е E ce Ель 
| Coils, A and В in seri es and aiding— | | 
| 14 033197 200 ^ 7104-9415 | 0-16 | 0:47170 henry 2:3 T. 530 
‚ 15 033197 200 709996720 0-2 | 017074 henry 32 V.G. 95 
| Circular coil of 500 turns, mean diameter 22 cm., resistance 9 ohms. 
| 16 | 0-3319 200 | 1199:55+0-04 , 0°25 | 007961 henry | — T.530 
VOL. XXVII. p 
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Remarks on some of the above observations :— 

Nos. 1 and 2.—The inductance calculated from the dimensions of the cir- 
cular wire is 2:054 microhenries (+0°005). In No. 1 а correction of --0:015 
microhenry was applied to allow for the change of inductance due to move- 
ment of slider of bridge-wire in arm two Газ per equation (12). In No. 2a 
carbon plate rheostat was used to adjust r,, hence no such correction was 
required. А 

Nos. 5 апа 6.—Although iron was present within the coil, no difficulty was 
experienced in obtaining a perfect balance with the vibration galvanometer. 
The effective resistance of the coil is at the same time ascertained ; in the 
case of this coil it was 49 ohms. In No. 5 the voltage applied to the bridge 
was 2:8 volts; in No. 6 it was 1°7 volts. 

Nos. 10 to 13.—These serve as examples of the determination of a mutual 
inductance. 

Nos. 14 and 15.—These are observations on a large inductance, and the 
measurements at 530 ^» and 95 ~ serve for the determination of the distri- 
buted capacity. The value of L at 530 ^v proves greater than at 95~ by 
20:4 parts in 10,000. Of these perhaps some 5 parts are accounted for by the 
diminution of К, with frequency. The remaining excess must be assigned 
to the effect of distributed capacity, as expressed in the formula 


L,=L,(1+4?n?kLa), 
where n denotes the frequency. The value of the distributed capacity Ё 
thereby calculated is 3:9 x 10-* m.f. At the lower frequency, 95 per second, 
it appears that the increase in effective inductance due to distributed 
capacity is below 1 part in 10,000, whilst at 530 ~ it is some 15 parts in 10,000. 

No. 16.—This test differs from No. 7 in that K, was an ordinary commer- 
cial (Mansbridge) condenser, and not a mica condenser. Owing to the large 
absorption, balance with L cut out was only possible by inserting а resistance 
of not less than 30 ohms in series with the standard condenser K,. The value 
of R, given above corresponds to the series resistance 30 ohms in the arm 
three. The value of p, deduced from the data of this balance was 5:16 ohms, 
К, being 1:838 m.f. ; and the power-factor of the condenser works out at 
0:031. By comparing Nos. 7 and 16 the error in the result for L, which is 
introduced by the use of such a highly absorptive condenser, is seen to be 
less than one part in 1,000. This example shows that it is possible to obtain 
results sufficiently accurate for many purposes without the use of a mica 
condenser in the fourth arm of the bridge. 

8. The Measurement of Mutual Inductance.—Any bridge for 
the determination of self- will serve for the determination of 
mutual-inductance. If the coils are put in series the total self- 
inductance is L,+L,+2M. Two adjustments of the bridge 
for balance, the second with connections of the coils reversed, 
lead to the difference 4M. This method is quite satisfactory 
where the coefficient of coupling of the coils is not too low. An 


example is given in Nos. 10 to 13 above. 


9. Standards of Self-Inductance.—It is obvious that a method 
for the measurement of inductance in terms of capacity may 
be reversed. It may be regarded as a means of determining a 
capacity in terms of a standard of inductance. From the point 
of view of accuracy and reliability of results the latter may well 
be reyarded as the proper order of procedure. An inductance 
standard has a very low temperature coefficient, and when 
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carefully designed and constructed is probably far more con- 
stant than a standard mica condenser. 

Into the problem of constructing suitable primary standards 
of self-inductance it is not proposed to enter. It may be 
pointed out, however, that secondary standards are readily 
procurable. With the possession of such а, standard the capa- 
city of mica condensers can be checked from time to time, and 
their variation with temperature determined. The results of 
a test of temperature variation are here included. They afford, 
incidentally, an example of the erratic changes to which the 
capacity of a mica condenser is liable.* 


10. А Test of the Temperature-Coefficient of а Mica Condenser. 
The measurements were made by the series-resistance bridge, 


the formula Е 8 being employed. The inductance 
"(В —Во) 
coil was that used in tests 7 to 9 of Table I. 


r,=200 ohms; В. =0-15 ohm. K,,=0-33200 m.f. 


В was determined always to within 1 part in 20,000. Tem- 
peratures were ascertained to within 0-2°C. 


Table II. 


Temperature-variation of Capacity of Mica Condenser v= 530. 


From the above figures the graph of Fig. 5 is drawn. Ву 
following the numbers appended to the points on the graph it 
appears that between the observations 5 and 6 a sudden altcra- 
tion in the capacity occurred, to the extent of 5-4 parts in 
10,000. After No. 6 the results are closely expressible as a 


* See Curtis, Bureau of Standards, Washington, November, 1910. 
. p2 
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single-valued function of temperature. The time covered by 
the tests was 17 days. 


The graph shows how rapidly the temperature-coefficient 
increases at temperatures above 15°C. Over the range 


24 


0°3320 


Capacity in m.t. 


0:3310 


Temperature, Degrees Centigrade. 
Fia. 5.—TEMPERATURE-VARIATION OF CAPACITY OF Mica CONDENSER. 


0°—15°C. the mean coefficient is — 0-000080, from 15° to 20°C. 
it is —0-00010, from 20? to 25°C. —0-00015, and from 25° to 
30°C. —0:00036. 
Summary. 
1. An alternate-current bridge method is proposed for the 
determination of self-induction in terms of capacity and 
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resistance. The inductance L is given by the relation L= 
K,7,R; in addition to which it is also necessary for balance of 
the bridge to satisfy the condition K,r,=—K,ry. 

2. The two conditions of balance may be secured in practice 
without mutual interference. The end point is therefore 
rapidly attained. The possibility of effecting a balance is 
unlimited by the value of the unknown L. 


3. The method is independent of frequency. This has the 
accompanying advantage that it is unnecessary to employ a 
pure sine voltage. Very good results may be attained with a 
buzzer as source and a telephone receiver as detector, at, say, 
500 a. 


4. The dependence of sensibility of the bridge on the fre- 
quency is discussed, and it is shown that over a wide range (say, 
100 ^» to 1,000 c.) the sensibility is high. 


9. The effects of residual inductance in the resistance coils 
and leads, and of absorption in the condensers, may be simply 
and correctly allowed for, the formula then becoming 


L= K;r(R — Ro). 


This fact is of especial importance in the accurate determina- 
tion of very small inductances. 


6. Tests are quoted showing that with the same pair of 
condensers measurements over the full range from one micro- 
henry upwards may be made. For inductances of the order 
of 10 microhenries the error may be kept within a few parts in 
1,000 ; whilst if the inductance is as high as a few millihenries 
the error of any measurement may be reduced below one part 
in 10,000. 


7. The application of this bridge to the determination of 
capacity in terms of self-inductance is discussed, and an example 
is given of a test of the temperature variation of capacity of a 
standard mica condenser over the range 0°—30°C. 


ABSTRACT. 


1. Ап alternate-current bridge method is proposed for the deter- 
mination of self-induction in terms of capacity and resistance. The 
inductance L is given by the relation L=K,r,R; in addition to 
which it is also necessary for balance of the LE to satisfy th: 
condition K;r,—K;r,. 

2. The two conditions of balance may be sned in practice with- 
out mutual interference. The end point is therefore rapidly attained. 
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The possibility of effecting a balance is unlimited by the value of the 
. unknown L. : 

3. The method is independent of frequency. This has the accom- 
panying advantage that it is unnecessary to employ а pure sine 
voltage. Very good results may be attained with a buzzer as source 
and a telephone receiver as detector, at, say, 500~ . 

4. The dependence of sensibility of the bridge on the frequency is 
discussed, and it is shown that over a wide range (say, 100~ to 
1,000~ ) the sensibility is high. 

5. The effects of residual inductance in the resistance coils and 
leads, and of absorption in the condensers, may be simply and cor- 
rectly allowed for, the formula then becoming 


L= K,r,(R—R,). 


This fact is of especial importance in the accurate determination of 
very small inductances. 

6. Tests are quoted showing that with the same pair of condensers 
measurements over the full range from one microhenry upwards may 
be made. For inductances of the order of 10 microhenries the error 
may be kept within a few parts in 1,000; whilst if the inductance is 
as high as a few millihenries the error of any measurement may be 
reduced below one part in 10,000. 

7. The application of this bridge to the determination of capacity 
in terms of self-inductance is discussed, and an exampl: is given of & 
test of the temperature variation of capacity of a standard mica 
condenser over the range 0°— 30°C. 


DISCUSSION. 


Mr. A. CAMPBELL congratulated the author on his clear treatment of 
the general case. His method had several advantages, the most im- 
portant of which was that he took a zero reading to eliminate the induct- 
ance of the leads by substituting a non-inductive resistance for the 
inductance to be measured. There is, of course, а difficulty in all such 
methods in obtaining a non-inductive resistance, but this can be got over 
by using а small inductance of which the value can be calculated, such as. 
& pair of parallel wires. He could not say how far the terms in equation 
12 could always be neglected as done by the author with frequencies 
greater than 1,000. Particular cases could be tried to see how far this 
was permissible. Among the disadvantages, he instanced the use of 
standard condensers in place of standard inductances. The latter could 
be obtained at less cost and of greater accuracy than condensers. Моге- 
over, the values of condensers varied more rapidly with temperature and 
frequency than did those of inductances. The former defect was aggra- 
vated by the time required for a condenser to take up a steady tempera- 
ture. The usual practice was to keep it at a given temperature for 
24 hours or more in measuring to tenths or hundredths per cent. Another 
difficulty in bridge work with condensers is caused by earth capacities. 
If the point of earthing be altered different results may be obtained. He 
suggested that the galvanometer and battery might profitably be inter- 
changed. The position described in the Paper was the worst for distur- 
bances due to earth capacities. 

Мг. Е. Е. Ѕмітн mentioned that in Rosa and Grover’s Paper, quoted 
by the author, а figure practically identical with Fig. 3 in Mr. Owen’s 
Paper appeared. — Some of the equations, also, were very similar, but 
Rosa and Grover had, apparently, overlooked the fact that by making 
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one of the R’s and one of the L's zero the bridge could be used for the 
measurement of self-induction. He was surprised that Mr. Owen ap- 
peared to prefer the telephone to the vibration galvanometer in many 
cases. He would have expected the latter to give more satisfaction in 
almost all cases. With regard to the discrepancy found by the author 
in the temperature curve for his condenser, he might say that in the case 
of paraffin wax condensers it was always dangerous to cool to 0 deg., as 
a change occurred in the wax which introduced trouble. Не had gone 
into the matter of changes in the resistance of the old B.A. resistance coils 
when cooled to 0 deg., and had shown that these were due to changes in 
the wax. 

Dr. RUSSELL said that he had used Mr. Owen’s method of measuring in- 
ductance in his laboratory and had found it simple, accurate and most 
satisfactory. When ordinary alternating-current supply was available 
good results were obtained either with a telephone or a vibration galvano- 
meter. The theorem on which the method is based is extremely inter- 
esting from the theoretical point of view, and several curious results 
follow from it. Mr. Owen’s method of proof was well adapted to the 
needs of electrotechnical students, but he preferred the analytical methods 
as they were more rigorous. 

The AUTHOR, in reply, referred to the variation of capacity with fre- 
quency. This was most marked at low frequencies, and as, to get sensi- 
bility, the bridge had to be used at frequencies of 100 or more, one was 
working outside the most dangerous region. With regard to the tem- 
perature variations, he pointed out that the condenser could always be 
tested against a standard inductance if need be. In the test of temperature- 
coefficient he had allowed the condenser to stand for four hours after the 
required temperature had been reached; the time to be allowed to attain 
the temperature of the bath could be calculated from the fact that the 
condenser was found to require 1} hours to cover half the impressed interval 
of temperature. In ordinary use, as the daily range was not more than 3? 
or 4°C., and as 1? only introduced an error of 1 in 10,000, he thought the 
trouble would be inappreciable. He had tried both positions of the gal- 
vanometer and battery, and sometimes one and sometimes the other proved 
most satisfactory. The difficulty about earth capacities was one that had 
to be guarded against in all balanced bridge methods when the utmost 
accuracy was required. The effect was likely to be very small in the bridge 
described, since the capacities employed were comparatively great. ' 
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ТУ. On the Coefficient of Diffusion т Dilute Solutions. By 
Basin, №. Crack, B.Sc., Lecturer in Physics at Birkbeck 
College. 


RECEIVED SEPTEMBER 29, 1914. 


§ 1. Introduction. 

$2. Modifications in the Apparatus. 

$3. The Apparatus. 

§ 4. Results. 

$5. Diffusivity at a definite concentration. 
§ 6. The end-correction. 

$7. Effect of the diffused salt. 

§ 8. Effect of the material of the tank. 

$9. Discussion of results. 


§ 1. Introduction. 


THE author has been interested’ for a number of vears in the 
investigation of the phenomena of the diffusion of salts through 
water, using for the purpose special flasks filled with the 
solution under examination, one suspended from each arm of 
a delicate balance, in a large bath of distilled water maintained 
at various constant temperatures in a thermostat room. Each 
flask was fitted with a vertical tube through which the salt 
diffused upwards and the design of the flask was such as to 
maintain the concentration of the solution constant at each 
end of the tube. The diffusion tubes of both flasks were of 
equal length, but their cross-sections differed considerably. А 
method of differential weighing was used to eliminate errors 
due to small changes п the density of the bath, and from the 
final steady rate at which the flasks changed m weight as the 
salt diffused out, the value of the coefficient of diffusion of the 
salts can be deduced.* 

The objects of the present Paper are :— 

1. To describe improvements made in the apparatus by 
means of which the results can be obtained more quickly. 

2. To investigate the diffusion of certain salts down to very 
dilute solutions at a constant temperature. 


* See Clack, “ Proc." Ph. Soc., XXL, р. 863, 1908; XXIV., р. 40, 1911. 
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§ 2. Modifications in the Apparatus. 


The apparatus already employed possessed the disadvantage 
that much time was wasted before the rate of change in weight 
of the flasks became approximately constant, six or seven days 
being required, and attempts were made to hasten the time of 
attainment of the steady state. In the discussion [“ Proc.” 
Ph. Soc., p. 49, 1911] Mrs. Griffiths (Miss C. H. Knowles) 
showed that the steady state would be hastened by filling the 
diffusion tubes to half their height with the solution under 
investigation, the rest of the tubes containing pure water. 
This method was tested in a number of experiments but with 
hardly the success expected. Not only was the steady state 
not accelerated very much, but the filling of the tubes seemed 
to produce too much disturbance, and the results obtained 
were not as consistent as desired. With specially careful 
manipulation the method might prove more successful, but in 
the present Paper an alternative means of hastening the steady 
state has been adopted, that of reducing the length of the 
diffusion tubes, and the arrangement at present emploved is so 
satisfactory that the steady state is obtained almost at once. 
A result differing in most cases by only 1 or 2 per cent. from its 
final value is obtained in one day, enabling very rapid deter- 
minations of the value of the coefficient of diffusion to be 
made. 

That shortening the diffusion tube should hasten the attain- 
ment of the steady state is well known. The case in which the 
liquid is moving with an impressed velocity was investigated 
theoretically in a note published by Miss A. Somers (“ Proc.” 
Ph. Soc., XXV., p. 74, 1912), and the present author studied 
the matter in 1908 in the Paper previously mentioned, by 
experiments on diffusion employing tubes 4cm., 2cm. and 
lem. long (see also “ Phil. Mag.,” Vol. XVI., Plate XXV., 
Fig. 6, 1908). In this work it was observed that the end- 
correction to the length of the tube, which was negligible in the 
longest tube, because important as the length was reduced, 
and to avoid the error involved it has been found necessary to 
reduce not only the length, but also the diameter of the tubes, 
a battery of short and narrow tubes replacing the single wide 
tube previously employed. This idea was proposed by the 
‚ author in 1908, in the Paper referred to, but аз the same sug- 
gestion was made by Dr. Griffiths and by Prof. Lees in the 
discussion following the Paper read in 1911, his attention was 
again directed to it. 
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The general shape of the curves obtained by plotting the 
change in weight of the flasks against the time is shown in the 
annexed family of curves (Fig. 1) dealing with solutions of KCI 
of the various concentrations indicated. A comparison of 
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these curves with those already published will show how great 
has been the saving of time, an experiment which previously 
required 21 days, being now completed in less than a week. 


$3. The Apparatus. ! 

The general arrangement of the apparatus and the method 
of using it, is similar to that already described in the “ Proc." 
Ph. Soc., December, 1911, and need not be repeated here. The 
aperture in each flask was closed by a glass plate drilled to 
receive the diffusion tubes, which were sealed in position by 
canada balsam. 

With a battery of four parallel vertical tubes, each about 
2 em. long and 0-448 sq. cm. in area, fitted into the diffusion 
flask on one side of the balance and a single similar tube fitted 
into the other, the amount of salt diffusing was sutficient to 
make accurate weighings possible. 
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The dimensions of the tubes, found in the manner previously 
described, are given in the foilowing table :— 


aks ase 


Area. 


Length. 
1:997, cm. — L, | 0-445, вд. cm. = А, 
2:000, 0:454, 
1-998, 0:451; 
2-0000 0-440 
1:999. 0:447, 
Mean 2:000 ет. = L, Total = 1:794, вд. ст.= A, 


Results obtained with this apparatus are distinguished by 


the letter В in the following tables. 


$4. Results. 


The results for solutions of potassium chloride, potassium 
nitrate and sodium chloride at constant temperatures, all in 
the near neighbourhood of 19?C., are tabulated below. For 
purposes of comparison some results have been included, 
obtained by means of the apparatus described in 1911. These 
are distinguished by the letter a. | 

The value of the diffusivity in C.G.S. units is obtained from 
the formula proved in the earlier Paper. 


ge, 
QGL-ALJNG-IN4D-N)ü—eD-Nj ° M 


where L, and L,—lengths of the diffusion tubes fitted into the 
two flasks. 


A, and A,=their total areas of cross-section. 

N —oconcentration of the solution in gms. рег cc. 
of the solution at the lower end of the 
tubes. 

D —density of the solution at the same point. 

i, and 7,=final steady change in weight of the two dif- 

fusion flasks per second. The balance 

ó—ratio of the increase in volume produced to 

the increase in mass of salt dissolved, 

. for a solution of concentration №. 

Results to which no number is attached in the last column 

of the table are obtained by interpolation from the results 
published in the earlier Papers of the author. 


K— 
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KCL 


Normality. | N in gms. |Temp. Mean slope 5 | Experi- 
| рег сс. {in °C. (#,—#,)x 10°. кх". Apparatus. ent No. 
E Se E E E | E а Pe ee 
270 ^ 02 | 18:5 NM" | 1-517 a " 
| 18:8 5:302 1-526 a 28 
| 18:7. 12:38 1:550, В 10 | 
188 | 12.26 1-558 | В 11 
1-35 0-1 18-5 | pm | 1-538 a " 
186 6124 1-496 В 8 
| | 187 6:156 | 1:495 B | 9 | 
0-67 | 005 | 185 1-417 1-524 a MN 
18-4 1-325 1-436 a 15 
18:6 3-035 | 1-457 B 6 
18-9 3:130 1:473 В 12 
187 | 3091 1475; B | M | 
0-33 0025 — 186 | 1581 464. B ^ 1.6 | 
187 | 15564 1:420 | B 17 | 
0-165 00125 . 185 0787 1458) B is 
18-6 0-745 1:380 | в 19 | 
| | 187 | 0-783 | 1450 | в | W | 
0-10 00075 18:3 0-447 | 1-360 в | 20 | 
18-7 0-448 | 1363 B 21 
0-05 0:0037 , 18-3 0-228  ' 1:306 B 22 | 
181 | 0234 | 1405 В 93 
0-03 0-0020 + 17-9 0:133 1-304 В 24 — 
| 184 0:136 | 1334 B 25 | 
KNO, 
1-0 0-1 | 18-5 е 1319 а bu x 
18:8 5-289 1-290 Bo. 30 | 
| 19:0 5:027 1:316 | B | 3 | 
(5 0-05 18:5 | 1-333 а AE 
18:3 2-784 1-340 B 42 
19-1 2-930 1:411 В 32 
19-2 2-872 1-388 | В 33 
0-25 0095 19-2 1479 | r399 (в 34 
19-2 1-555 308. в (o3 | 
—HET SETA ROS E ' i 
0-10 0-010 19-1 0-620 1-454 В 36 
| 19:2 0-622 ]H58 | B 37 
0-05 0-005 19-0 0-343 1:547 | B 38 
| 18-8 0:332 1:513 В 39 
^ 0-02 0002 18:6 6:133 1-489 B wo 
18-5 0:131 1-454 B 41 
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| NaCl. 
| .. | N in gms. | Temp. Mean slope | | Experi- 
p Normialisy. per со. | in °С. | (5, —2,) x 107. K x 10°. Apparatus. per? No. 
| | 


3:40 0:2 | 18-5 | 10-10 1-228 | | 
| 18-4 | 10-17 1:233 | 


| 172 0-1 (0187 5-290 1:215 i 
18:7; 5213 1:198 | | 


The value of the coefficient of diffusion varies to some extent 
with the concentration of the solution, and the results here 
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0 9a 04 06 08 l'U 1:3 14 1-6 18 29. 
Normality, 
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calculated give the value of what may be called the “ mean 
diffusivity " for the solution in the diffusion tube, that is for a 


solution varying in concentration from zero to a maximum of 


> м 
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N in each experiment. The results are shown graphically in 
the accompanying curves (Fig. 2), in which the value of the 
mean diffusivity, K, is plotted against the maximum con- 
centration, N, of the solution employed in each of the experi- 
ments. : 

$5. Diffusivity at a Definite Concentration. 

A difficulty is encountered in-attempting to find the exact 
value of the coefficient of diffusion at a definite concentration 
from the observations recorded in this Paper, due to the 
velocity with which the solution is moving down the tube. 
‚ ‘This velocity is caused by the change in volume of the solution 
as it becomes less concentrated by diffusion; it not only 
varies with the strength of the solution employed in the 
separate experiments, but it differs slightly at different points 
in the diffusion tube in the same experiment. 

This movement makes the exact solution of the problem 
very difficult, if not impossible; but it is comparatively 
easy to develop a formula for the coefficient of diffusion at a 
definite concentration, which is likely to give results as accurate 
as the observations justify, if the velocity is so small that it can 
be neglected altogether, and the liquid considered to be at rest. 

It has already been shown (' Proc." Ph. Soc. XXI., p. 863, 
1908) that the velocity is of the order 


{t6(D—N); / 1 —é(D №), 


and by introducing the values of these quantities, as found by 
actual experiment, the velocity in the experiments of the 
present research 18 proved in all cases to be very small, the 
average value being of the order 107? cm. per sec., t.e., about 
] ст. in four months. 

This movement produces a measurable effect in the rate of 
change in the weight of the flasks, and has been studied in the 
previous Papers published by the author, where it is shown that 
the corrections, to allow for the movement of the water, intro- 
duce the factors (1—1N9(D—N); i1 —ó(D №); into the cal- 
culation of the value of the coefficient of diffusion by equation 
(i.); yet it has only a small influence on th2 quantity of salt 
transmitted through the diffusion tubes—4 per cent. in the 
extreme case. 

Since the effect of the velocity of the water has been taken 
into account in arriving at Equation (1.), it seems certain that 
the value of the coefficient of diffusion between given limits of 
concentration, as calculated by this equation from the experi- 
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ments described in this Paper, cannot differ seriously from that 
value which would be obtained between the same limits of 
concentration were it possible to work with a perfectly station- 
ary co lumn of a salt solution. 

Consider, then, a diffusion tube of unit cross-section so 
aran ed that its upper end is maintained in contact with pure 
vater and that the lower end is continually in contact with salt 
solution of a constant concentration, and assume that no move- 
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6 0*8 1°0 1:2 14 1°6 1:8 2:0 
Normality, 
Fic. 3. 


ment takes place in the water in the tube. When diffusion has 
reached the steady state let n Бе the concentration of the 
Solution in the tube at a distance [ ст. from its upper end. 
Let C =constant quantity of salt transmitted per second. 
oKn=coefficient of diffusion of the solution, varying in 
concentration between the limits zero and n. 
which satisfies the equation C= K,n/l. 
K,=actual value of the coefficient of diffusion of the 
solution at the concentration n. 
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As already explained, it is assumed that the value of К, may 
be taken with sufficient accuracy as that obtained experi- 
mentally in this research. 


Then oK,n/l =Kydn/dl=C, 
i.e., Ky =Cdl/dn. 
Now Cl  —Kaxn 


Cdl/dn =oKi+nxX d/dn(oKn) 
ie. Ky =oKatnxd/dn(oKn). . . (i) 


So that the value of the coefficient of diffusion K, at any 
definite concentration п is found from the above expression, 
involving the slope of the experimental curves shown in 
Fig. 2. 

The values of the coefficient of diffusion in C.G.S. units thus. 
obtained at the definite concentrations indicated in the first 
column are tabulated below, and these figures are plotted 
graphically in the accompanying curves (Fig. 3), which also. 
include, for purposes of comparison, the results obtained by 
other workers in this subject. 


KCl. KNO,. | NaCl. 


Бозау K, x 105 Ka x 105 K, x 105 

| 0-05 1-388 1:453 1:165 

| 0-10 1-430 1-421 1-170 

| 0-20 1-467 1:374 1-177 

| 0-40 1:493 1:319 1-188 

| 0-60 1:504 1:276 1:198 | 
0-80 | 1:515 1-233 1:208 | 
1:00 1:527 1-190 1-216 | 
1-50 1:555 ex 1:235 | 
2:00 1-584 1-253 


$6. The End-Correction. 


In order to test whether the correction to the length of the 
tubes in the apparatus В was small enough to be negligible, г 
third pair of diffusion flasks was made, in one of which werc 
placed 15 parallel tubes, longer and thinner than hitherto 
employed, and in the other was sealed a single similar tube. 
These tubes were each roughly 5 cm. long and 0-08 sq. cm. in 
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cross-section. The more exact dimensions of the various tubes 
are gri ven below :— 


Length. | Area. 
4:954 cm. = L, | 0:0750 sq. cm. = A, 
4:952 0:0859 
4:954 0-0816 
| 4-950 0-0802 
| 4:950 0:0873 
4:953 0:0810 
| 4:949 0:0878 
| 4:951 0:0874 
| 4-954 0-0766 
| 4-952 0:0744 
4:952 | 0-0827 j| 
| 4-954 0-0771 
| 4:954 0:0875 
| 4-952 0-0807 
| 4:951 0-0849 
| 4:952 0:0749 
| 


Mean length 4:952 cm. =L 1:2300 sq. cm. total area— A, 


- — rn ——— ее A 


With this apparatus the steady state is not reached until 10 
ays after commencing an experiment. The results obtained 
or the various solutions indicated are included in the following 


le :— 
аа аа see 
| А 20 рег cent. KCl. 5 percent. КС]. | 2 percent. NaCl. 
PParatus, —————— ——<—— -————— —————— —______. —————— 


га 1:526 28 1:48: 7,15 | .. | .. 
E 1:554 10,11 1-473 | 6,12, M 1-170 | 51,52 
У 1:550. 43 | 1462: 44 | 1184 | 54 


НЕК een ee oe ee ee | 


The agreement exhibited in the results shown above, using 
the Same solution in different apparatus, is as good as that 
Obtained when the same apparatus is employed in different 
*Xperiments, as will be seen by referring to the tables in $ 4, 
and this is evidence that any end-corrections in the tubes used 
Mm this investigation are negligible. The relative dimensions 
of the diffusion tubes used in the three sets of apparatus are 
shown in the annexed diagram, and it will readily be granted 
that experiments made with such tubes should furnish a good 
test of the point under examination. Moreover, the concen- 
tration-gradient is reduced 24 times between f and y, so that 
VOL. XXVII. E 


66 MR. В. W. CLACK ON THE 


it is clear that the coefficient of diffusion is independent of the 
concentration-gradient. 


§7. Effect of Diffused Salt. 


It is desirable to demonstrate that the contamination of the 
bath of distilled water by the salt which diffuses from the 
flasks has no appreciable effect in retarding the rate of diffu- 
sion. This was tested in an experiment by replacing the dis- 
tilled water by a weak solution (0-1 per cent.) of the salt 
employed. 

Although зо dilute, this solution is much stronger than 
would result from the diffusion in an ordinary experiment, and 
yet no greater difference was found in the result than is 
obtained when the experiments are conducted in the usual 
way, provided that, in all cases, the quantity introduced into 
the calculation of the coefficient of diffusion is the difference 
in the concentration of the solution at the two ends of the 
diffusion tube. The results are tabulated below :— 


Remarks. 


Expt. No. | Concentration. Temp. іп °С. Кх 10°. | 
10 — | 20 p.c. KCl. 18-7 1:550 |) Риге water 
ll " 18:8 1:558 іп 
27 » 18:6 1541 f bath. 
26 20.1 p.c. KCL ' 18-4 | 1544 0-1 p.c. KCl in bath 


—_ а. ——— Ад ee 


$8. Effect of Material of Tank. 
In order to test whether the material of which the tank is 


made affected in any way the rate of diffusion, the original 
tank which contained the bath of distilled water, made of 
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tinned copper, was replaced by a large glass accumulator tank 
of about 30 litres capacity. The result of the experiment 
No. 27 is included in the previous table, and demonstrates 
that no effect greater than that due to experimental error is 
caused by the tank employed. 


$9. Discussion of Results. 


The general conclusions to be drawn from the results of the 
research are that (i. in solutions of KNO, the diffusivity 
increases as the solution becomes more dilute ; (ii.) in the case 
of KCl the opposite effect occurs ; (iii.) with NaCl the value of 
the coefficient of diffusion decreases but slightly as the con- 
centration becomes smaller. 

In all, 54 experiments have been carried out in the investi- 
gation described in this Paper. The results of the first five 
have been omitted, as it was in these that the method was 
tested of filling the diffusion tube to half its height with the 
solution under examination, over which pure water was placed. 
It has already been mentioned that this method was dis- 
continued on account of the inconsistencies found to be asso- 
ciated with it. Of the remaining 49 experiments in which 
this method of filling was not employed, all have vielded satis- 
factory results, and none has been omitted, with the exception 
of No. 13, in which a sudden and unusually large rise of tem- 
perature in the middle of July, 1912, caused such a disturbance 
that no steady state was reached. 

Inspection of the graphs (Fig. 3) shows a considerable 
-difference, not only in the absolute values of the diffusivity 
found by different observers, using different methods, but also 
in the general shape of the curves. As an example in the case 
of KCl, Oholm (“ Zeit. für Phys. Chem.,” 50, p. 309, 1904-5) 
obtains а curve indicating that the coefficient increases with 
the dilution, but Thovert ( Com. Rend.," 133, р. 1197, 1901 
.and 134, p. 594, 1902) obtains the opposite effect. Moreover, 
Oholm's results are generally lower than Thovert’s. It 
becomes necessary to consider the probable accuracy in the 
various methods used by experimenters in diffusion. Oholm 
used what may be called a “ burette method,” in which various 
specimens of the solution were run off and analysed chemic- 
ally. This is a modification of one of Graham’s methods 
(“ Phil. Ttans.,” 183, 1861) and is a favourite, having been 
used by Scheffer (“ Ber. Deut. Chem. Gesell. ” 16, 1903, 1883 ; 
“ Zeit. für Phys. Chem.,” 2, 390, 1888), by Euler (“ Wied Ann.” 
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63, 273, 1897) and by Von Hevesey (' Phil. Mag.," 25, 390 
1913). | | 
According to the author's experience, such a method cannot - 
be expected to yield very accurate results. А disturbance 
much smaller than that involved in withdrawing the specimen - 
layers of solution for analvsis causes quite fatal consequences. 

On the other hand, Thovert used an interference method of 
determining the distribution of concentration in the diffusion 
cell. Such a method may be quite free from mechanical dis- 
turbance, but small temperature changes and consequent 
convection currents would be liable to produce severe distur- | 
bance of the displacement of the interference fringes. 

Thovert measured this displacement at different levels in , 
the diffusion cell and at two different times, so that his method 
is not one in which the steady state is employed. | 

In the present method the disturbance is quite negligible ; 
it is only during the few minutes necessary to complete a 
weighing that there is any disturbance at all, and even then 
the movement of the suspended system is limited to +s mm. 
Moreover, the method possesses the advantage of employing . 
the steady state. The results as indicated by the graphs are . 
in distinct disagreement with those of Oholm, and follow the 
general shape of Thovert’s conclusions. The agreement in the 
case of NaCl is very satisfactory, especially at the lower con- , 
centrations, but in the case of the other two salts my results 
are lower than those of Thovert, and I should be glad of the 
opinion ot the Fellows as to the cause of this difference. 

The research has been carried out in the laboratories of | 
Birkbeck College, by the aid of a Government grant received 
through the Royal Society, and the author would like to 
record his indebtedness to Dr. Griffiths, head of the Physics , 
Department at Birkbeck College, for his continued interest. 
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ABSTRACT. 


The Paper describes modifications made in the apparatus previously 
described (‘‘ Proc." Phys. Soc., XXIV., Dec. 15, 1911) to determine the 
value of the coefficient of diffusion of salts through water, by means of 
which the steady state is hastened and results obtained more quickly. 

The single wide tube previously employed is replaced by a battery of 
shorter and narrower tubes. "The error due to end-correction is investi- 
gated and results are given for the salts KCl, KNO, and NaCl for various 
concentrations down to very dilute solutions. 


DISCUSSION 


Ок. GRIFFITHS said that he wished he could detect some flaw in Мг. 
Alack’s methods, as he had always got higher results than those of the 
author. It appeared, however, to be much easier to get results too high 
than too low. 

Mr. РАТЕВЗОХ did not see why, in a symmetrical arrangement, such as 
‘the diffusion bulbs used by the author, the syphoning on which the main- 
tenance of the concentration at the lower end of the ditfusion tube 
depended should take place. 

Мг. Е. E. Smita wished to know if the author's method would be suit- 
able for measuring the rate of diffusion of one solution into another of 
very nearly equal concentration and density. The problem was met 
with in standard cells. There was a slight difference in composition of 
the liquid throughout the cell, and this appeared to become practically 
constant after some years as though diffusion had ceased altogether. 

Dr. RUSSELL congratulated the author on having completed such a 
thorough investigation. When Glasgow University was removed to its 
new buildings at Gilmorehill in 1871, Lord Kelvin set up many long tubes 
containing liquids with the idea that the progress of the diffusion might 
be noted not only after years, but after hundreds of years. Although the 
author’s earlier experiments had lasted months in some cases, he was now 
able to complete them in а few days. 

The Астнов, in reply, thought it was an accident which way syphoning 
started, but when started it would obviously go on. It would be difficult 
to apply the method to solutions of nearly equal concentration, although 
it would measure the diffusivity of а strong solution with respect to & 
weaker one of the same salt to the same degree of accuracy as it measures 
that of a dilute solution with respect to water, the difference of concen- 
tration being the same in each case. 


70 MR. А. Е. HALLIMOND 


V.—Note on the Conduction of Electricity at Point Contacts. 
By A. Е. HALLIMOND, Geological. Survey and Museum, 
Jermyn Street. 


THE experiments here described were undertaken with a 
view to clearing up, if possible, one or two questions which 
suggested themselves during the examination of a number of 
minerals for “ unilateral conductivity.” 
. The subject has already given rise to a considerable literature, 
but as this has recently been very fully summarised in the 
“ Proceedings " of this Society* references will here be given 
only to such Papers as bear immediately on the points under 
discussion. 

The present Paper relates purely to the conductivity of 
“ point contacts " when a steady, or slowly varying, E.M.F. is 
applied, and no attempt will b» made to deal with the effect of 
high-frequency oscillations. 
According to the usual practice the results are presented as 
characteristic," or volt-ampere curves for the respective 
contacts. To obtain these curves it has been usual to take 
readings on amper?- and volt-meters, and from them to plot 
the characteristic on squared paper. Since, however, for the 
present purpos? a large number of curves were required, a form 
of mirror galvanometer was used by which the characteristic 
was directly plotted as the path of the spot of light on the 
screen. The arrangement was of the ordinary rocking mirror 
type, and need not therefore be described in detail. One coil 
(of low resistance) was connected as amperemeter, the other as 
voltmeter. Thus the co-ordinates of the deflection were those 
of the characteristic curve. | 

Аа arrangement of this type is naturally not capable of the 
Same accuracy as dial instruments, but, on the other hand, the 
curves obtained can be tollowed continuously, and any sudden 
change in the conductivity of the crystal contact is immediately 
indicated by a violent displacement of the spot of light. The 
time taken to plot one curve is about 15 seconds. 

The first part of this note consists of а description of the 
behaviour of a tvpical point contact (zincite and tellurium) 
in terms of which the results for the other pairs can be described. 


cc 


*Р. R. Coursey, “ Proc.” Lond Phys. Soc., Feb., 1914. 
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The second half of the paper deals with the results of a 
systematic examination of the forty-five contacts which are 
possible between the ten substances employed. The question 
to be answered may be put briefly thus: If the behaviour of 
the contacts between substances À and B and A and C is 
known, can any rule be found for predicting the behaviour of 
the third combination B and C? А partial solution of the 
problem has been attempted by the arrangement of the ten 
substances in a series. 


1. The Behaviour of a Typical Point Contact (Zincite- Tellurium). 


The use of natural cleavage surfaces 13 not advisable, as these 
are frequently coated with a film of altered material. A 
polished surface of zincite was therefore employed, the frag- 
ment being imbedded in fusible metal, and the tellurium was in 
the form of a polished globule fused on the end of a pin. The 
pin was inserted in a lever which pressed it down on the zincite 
surface, different weights being hung on the end of the lever. 
For other substances which required lighter contacts the lever 
was replaced by a very light spring. The weights are given 
in grams at the contact. 

The diagram (Fig. 1) shows the types of curve obtained. 
Under light weights the contact tellurium-zincite was relatively 
a non-conductor for voltages up to about 5 volts. As the 
weight increased (100 to 500 grams) the current passing with 
zincite negative became appreciable, increasing more rapidly 
than that with zincite positive. Thus the well-known uni- 
lateral curve was obtained. Thisis marked AA’ in the figure, 
and will be referred to as type A throughout this note. 

With still further increase in weight the conductivity 
improved, but experiments in this direction were terminated by 
the breaking either of the tellurium globule or of the zincite. 

Contacts such as galena-tellurium (Fig. 3), which give the A 
curve under a weight of 1 gram or less, become good conductors 
under increased weight (10 grams) and their characteristic then 
resembles that marked ВВ’; itis not linear, but the asymmetry 
is greatly reduced. It seems fair to assume that the same 
effect would be observed with zincite if the material were 
strong enough to stand the weight required. 

An effort was now made to find the limits to which the A 
curve could be pursued on raising the voltage. It was found 
that when a certain point was reached (from 1 to 6 volts 
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according to the contact) the curve terminated in a sudden 
breakdown of resistance (AB, Fig. 1), and on lowering the 
voltage the tracing point returned along a much steeper curve, 
which passed through the origin at an angle corresponding 
with a resistance of 500 ohms or less, and could be pursued to 
some distance beyond it (BB’). The voltage at which this 
breakdown occurred was on an average higher with zincite 
positive than when it was negative. This curve is marked BB, 
and will be termed type B. It persists, at any rate for some 
hours, in most contacts, and it seems clearly due to a definite 
change of condition due to the breakdown. 


Amperes 


Zincite = 


Fic. 1.—ТнЕ DIAGRAM REPRESENTS THE Two TYPES OF CURVE COMMONLY 
ENCOUNTERED. 


The curve marked A A’ is the common unilateral curve, B B’ is the result 
of applying excessive voltage, and these are respectively termed types A and 
B throughout the Paper. 

The dotted lines indicate the movement of the spot of light on breakdown 
and on recovery. ‘The breakdown is sudden, the recovery is relatively slow. 


This curve BB in its turn was now examined under increasing 
voltage. With zincite negative it underwent further altera- 
tions, becoming more and more linear in form, with decreasing 
resistance. If it had been caused by a breakdown of the A 
curve with zincite positive it generally remained permanent, 
but if the original breakdown had occurred with zincite 
negative, a very remarkable recovery could be obtained in the 
following manner. 
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If the voltage was raised to a certain point (generally from 
1 to 4 volts) with zincite positive and the contact was then 
allowed to stand, the current could very frequently be seen to 
diminish more or less rapidly, so that the spot of light returned 
toward the A curve (point В’, Fig. 1). In favourable circum- 
stances the A curve was actually regained and could then be 
repeated in its original form. If the recovery was partial 
the resulting curve was of an intermediate character through- 
outits course, as indicated by the short curves in the figure. 
The following table of readings on an amperemeter will 
give Some idea of the progress of such recoveries. 


Contact Copper-zincite, standing after alteration with Zincite Positive. 
(E.M.F., approx, 2.5 volts.) 


Current. 
Time. ee 
Expt. a. | b. | C. 
о R | ase | SR 
10 215 186 210 
20 | 200 180 | 202 
30 | 198 179 197 
40 194 178 189 
50 191 177 184 
60 189 173 182 
70 184 170 МА 
80 180 168 NS 
90 184 168 172 
100 | 182 | 170 172 
| | | 


Micro-amperes. 


ДА ид 


2. Comparison of the Results given by Polished Contacts of Ten 
Substances taken in Pairs. 


Curves of the type described above were obtained in every 
case;* though not with the same facility, for in some cases the 
contacts required were extremely light. 

€ great similarity of the unilateral curves is well known to 
all who have had occasion to plot curves for various contacts, 
it 18 illustrated in the two curves reproduced in Figs. 2 and 3. 
Since the curves, especially the A type, are strongly unilateral 
m character, it is possible, for the purposes of classification, to 
describe the effect by giving the signs + and — respectively 


| А It Will be observed that all these curves are convex toward the axis 
Fed which the voltage is measured. The theory recently discussed by 
Сев (" Proc," Lond. Phys. Soc., June, 1913) requires for many cases 


‘curves which are concave. No such curves were observed in any of the 
contacts hese described. 
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Brookite = 


Fic. 2.--СовуЕ or TYPE A FOR THE CONTACT OF BROOKITE WITH GALENA: 


The В type does not seem to be obtainable by pressure, as neither brookite 
nor zincite will withstand the increase of weight which might be expected to 
yield it. The weight for the curve shown is already 350 grams. 


Amperes 


1 Volts 


Galena — 


Fic. 3.—CURVE OF TYPE A FOR THE CONTACT OF GALENA WITH TELLURIUM, 


The similarity of this with Fig. 2 can leave little doubt that the same effect 
is being observed, although the weight is here of the order of | gram. ‘The 
B type is readily obtained on increasing the weight, or by application of 
excessive voltage. 

The straight line illustrates a direct method of ascertaining the scale; 
it is the “ characteristic " of a 500-ohm voltmeter. The scale of the other 
figures is approximately that shown here. 

None of these curves show irregularitics greater than would be expected 
from the errors of tracing, except where definite breakdown has occurred. 
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to the two substances in contact; thus, quite arbitrarily, 
zincite might be called negative to tellurium, tellurium positive 
to zincite. 

When this has been done a table can be prepared, such as 
that below, in which the sign given in each square describes the 
curves given by the corresponding mineral in the top line 
i in contact with the mineral named in the column on the 
elt. 

In this table, as first drawn, the distribution of the negative 
signs was at first sight quite arbitrary, but by changing the 
order of the minerals named it was found that all the negative 
ip could be brought below the diagonal as in the following 
table : — 


alena. 
Chalcopyrite. 


Molybdenite. 
Chromium. 
Chalcocite. 
Tellurium. 


incite 
Brookite. 


C 


a co —— | | | | 


Brookite . == 
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Chalcopyrite, ............... — == = i О | 
Tellurium | 


ты: 


— 


From this it is at once evident that the 45 results can be 
expressed by means of a series of the ten substances, such that 
the higher member behaves toward the lower as zincite to 
tellurium, 

lt should be said that the substances used were selected as 
typical and uniform in composition. It is most probable that 
another set of even the same minerals, taken from other 
localities, would yield a somewhat different series. Further, 


* Decisiye results were not obtained for this contact. 
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the effect may be dependent on the orientation of the planes 
in contact. For these reasons no attempt has been made to 
give either the locality or the composition of the minerals used ; 
they merely represent certain samples of material. 


3. Conclusions. 


Comparison of these results throws some light on the nature 
of the effect represented in the unilateral curves. 

In the first place (to choose an example which is for the most 
part established by results published by previous observers) 
the characteristics given by all the substances here examined, 
when in contact with zincite under a weight of 1,000 grams, 
were almost identical in shape. It therefore seems fair to 
assume that the unilateral effect here obtained is a property of 
the zincite, and is independent of the physical constants of the 
other substance used. 

The same reasoning may be applied to the contacts of, say, 
galena with substances standing below it in the table. 

Now it is evident that the same substance (e.g., galena) may 
play one of two distinct parts in a point contact. Toward 
substances higher in the series, such as zincite, it is in the 
position which has been called positive. Toward substances 
below it, such as tellurium, it is negative. What, then, is the 
condition which determines its behaviour? The answer to 
this question seems to lie in the fact that, as far as the very 
rough measurements go, the weight] required to obtain the 
unilateral curve diminishes progressively along the series, from 
about 1,000 grams for the zincite contacts to extremely light 
pressure for the contact of chalcopyrite with tellurium. 

This being the case, it is evident that the substances below 
zincite, when under weights of 1,000 grams, will act alike as 
good conductors, the resistance of the contacts with zincite 
being only that of the zincite surface layer in every case. 


T It will be noted that weights, not pressures, are here given. In these 
contacts the softer substance is spread over a certain area on the harder 
surface. Thus for a given weight the area increases as the substance is 
softer, but the pressure is correspondingly diminished. И the conductivity 
of the contact depends jointly on the area and pressure, it will then be 
roughly independent of the hardness of the substances in contact. The 
fact that the curves were alike for contacts of zincite with chromium and 
zincite with molybdenite under 1,000 grams, the area of the latter being 
about 1 square millimetre, renders it clear that some such assumption is 
necessary, though the statement that the conductivity is directly proportional 
to the pressure can only be taken as a rough approximation to the true 
relatianship. 
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Under lighter weight galena, say, in its turn possesses a high 


surface resistance which yields a unilateral curve in contact 
with tellurium. 


Many experiments will suggest themselves by which these 
conclusions could be tested, but it is impossible to discuss 
them within the limits of this note, of which the chief aim is to 
present а, plea for the examination of the effect on strictly 
experimental lines. The serial arrangement suggested is 
advanced as a tentative solution to the question put forward 
оп р. 76. Whether it survives further examination or not 


it may perhaps serve as а basis for the discussion of the 
large numm ber of “ rectifying " contacts now known. 


ABSTRACT. 


The Pa per deals with the “ characteristic " or volt-ampore curves 
given by various “ Point” contacts when the voltage is slowly 
varied. The curves were plotted by means of a form of rocking 
mirror galvanometer, which projected the characteristic as the 
path of => spot of light on the screen, the co-ordinates being re- 
spectively proportional to the current and voltage. 

The first, part describes the behaviour of a typical contact, zincite- 
telluium. The well-known unilateral curve is terminated by a 
sudden breakdown of resistance, after which the contact has a more 
symmetrical characteristic of lower resistance at the origin. By 
allowing the contact to stand under a certain voltage with zincite 
positive it may frequently be restored to the condition of high 
resistance in which it again yields the unilateral curve. 

е 8€cond part describes the results obtained on examining the 
characteristics for the forty-five contacts possible between 10 
chosen substances. The conclusion is reached that the results in all 
cases are similar to those given by zincite-tellurium. No line could 
be drawn separating “ metallic” contacts from those in which one 
or both conductors were “ crystals.” | 

‚ 216 results obtained are expressed in terms of a series in which the 

higher member behaves towards the lower as zincite to tellurium. 

Series : Zincite, brookite, molybdenite, chromium, galena, inserite, 
chalcocite, copper, chalcopyrite, tellurium. 

In the third part the conclusion is drawn that in а contact yielding 
the unilateral (high resistance) curve, the resistance lies within the 
surface of the member standing higher in the series. Rough 
measurements showed that the weight required in these contacts 
diminished from about 1,000 grams for zincite to very light contact 
for the substances lying near tellurium, and it is suggested that this 
gradation in weight determines the relative positions arrived at for 
the respective substances. 


DISCUSSION. 


Mr. DuppELL thought the author’s mcthod of obtaining continuous 
curves much more satisfactory than the ordinary method, as it gave less 
chance of the point contacts altering during the experiment, and, further, 


Lu 
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the arrangement of the minerals in the table he gave appeared to have 
-some correspondence with their order of sensibility when used as wireless 
detectors. 

Mr. D. OWEN attributed much of the success of the author's ехрегі- 
ments to the attention paid to the preparation of polished surfaces of 
contact. It would be useful if the author would specify the curvatures 
employed. The two types of characteristic might be accounted for by 
the greater or less extent to which the electrostatic attraction between 
the contacts extend, type B occurring when that effect was large. Cal- 
culation proved that, assuming a P.D. of only one volt, and a distance 
apart of 10-* cm. (ten times the molecular distance), the electrostatic pull 
was of the order of 1,000 gm. wt./mm?. It might in some cases be much 
greater than this. 

Mr. P. В. Coursey thought the main point of interest in the Paper was 
the table in which the substances were arranged in the order of the effects 
obtained with them. It would be of considerable use if some connection 
could be found between the arrangement of the substances in this table and 
some of their chemical or physical properties, as it should then be possible 
to extend the present limits of the table to include new substances, and in 
this way, it may be, to obtain perhaps even more sensitive wireless detectors 
than were at present available. 

The visual method of taking the characteristic was of value forrapid inves- 
tigation of the behaviour of any particular contact, and in this connection 
he would ask the author whether in his experiments employing this 
method he obtained any evidence of а “ hysteresis " effect in the contact. 
А number of experimenters had stated that such an effect does exist, ar.d 
it should be an easy matter with this arrangement definitely to decide the 
point for any contact or specimen. 

With reference to the jumping of the characteristic from the ‘‘ A" to the 
“В” tvpe of curve by the application of excessive voltage, it seemed 
evident that this must be what happened when a strong ** X " was received 
by a detector; but it does not, however, seem to explain an effect that 
he had noticed (and others had obtained similar results) when using a 
zincite-tellurium contact as а detector, that the impact of а strong atmo- 
spheric very often does not spoil the reception of signals, but sometimes they 
are actually stronger after it has passed. This may occur several times in 
succession, each time the strength of the signals rising somewhat, till finally 
а steady state seems to set in, in which signals are much louder than it was 
possible to obtain at first. 

'The author mentions in the Paper that on no occasion has he obtained 
characteristic curves concave to the volt axis, although Dr. Eccles’s theory 
indicates that such should be possible. Оп one occasion he had obtained a 
curve of a particular zincite-bornite contact that was concave to the volt axis 
on the side with zincite positive, but was convex with the zincite negative, 
while, moreover, it seemed to be a stable condition as the curve could be 
repeated (slide shown). It appears, however, to be rather a peculiarity of 
the specimens employed than a property of the materials, as with other 
samples he had failed to obtain апу such result. Jt seemed probable, too, that 
if the voltage limits had been taken higher the curve might have turned and 
become convex to the volt axis for the higher values. 

Prof. FonTEscUE communicated the following: The curves given in 
Fig. 1 are very interesting. 1 have repeatediv noticed the same thing 
with the zincite and galena series of contacts. The breakdown is appar- 
ently due to increase of area of the contact, brought about by the increase 
of mechanical pressure or by the softening, or even fusing, of one of the 
materials when high voltages are applied. ‘The restoring effect of the 
reverse current is not so easy to explain ; possibly it may be some electro- 
lytic action. I have never found a point which had been rendered 
conductive by heavy mechanical pressure restored in this way. The 
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tabulation of the substances given on page 2 can also be carried out from 
their thermo-electric properties with similar results. Carborundum, 
however, presents a difficulty, as it can be strongly positive or negative, 
and is to a large extent independent of the mechanical pressure. 

The Астнов, in reply, said that it seemed likely that some correspondence- 
would exist between the order of the substances in the table and the be 
haviour of the contacts as detectors. If the conclusion of Pierce is accepted, 
that the characteristic is still followed under high frequencies, the point of 
best sensitiveness for weak signals should lie near the maximum curvature. 
The discussion of this question i8 scarcely possible within the limits of the 
present note. The ease of adjustment is an important factor in practice ; it 
seems dependent on two conditions: (1) The breakdown may supervene 
before the bend in the A curve is reached. This is especially true of the 
metals. (2) The weight permissible for а given contact pair lies between 
& lower value, for which both surfaces are poor conductors, and an upper 
limit at which they conduct yielding a relatively symmetrical curve. The 
further apart the bodies are in the series the greater is the tange of weight 
over which they give the А curve, and the greater, therefore, is the ease of 
adjustment. 

He had not so far been able to connect this series with one derived from 
other physical properties. Hysteresis, such as was described by Pierce, 
was observed. This, however, he would assign to alteration and recovery. 
If the breakdown in Fig. 1 is made less marked, the curve becomes extremely 
similar to the hysteresis curve. In some experiments the change was so 
slight that even with the mirror the step was not obviously discontinuous. 
The action of an X on the detector can scarcely be predicted from the change 
in the characteristic alone. It would be interesting to see the nature of the 
characteristics immediately before and after such an alteration. If the X 
was strongly damped the first impulse might tend either to breakdown or 
to recovery. The curve shown by Mr. Coursey was extremely interesting. 
He had traced several curves for zincite-bornite, but had not encountered 
this form. 

The curvature of the surfaces appeared to be immaterial. "The form of the 
area of contact would apparently be that of a small element of the harder 
surface. Provided the radius of curvature were not comparable with the 
diameter of contact, the area would be virtuallv plane; for this reason no 
special shape beyond that of a blunt point was attempted. Different. соп- 
siderations might, of course, apply to the use of splintered points of mineral. 
The electrostatic attraction does not seem to offer of itself any possibility 
of a unilateral effect, since the force on interchanging -- and — signs would 
be the same. Some unilateral property would still be required. In the case 
of zincite the area in most cases was nearer 0-01 sq. mm. than 1-0. "This 
would require a higher potential gradient, of the order 10? volts per centi- 
metre. Ав the dielectric strength of mica is only 2 x 10* volts per centimetre, 
the strain in the intervening space would be considerable. If the electro- 
static pull were the direct cause of conductivity in the B curve, the curves 
А and B should be tangential at the origin, for here the pull has a negligible 
effect on the natural resistance of the contact. As far as could be seen, the 
two curves cut at a finite angle. Possibly the mechanical breakdown of 
some film might be assumed, but the high weights in zincite contacts offered 
difticulties. 

The recovery of the contact was undoubtedly one of the most difficult 
features of these curves. It secmed impossible to conceive а mechanical 
change which would be reversible to such an extent. The writer felt that 
the published thermo-clectric data which he had encountered were too few 
and conflicting to permit а comparison with any degree of certainty. The 
behaviour of such а mineral as pvrite, which exists in two widely different 
thermo-clectric forms, should vieid interesting information. 

The very high weights required by carborundum would suggest that it 
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should behave in the same way as zincite, possibly lying beyond it in the- 
table. A very good unilateral curve was published by Pierce,* and this. 
curve has the high current with carborundum negative, “ current (in the 
crystal) toward the platinised surface," as wouid be expected. The diffi- 
culty with carborundum may arise in some cases from the incomplete contact 
with the fusible metal, and also from the possibility that many of the curves 
under light pressures were very probably of the В type. Like cassiterite,t 
carborundumf appeared to be a colourless substance, owing its colour and 
possibly its conductivity to dissolved matter. The variations in the elec- 
trical properties of such bodies were probably very great. 


* (1. W. Pierce, Tue ErgcriciaN, December, 1907, p. 37 3. 
+ Th. Liebisch, " Sitzungsber. d. К. Preuss. Akad. d. Wiss," 1911, 414. . 
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Vl. Thermal Conductivity. Part II.: Thermal Conductivity 
of Badly-conducting Solids. By Tuomas BARRATT, 
A.R.C.S., B.Sc. 


RECEIVED OCTOBER 13, 1914. 


I. Introduction and Historical. 


A NEW method of measuring the thermal conductivity of 
solids was recently described by the author,* and the method 
was applied to the determination of the conductivity of 
certain of the rarer metals and alloys at air temperatures and 
at 100°C. 

The same arrangement—with one or two modifications — 
has now been employed in the measurement of this property 
in the case of badly-conducting solids. The results are given 
in detail in the following Paper. A number of typical sub- 
stances have been tested—e.g., woods, both hard and soft; 
common electrical insulators, such as glass, fused silica, 
ebonite, and firebrick ; and in addition, carbon, which is 
a partial conductor of electricity. The results indicate 
that the method adopted is as successful in the case of 
these substances as it proved to be when pure metals and 
alloys were under investigation. Perhaps the most interesting 
point in connection with these measurements is the fact that 
precisely the same method, and in the main the same apparatus, 
have been employed both for metals and non-metals. Up to 
the present time the methods adopted for the determination 
of the thermal conductivity of non-metallic substances have 
been essentially different from those used in the case of metals, 
so that the present series of experiments affords an opportunity 
for the first time of a direct comparison of the conductivities of 
the two classes of solids. 

The experiments of Lees,f of Jäger and Dicsselhorst,f and 
of the present author $ have shown that the thermal con- 


* T. Barratt, ** Proc." Phys. Soc., XXVI, Part V., pp. 346-371, Aug., 
1914. 

+ C. H. Lees, Bakerian Lecture, Roy. Soc., 1908. 

i W. Jager апа Н. Diesselhorst, “ Abh. d. Phys. Tech. Reich.," 3, 269, 
1900. 

$ T. Barratt, loc. cit. 
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ductivities of some of the pure metals—notably bismuth and 
lead—are of the same order of magnitude as those of some of 
the non-metals. For example, quartz and graphite gave 
results considerably higher than those of bismuth (Lees, and 
Barratt, loc. cit.). In the following investigation the results 
obtained for bismuth and lead by Jager and Diesselhorst have 
been adopted as a starting point, and the conductivities of the 
non-metals deduced by direct comparison. 

Of the methods employed up to the present time, the disc 
arrangement of Lees and Chorlton,” and of Lees,t is perhaps 
the most accurate and best known. This method has been 
used, with unimportant modifications, by several experi- 
menters, including A. Eucken,] some of whose results are 
alluded to in a later section of the present Paper. (See Sec- 
tion 5.) 

Another arrangemertt, similar in some respects to that of 
Lees, was adopted by Biquard, for the measurement of the 
thermal conductivity of heat insulators. The material was in 
the form of a circular plate, surrounded by a guard-ring of 
copper, thus securing a normal flow of heat, this being supplied 
by a current of warm water maintained at a constant tem- 
perature. On the plate and guard-ring were placed concentric 
boxes full of broken ice. The rate of melting of the ice gave 
an indication of the heat supplied. The method is in some 
respects similar to that employed by Berget for the conduc- 
tivity of metals, and shares with it the disadvantage that the 
temperature of the side of the plate next the warm water is not 
the same as that of the water, Again, the presence of the 
metallic thermometers employed interferes considerably with 
the uniformity of the flow of heat through the specimen, and 
with its temperature as given by these thermometers. In the 
method described in the present Paper the specimen is com- 
pletely bare from end to end, the platinum thermometers 
employed being in positions quite removed from the solid 
itself. 

А totally different arrangement was that employed by 
Clement and Egy $ in the measurement of the thermal con- 
ductivity of fireclay. The substance was in the form of a 


* Lees and Chorlton, ‘ Phil. Mag.," [5], 41, 495, 1896. 

f C H. Lees, “ Phil. Trans.," 191, 399, 1898. 

{ A. Eucken, '* Ann. d. Physik.,” 34, pp. 185-221, February 3, 1911. 

$ J. К. Clement and W. Г. Egy, '' Met. and Chem. Eng.," 8, pp. 414-410, 
July, 1910. 
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cylinder, 40 cm. long, 12 cm. diameter, and was heated elec- 
trically by a nickel wire spiral passing through a hole along its 
axis. The temperatures at various distances from the axis 
were measured by thermo-couples, whose presence must lead 
to the same distortion of the flow of heat as noted above i in 
Biquart’s method. 

A somewhat similar method, again, was employed by R. 
Melmer,* in the case of substances such as fats, earth, and 
sands. A thin central platinum tube, within which was a 
mercury thermometer, was heated by an electric current. 
Concentric with this was a wider tube of brass, the substance 
being tightly packed in between the two tubes. Measure- 
ments were made of the heat supplied and of the temperatures 
of the platinum and the brass, and the thermal conductivity 
deduced. 


2. Arrangement of Apparatus. 


The substances tested were in the form of accurately turned 
cylinders of diameter 5mm. or 6 mm., and of lengths from 5 cm. 
to 20cm. Each cylinder was lightly and uniformly painted 
over with a dead-black varnish, consisting of an aniline dye 
dissolved in amyl acetate. One end of the cylinder AC (Fig. 1) 


Fio. 1. 


fitted accurately into a slightly conical hole bored in а copper 
cylinder CC, of length 4 cm., inner diameter 6-5 mm. Around 
CC was wound 3 metres of single silk-covered pure platinum 
wire, gauge 30. Around this coil of wire a single layer of shellac 
varnished silk paper was pasted. Over this again was another 
copper cylinder, C'C', whose thickness increased from zero at 
one end to about 2 mm. at the end into which the cylinder AC 
fitted. 

Inside the inner cylinder was a platinum thermometer Pt, 
which gave the temperature of the end C of the cylinder AC. 
А thin glass tube CG served to keep the apparatus steady and 
in the centre of а water or steam jacket which enclosed the 


* В. Melmer, “ Akad. Wiss. Wien.," Sitz. Ber. 120, pp. 269-281, March, 
1911. 
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whole apparatus, and maintained its temperature constant. 
This temperature was registered by a second platinum ther- 
mometer, Рё», which rested within the outer jacket just opposite 
the middle point of the specimen AC. The difference of tem- 
perature (V) between the “ hot ” end of the cylinder АС а.а 
the enclosure was thus given by the difference of the readings 
(Pt,—Pt,) of the two platinum thermometers. The ends of 
the platinum wire wound round the inner cylinder were con- 
nected to a carefully calibrated potentiometer, which, in con- 
nection with a standard one-ohm coil, enabled one to obtain 
the current (C) through the wire, and the E.M.F. (E) at its encs. 
The arrangement of the potentiometer, &c., was precisely the 
same as that described in the Paper already referred to on the 
‘Thermal and Electrical Conduciivitics of some of the Rarer 
Metals and Alloys." (Т. Barrett, loc. cit.) 

It was shown by the author in this Paper that the thermal 
conductivity “ k " of a substance under the above conditions 
Is given by | | 
E: coth?al (1 
Sayers > A) 


where H is the heat received by the cylinder at its hot end, 

p is its perimeter, 

q its cross-sectional area, 

h the heat lost from 1 sq. cm. of its surface per second per 1°C. 
difference from its surroundings, 


У the difference of temperature between the hot end of the 
cylinder and the enclosure, 


l the length, and 
а=%у ^r. 


When Г is long enough, this expression reduces to the very 
simple form 


о оао 


end the latter form of the equation has been employed in nearly 
сусту case treated in the present series of experiments. - 

A simple proof of this latter equation, from first principles, 
may be of interest. 

Let the cylinde be placed in а gas at zero temperature. 
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The amount of heat per second through a planc at distance x 
from the hot end (which is at temperature V) is | 


dv 

The heat through a parallel plane at distance z--dz is 

de d dv 

маљ C ao) 

Hence the heat lost from the surface (of area р. dz) between 
these planes is 

е до pdzho 

Iir РЕНО. 
Multiply each side of this equation by 2 and integrate. 
| ам, , | 

CRUS +A. 


If the length of the cylinder is such that a part of it is at the 
temperature of the enclosure, we have, at points where v—0, 


dv 
de 
Hence А0, . 
and dv , , 
(т. = t dw c9 в NT ма (A) 


This equation is applicable at every point of the cylinder. At 
the hot end, where v—V, 


Нм. А . рэж la, Ss (в) 
Hence, from (4) and (в), 
p E. ave 
Vi ek pu 
H? 
Or ————— 
k рай Ve 


The amount of heat (H) given to the specimen cylinder is 


equal to — where C, E, are the current and E.M.F. 
Tespectively with the specimen in place ; and СЕ’ are corrcs- 
Ponding quantities when the specimen is replaced by а coppcr 
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plug whose end is flush with the end of the copper cylinder, CC, 
the excess of temperature, V, being maintained the same in 
both cases. A correction, which is in some cases a compara- 
tively large one, has to be made for the heat lost from the ex- 
poscd end of the copper plug. This is done by adding to “ H ” 
as calculated above a quantity (H’) obtained by the product 
of q, h and V. The accuracy attainable in this correction is, 
however, Just as great as that obtained in the main experiment. 

In performing an experiment, the specimen is put into 
position, the current turned on, аћа the apparatus left for one 
or two hours till conditions have become steady, when C, E, and 
V are carefully measured. The cylinder is then removed, 
the copper plug substituted, and the current adjusted so as to 
keep V the same as before. (Thus latter operation takes only 
a few minutes, so that little or no alteration of temperature 
takes place within the enclosure.) C' and E' are then quickly 
determincd. The arrangement of the electrical part of the 
apparatus is the same in all respects as that employed by the 
author in the case of metals, in the Paper referred to above, 
and it is therefore unnecessary to describe it in detail. 


3. Determination of “ h.” 


Ла order to determine the amount of heat, “h,” lost per 
second by 1 sq. cm. of surface of the substance when its 
temperature is 1°C. above that of its surroundings, it is clear 
that in consequence of the very low electrical conductivity of 
the specimens employed, a direct method is inconvenient, if 
not impossible. 

From equation (1), however, we obtain 


pat coth?al 
_ ЧУ?! 


Assuming Jäger and Diesselhorst’s results for the thermal con- 
ductivity of bismuth or lead, the remaining quantities on the 
right-hand side of this equation can be obtained by the same 
series of measurements as are made in the main experiments. 
This has therefore been done in the case of pure lead and of pure 
bismuth at temperatures 20°C. and 100°C., and the mean 
results of a great number of experiments gave the values of 
“h” as follows :— 


“h” at 20°C.=0-000224 ; “ h” at 100°С.=0-000265. 
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Below are recorded the measurements made in two of these 
experiments. 


| 


. BISMUTH. | 

July 7th, 1914. Temperature 20°C. 
Radius, r=0-300 cm., pq—25?r?—0-533; k=0-0194. | 
V=Pt,— Pt,=9-190°C., H’=ghV —0-00058. | 


l. With bismuth rod in place. 2. With copper plug in place. | 


Pt, — Pt, =9-190°C. Pt, Рі maintained 9-190°С. 
Е. | сЕ. 
+W=3898 W —3898 | 


* C and E are readings on potentiometer, in ohms, corresponding to current 
through wire, and E.M.F. at its ends, respectively. 
T W isthe reading when a Weston cell is in place. 


The true “ E ” is obtained from the expression E/W x E.M.F. 


of Weston cell, and similarly for true current “ C.” 
Hence H-—(CE—C'E/)/J —0-01334. 
H'—qhV —0-00058. 
True “ H "—0-01392, and H?—0-0001938. 


“h” at 20°С. = (Н? coth?l)/(pgkV?) —0-000223 


LEAD. 
July llth, 1914. Temperature 100°C. 
Radius r=0-267 cm., pq—0:3756 ; k=0-082. 
V=7-044°C. ; H’=qhV=0-00047. 


1. With lead in place. 2. With copper plug in place. 
Pt, — Pt,=7-044°C. Pt, — Pt; maintained 7-044°C. 
E=7153 E'—52063 
С=365-8 C'— 2069-2 
W —3897 W —3897 
Hence H —0-01963 ; H'—0-00047. 
True H=0-02010 ; H?—0-0004040. 


and “A” at 100°C.=(He ,oth?al)/(pghV*)=0-000265. 


The values obtained for “ h ” at 100°C. in the case of bismuth 
showed good agreement with those for lead; and, similarly, 
for both metals at 20°С. This affords a verification of the 
Values for the thermal conductivity of these metals as given 
by Jäger and Diesselhorst in the Paper already referred to. 
The rods of bismuth and lead employed in the experiments 

detailed above were of sufficient length to make the value of 

coth?al almost negligible in each case. mE 
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4. Determination of Thermal Conductivity, “ k.” 


In order to determine the thermal conductivity, Ё, the 
proccdure already detailed in sections 2 and 3 was followed. 
In the calculation of “ k ” from these measurements the values 
of “h?” previously obtained, viz. 0-000224 at 20°C. and 
0.000265 at 100°C., were substituted in the equation, 
k —(H? coth?al)/(pqhV?), and the thermal conductivity, К, at 
once deduced. 

Below are given full details of two of the experiments, 
together with the method of reducing the results. 


B Rep FIBRE. 
July 15th, 1914. Temperature 20°C. 
Radius r —0-336 cm. ; pqh —2m?r*h = 0:0001677 


— 


1. Specimen in place. ‚ 2. Specimen replaced by copper plug. 
Pt, — Pt, = V —10-191?C. | У maintained at 10-191°C. 
| Е=5687 Е’ = 5360 
C=3495 C’ = 329-5 
W =3900 W — 3900 


E.M.F. of Cadmium Cell 21:0186 volt. 


True current =C/W x 1-0186. 
True E.M.F.—E/W x 1.0186. 
Heat given (H)=(EC—E’C’)/J W? x (1.0186)? + ghV. 
— 0-003609 calories. 
Hence “А at 20°С. = (H? coth?al)/(pqA V?) 0-00112. 


a — — — 


Вер FIBRE. 
Sept. 8th, 1914. Temperature 100°C. 
Radius r—0-336 cm., рул —0-0001984. 


| 1. Specimen in place. 2. Specimen replaced by copper plug. 
Pt— Pt, = V —10:57?C. V maintained at 10-57?C 
E=7060 E'—6093 
C=359-7 С’=340-1 
W=3879 W=3879 


Heat given =(EC—EH’C’)/(J W?) x (1:0186)? ; gh V=0-005143 


calories. 
k at 100°C. — (H? coth?al)/(pqh V?) —0-00119. 


In the accompanying table (Table I.) are given the experi- 
mental details relating to the measurement of the thermal 
conductivity of all the metals tested, both at air temperatures 
and at 100°С. 
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The results have all been corrected in the following 
particulars :— 

1. Calibration of coils of resistance boxes used in potentio- 
meter. 

2. Standardisation of the one-ohm resistance coil and of the 
three cadmium cells used. 

3, Calibration of coils of platinum resistance bridge, and 
reduction of platinum temperatures to the hydrogen scale. 

The instruments used were precisely the same as those 
employed in the determination of the thermal conductivity 
of pure metals and alloys in the Paper mentioned before. 

The correction due to the “ resistance at the joint " between 
the specimen and the copper block into which it fitted is 
eliminated in the present series of experiments, being allowed 
for in the determination of ''h," when a bismuth or lead 
cylinder is employed. It may be assumed that the “ joint 
resistance ” is the same in the case of the bismuth or lead as 
when the other (similar) cylinders are substituted in their 
place under precisely the same conditions. 


5. Discussion of Results. 


The values obtained in the present Paper for the thermal 
conductivities of non-metals agree in most cases very well with 
those recently obtained—that is, where corresponding results 
are available. In Table II. a comparison is made of these 
quantities. 


TABLE II. 
i T . o 
Thermal conductivity. . Thermal conductivity. 
| Substance. | (Present Paper). | (Previous results). 
o —————————— ———————— 
= | f 000172at 20°C. 40-0013 to 0-0018 (К and L) 
Soda glass......... . X 0.00182 at 100°C. Г ‘ 0-00227 (12° to 32°) (P). 
o 0-00042 (L). 
0-000136 at 20°C o 
. | Ebonite............ | 0-000131 at 100°C. 0.00038 at 90°C. 
| . 0-000089 (F). 
| Gas Carbon. ...... | Mel re ia 0-0012 (K and L). 
. Mahogany.........,  /0-000509 at 20?C.: 0:0005 (L). 
| ‚ [0-000605 at 100°C. 
ОАК банные: 0-000583 at 20°C. 0-0006 (K and L). 
' (0-000607 at 100°C. 
Firebrick.......... | со es 10036. 0-0024 (H, L and D) 
i n | А 


eee — —À 


1911. 
L: C. H. Lees, loc. cit. 
P: О. Paalhorn, Diss. Jena, 1894. 
D: A. Dina, Rend. Inst. Lombardo, 32,205, 1899. 
Е: Forbes, “ Proc." Edinb. Soc., 8, 62, 1874-75. 
Н Land D: Herschel. Lebour and Dunn, Rep. Brit. Soc., 49, 1879, 
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It is to be expected that values obtained for similar sub- 
stances should differ rather widely, as it is obviously im- 
possible to obtain specimens identically alike of any particular 
substance of the classes dealt with here. Even in the investiga- 
tion of thermal conductivities of the metals most observers 
have noted the marked influence of even a minute percentage 
of impurity. This influence is, of course, much more powerful 
in the cases under investigation in the present research. 

It appears from the results that most non-metallic sub- 
stances conduct heat more readily at higher temperatures. 
The same fesult has been noted by several other observers, 
notably Clement and Egy,* in the case of various samples of 
fireclay ; and Euckent in investigations on the conductivity 
of amorphous bodies. The latter observed (as in the experi- 
ments of the present author) that the thermal conductivity 
of ebonite did not change much with the temperature. The 
same observation may be made of the conductivity of “ red 
fibre " and of firebrick. 

The results of the present series of experiments seem to 
indicate that the conductivity of most kinds of wood increases 
very rapidly indeed with the temperature. Too much 
significance, however, must not be attached to this, as continual 
heating at 100°C. probably has the effect of altering very con- 
siderably the structure of the wood. Experiment showed that 
constant results at 100°C. could not be obtained until the wood 
had been kept at this temperature for several hours. All the 
materials tested were therefore treated in this wav БеЮгз the 
final measurements were made. 

A slight modification of the arrangement described above 
is being employed in an attempt to determine the thermal 
conductivity of liquids. 

The research has been carried out at the Wandsworth 
Technical Institute, and my thanks are due to the Principal 
and Governors of that Institute for their kindly interest in the 
experimental work. 


ABSTRACT. 


The thermal conductivities of a selection of non-metals at 20°C. and 
100°C. have been determined by precisely the same method, and in the 
main the same apparatus as was recently employed by the author in the 
determination of the “ Thermal conductivity of some of the rarer 


* J. K. Clement and W. L. Egy, loc. cit. 
ТА. Eucken, loc. сц. 
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metals and alloys.” The substances treated were in the form of 
accurately turned cylinders, placed in an enclosure at constant tem per- 
ature. Measurements were made of the heat given (electrically) to one 
end of the cylinder, and of the temperatures of this end and of the 
enclosure, and the thermal conductivity deduced from a simp!e formula. 
A table of results is given, which agree well with those obtained by Lees 
and other observers in cases where a direct comparison is available. 


DISCUSSION. 


Dr. HakER mentioned that the fo; mula us2d by the author assumed 
that the isothermal! surfaces in the specimen were plane. This would not 
be far wrong in the case of good conductors, but it might introduce 
serious error in the case of substances such as those now treated. Не 
also doubted the validity of the assumption that '* A " was proportional 
to V for any but very small differences of temperature. The results 
given in the Paper for firebrick were about 20 times lower than those 
given by other observers, including recent determinations of his own. 

Мг. Е. E. Эмтн asked why the author put his second thermometer inside 
the enclosure maintained at a constant temperature. If the enclosing vesse! 
is of metal, and water at constant temperature circulates, is it not better to 
take the temperature of the water ? There must be a temperature gradient 
between the hot rod and the enclosing vessel. The second Pt thermome:e : 
lies on the gradient. Does the author assume the РЕ thermometer to have the 
same temperature as the enclosing vessel ? With regard to the temperature 
distribution at the hot end of the rod, he was at first of opinion that the 
author was in error, but afterwards found it difficult to make a definite state- 
ment owing to lack of data. He would, however, be glac if the author would 
give the solution of the following problem. Instead of а poor conducting rod, 
imagine a rod of an absolute insulator with regard to heat (i.e., it is im- 
possible to change its temperature) to be used. Then no heat can be given 
to the Pt thermometer from the end of this rod, and it appears that the tem- 
perature of the heater must be higher than before if the P: thermometer has 
the same temperature. Will the author give his ideas as to the distribution 
of temperature in this case and that when the copper plug is substituted, in 
order to see whether it is likely that the conductivity of the rod would come 
out zero ? Не did not like the symbols used by the author, and thought it 
would have been simpler to give the energy rather than readings of E.M.F. 
and resistance. 

Dr. Russe. said that it was important to know how much of the heat 
was lost by radiation and how much by convection currents. The 
author's emissivity constant seemed to include both. With ordinary 
copper wires suspended in air it was known that about 90 per cent. of the 
total heat emitted was taken away by convection currents, and onl 
about 10 per cent. was lost by radiation. Newton showed that the 
convected heat carried away was proportional to the difference of tem- 
perature between the cooling body and the surrounding medium, and 
hence, so far as the convection loss was concerned, the author's assump- 
tion was justified. Stefan’s law applied to the radiation loss, and, 
strictly speaking, the assumption that this loss was proportional to the 
difference of temperature was only permissible for small differences of 
temperature. Luckily, however, this loss was small, and he did not 
think that the accuracy of the results obtained was appreciably affected 
by the assumption. 

The AUTHOR communicated the following reply: The points raised 
by Dr. Harker are, I believe, in each case due either to misapprehension 
or to misprints in the advance proofs. In the first place, the diameters of 
the specimens were 5 to 6 millimetres (not centimetres, as given in one 
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par t of the Paper). The ratio of the sectional area to the thermal con- 
uctivity thus remains approximately the same as in the experiments on 
metals. This part of the criticism applies to practically all recent 
det erminations of the thermal conductivity of metals where the dimen- 
810 ms of specimens are of the same order as in the present experiments. 
As Dr. Russell remarks, Newton's law of cooling is applicable to that part 
Of the heat lost by convection, and also very nearly to that lost by 
radiation, provided the excess of temperature of the rod is not great. In 
the present research this excess of temperature was no greater than 
10-6°C. Finally, the value of “ k ” in the case of firebrick is that given 
in the main table of results—viz., 0:0010. "The value referred to by Dr. 
Harker is again a misprint. In reply to Mr. Smith, it is unsafe to put а bare 
Platinum thermometer in water or steam, and, in addition, the temperature 
to be measured (P/,) is that of the enclosure, which may be (especially at 
Steam temperatures) slightly different from that of the “ jacket.” I feel 
certain there is little or no temperature gradient within the enclosing vessel, 
as the water equivalent of the latter is enormously greater than that of the 
rod, which is, in addition, never more than 10°С. higher than that of the 
enclosure. With regard to the problem proposed by Mr. Smith, there is no 
such thing as a perfect heat insulator. It may be safely assumed that the 
“hot” end of the rod acquires the temperature of the copper cylinder as 
given by the thermometer РЁ. It might happen, however, that the rods 
were of such low conductivity that a smaller amount of heat is Jost from it 
than from the end of the copie: plug (л.с. У). This contingency is allowed for 
In the calculations, for the value of CE—C’E’ would then become negative. 
In the extreme case given by Mr. Smith, CE—C'E' would be just equal to 
h.g. V, and would, therefore, give a zero valuc for Н, and therefore also fo? the 
conductivity. | 


94 SIR J. J. THOMSON 


VII. Zonisation. By Sır J. J. Тномзом, O.M., F.R.S. 


By ionisation we mean the production in a medium, whether 
solid, liquid or gaseous, of particles charged with electricity 
which can be set in motion by an electric field and produce a 
current of electricity through the medium.  Ionisation can be 
brought upon in many ways: By light, as when light falls on 
a metal surface, or when ultra-violet light of less than a certain 
wave-length passes through а gas; by Róntgen rays, which 
ionise solids and liquids, as well as gases, when they pass 
through them; by cathode rays, by positive rays, by heat 
as in the gases in a flame, by solution, by bubbling gases 
through liquids. In some cases possibly by chemical action, 
though in the great majority of cases the ionisation is due to the 
heat produced rather than to any special ionising effect due to 
chemical change. We know, for example, many cases of 
chemical action which are not accompanied by ionisation. The 
combination of hydrogen and chlorine is a conspicuous one, 
another is the dissociation of nickel carbonyl, which takes place 
at comparatively low temperatures, but is not accompanied by 
ionisation. | 

What is the nature of the carriers of these electric charges ? 

We must distingwsh here between two different questions : 
(a) The nature of the carriers when they are first produced, and 
(b) when they have got into equilibrium with their surroundings. 
The study of the mobility of the ions, the speed at which they 
diffuse through the surrounding gas, or their velocity when 
acted on by given electric forces has thrown considerable light 
on the second question, the nature of the ions when in equili- 
brium. The most important properties brought to light by 
researches on the mobility of the ions are the following :— 

1. The mobility of an ion depends only on the nature of the 
gas through which it is moving, and not upon the gas from 
which the ions are produced. Thus, if we ionise by Röntgen 
rays а mixture of iodine vapour and hydrogen gas, some of the 
ions will arise from the ionisation of the icdine and others from 
that of the hydrogen, the mobilities of the two kinds of iron 
through the mixture are the same. 

2. Through a considerable range of pressures, the mobilities 
are inversely proportional to the pressure. In the case of the 
negative ions when the pressure is rcduccd below that due to 
a centimetre or so of mercury the mobility increases much 
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faster with diminution of pressure than this law indicates. 
Some recent experiments by Mr. Todd indicate that a similar 
result is true for positive ions, though the pressure at which the 
abnormality sets in is very much lower than for negative ions. 

3. When the density of a gas remains constant the mobility 
of ions through it is independent of the temperature through a 
wide range of temperature. 

4. The mobilities through several gases, such as hydrogen, 
argon, nitrogen, are very approximately inversely proportional 
to the square roots of their atomic weights ; this is not true for 
easily condensed gases, and there are some exceptions to it for 
the more permanent ones. 

5. The mobility does not depend on the charge on the ion— 
t.e., it is the same for singly as for doubly charged ions. 


Theories of the Mobility of Ions. 

Expressions for the mobility of ions through gases have been 
worked out on two assumptions: (1) That the effects of col- 
lisions between ions and molecules are similar to those between 
two hard elastic spheres, and (2) that the effects produced by 
the molecules on the ions are the results of attractive forces 
between the atoms and molecules varying inversely as the fifth 
power of the distance between them ; this law represents the 
force between a charged particle and an uncharged conductor 
when the distance between the two is large compared with the 
linear dimensions of the conductor. On the first theory I find, 
taking into account “ persistence of velocities " (see Jean’s 
“ Dynamical Theory of Gases,” р. 236), that К, the velocity 
of the ion under unit electric force, is given by the equation, 


p rot E: us з 9 M,+3M, 

Nar? yM. О AN M,4-5M, 
AME on (cta " form 
Nzo^/MQ^ ММ, / 15M,?+10M,M,—M,”’ 


according as М! is greater or less than М,. М is the number 
of molecules ot the gas per unit volume, M the mass of a 
hydrogen molecule, © its average velocity at the temperature 
of the gas, M, the mass of an ion, M, that of a molecule, с the 
sum of the eem of an ion and a molecule, and e the charge on 
an lon. 

Let us first consider the variation of В with the masses of 
either the ion or molecule. 
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If | | ^ M,=M,, 
в. 5 2 
_ Nzo*4/M. Q6 М, 
If M, is large compared with M,, then 
R е 3 l 
— Nza*^/M O4 M, 
Thus, if c were unaltered, the mobility of an ion would become 
independent of its mass as coon as that became a considerable 
multiple of that of the molccule of the gas through which the 
ion was moving. The fact that the mobility of all ions through 
the same gas is the same implies on this thcory that all the ions 
should be of the same size, and, what is still more remarkable, 
since in many gases the mobility of the ions varies invereely 
as the square root of the atomic weight, it follows from the 
expression for R that for all these gases с should have the same 
value—i.e., that in all these different gases the ions should be 
of the same size. From the values of the coefficients of 
mobility for positive ions I have calculated the relative values 
of с for the positive ions in a number of gases ; the results are 
given in the following table :— 


Gas ——Á————— —— с? 

Hs. E E СИРИН КИКИ 62-0 
Oe: cc 63.8 
He. secede ase о eee 61-5 
i Fe ——— —— —— — —( 56-5 
инь 69-0 
ep ET 09-0 
a NCC CREDE meee 80-0 


These values are on an arbitrary scale; the absolute value 
. 2 
of с calculated by the same formula for hydrogen is =X 107?cm. 


the value usually assigned to the diameter of а moelcule of 
hydrogen is 2-1x 107*cm. Thus the diameter of the cluster 
formed by the ion and a hydrogen molecule is about л times 
the diameter of a hydrogen molecule. Thus, though tbe ion is 
bigger than the molecule, it is not extravagantly so, and as the 
size of the ions in different gases tend to equality, th» dispro- 
portion between th: sizes of the ions and molecules would be 
less for the heavier and larger molecules than for those of 
hydrogen. In the case of easily condensed gases, such as 
ammonia gas, the vapours of alcohol and ether the size of the 
ions is considerably greater than fcr the more permanent gases. 

According to the expression for R given above, the cffect of 
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temperature on the mobility of the ion would depend upon the 
variation of 1/No?Q with the temperature, or, when the gas is 
kept at constant volume, so that М is constant, of 1/o?Q. 
But О varies as 0 when 0 is the absolute temperature, so 
that the temperature variation would be that of 1/0°0#. Now 
Phillips’ experiments show that, through a considerable range 
of temperature, R for constant volume is independent of the 
temperature. This necessitates c?0! being constant. Ме may, 
perhaps, account for this in some such way as the following : 
The aggregates which form the ions are doubtless brought about 
by the condensation of the molecules under the attraction 
exerted by the electric charge at the nucleus of the ion. Statis- 
tical equilibrium will occur when the destructive effect of the 
collisions of the molecules against the aggregates is balanced. 
by the condensation due to the electrical attraction, and the 
thermodynamics of this process shows that when this equili- 
brium occurs the work required to detach an uncharged 
molecule from the aggregate must be commensurate with the 
kinetic energy of a molecule of the gas—z.e., must be propor- 
tional to the absolute temperature. If the uncharged molecule 
is regarded as analogous to а conducting sphere, and the elec- 
trical action of an ion as that due to a charge, e, at its centre, 


the work required to separate th» uncharged molecule from 
2 
the ion would be proportion to Aa . v, when vis the volume of the 


uncharged m lecule. In equilibrium this is proportional to 9; 
2 
hence E is proportion to д or c? proportional to ед-?. Thus 


Өіс? would be constant, and therefore R for constant density 
inde pendent of the риа 


As on this view s is proportional to the absolute tem- 


perature, e'o?, T therefore К, should vary as v^, and thus 
the velocity of the ions through different gases should vary 


as a and not as E. —, which is what the experiments 
Mat у “l 
indicate. 
If we suppose that from time to time the positive ion attracts 
a corpuscle and remains connected with it for a short interval, 
the connection being so loose that it can be broken up by 
collision with the molecules without the aid of any external 
agent, such as Röntgen rays; the mobility as determined by 
VOL. XXVII. G 
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many of the methods would be reduced by an amount depend- 
ing on the proportion between the time the ion was free from 
the corpuscle to the time when it was in combination with it. 
This correction would depend on the intensity of ionisation, and 
would be greater when the ionisation was strong than when 16 
was weak, and thus the mobility of the ions would depend 
upon the intensity of ionisation. No such effect has yet been 
discovered in gases at ordinary temperatures, and we conclude, 
therefore, that in these cases the correction is not important. 


On the theory indicated above, E depends only upon the 


temperature; thus c? will be proportional to e, so that the 
mobility of the ion will not depend upon its charge. This is in 
agreement with experiment. 

When the mass of the ion is very small compared with that 
of the molecules of the gas, as is the case when the negative 
ion is a corpuscle, the expression for В becomes 

е | 
R= — д == 
Nao’ /MQO4/M, 

where c, is now the radius of a molecule of the gas. Thus the 
mobility on this view is increased in the proportion of 4/M./M, 
in consequence of the diminution of mass ; also in the propor- 
tion of o?/a,? in consequence of the corpuscle being so much 
smaller than the ton. In gases such as air, hydrogen, oxygen 
the velocity of the negative ion is a little greater than that of 
the positive at pressures down to a centimetre or so of mercury. 
At lower pressures it becomes much greater than that of the 
positive ion, and the ratio of the mobilitv of the negative 
to the positive increases as the pressure diminishes. This 
suggests that at these lower pressures the negative ion is for a 
considerable fraction of its existence a free corpuscle, but at 
times gets attached to a molecule or aggregate of molecules of 
the gas, when it moves much more slowly. After a time it 
can get detached from this aggregate by causes other than the 
primary ionising agent. The negative ion thus alternates 
between a free corpuscle and a negatively charged aggregate, 
and the mobility will depend on the relative times it spends 
in these conditions. 

In the cases of argon and nitrogen very carefully freed from 
all traces of oxvgen or water vapour, Franck and Pohl have 
shown that even at atmospheric pressure the mobility of the 
negative 1on is as much as 200 times that of the positive one, 
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showing that the negative corpuscles cannot attach themselves 
to molecules or aggregates of molecules of these gases. They 
have shown, too, that the presence of even a fraction of 1 per 
cnt. of oxygen is sufficient to reduce the mobility of the 
negative ion to a value but little greater than that of the 
positive one. 

Let us now consider for a moment another theory of the 
mobility of the ions, the theory which supposes that the motion 
of the ions through a gas is determined, not by collisions like 
those between elastic spheres, but by forces between the ions 
and the molecules varying inversely as the fifth power of the 
distance between them. Maxwell worked out the theory of 
diffusion for gases when the molecules repelled each other with 
forees varying inversely as the fifth power of the distance 


between them. We can easily adapt this theory to the case 


of anion moving through molecules which it attracts with forces 
varying inversely as the fifth power of the distance. If we do 
this we find that В, the mobility, is expressed by the equation, 
е M,+M, 

МАЎ M,M,K’ 

where A is a constant, K the magnitude of the force between 
an ion and a molecule at unit distance, and, as before, e is the 
charge on an ion, M, and M, the masses of an ion and molecule 
respectively, and N the number of molecules per unit volume. 
It will be seen from this equation that as soon as M, becomes 
considerable with respect to М, the value of В depends but 
little on that of M,. On this theory, then, if the ion is a cluster 
of molecules, the mobility will depend but little upon the 
number of molecules in the cluster, it does not in this case 
matter about the size of the cluster, as there is no factor corre- 
sponding to the c? in the expression for В on the previous 
theory. Again, if K the measure of the force between an ion 
and a molecule, is independent of the temperature, R will, for a 
gas at constant volume, be independent of the temperature, a 
result indicated by Phillips’ experiments. Again, if the force 
between the ion and the uncharged molecule is due to the 
charge on the ion, К will be proportional to e?, so that В will be 
oe pendent of the charge which is again in agreement with the 
acts. 

We have seen that the mobility of the ions through several 
gases varies as М, №; interpreted in the light of the preceding 
expression, this means that K is the same for all these gases. 

G2 


R 


п нча, 
M. mr c c —— —— - 3-2 
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This is a difficulty in the way of this theory. We should expect 
K to be proportional to the moment of the electrical doublet 
induced in the molecule by the charge on the ion when placed 
at unit distance from the molecule, but u?—1, if u is the refrac- 
tive index of the gas, is proportional to the moment of the 
electrical doublet induced in a molecule of the gas bv a con- 
stant and uniform field of electric force ; we should, therefore, 
expect К to be proportional to u?—1,and В to ((.2—1)M,)'i, 
and not to M, *. There is no doubt, however, that in many 
gases В is much more nearly proportional to М, than 
to {(2—1)M,}-+. 

Let us now consider what on this theory would be the 
mobility of a negative corpuscle ; in this case M, is very small 
compared with M,, so that the formula becomes 

e 1 
Ке AV МК” 
while the mobility of an ion through the same gas 13 
e / 1 
МАУ M,K' 
if the force between the ion and the molecule were like that 
between a point charge of electric'ty and a conducting sphere, 
or a sphere whose specific induction capacity was greater than 
that of the surrounding space, K would be the same for the 
ion and the corpuscle, so that the mobility of the corpuscle 
would be 4/M,/M, times that of the ion ; in the case of nitrogen, 
when M,/M,—28x 1,780, the mobility of the corpuscle would 
be about 220 times that of the ion, so that at 760 mm. pressure 
and 15?C. the mobility of the corpuscle would be about 200 
(cm./sec.) (volt/cm.) This is of the order found by Franck 
and Pohl for the mobility of the negative carriers in nitrogen 
carefully freed from oxygen. Оп the other theory of mobility, 
the mobility of a corpuscle would be more than four times this ;. 


for the mobility of the corpuscle is d Y: ‚ where ø is the sum 
1 


2 
M, 
of the radii of an ion and a molecule, and c, the radius of a 
molecule, and с is more than double с). 

Again, in those gases like hydrogen, helium, oxygen, nitrogen 
and argon, where В is proportional to М.-#, К must be constant, 
80 that in all these gases the mobility of the corpuscle must be 
the same, a result which, as far аз I know, has not vet been 
tested. 
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For gases such as the vapours of alcohol, water or ether, 
which have abnormally large specific inductive capacities in 
comparison with their refractive indices, I have given reasons 
for thinking (“ Phil. Mag.,” Mav, 1914) that some of the 
atoms in the molecule are positively, others negatively charged, 
so that the forces between these molecules and a charge of 
electricity would tend to vary rather as the inverse cube than 
the inverse fifth power of the distance. To these, therefore, 
the preceding theory would not apply, and as a matter of 
fact, the mobilities in these vapours are considerably less than 
those in the permanent gases. 


The Communication of Electricity from a Gas to a Metal. 


The study of the constitution and properties of ions leads to 
results which have an important bearing on the question of the 
communication of a charge of electricity from gas to a 
metallic electrode immersed in it. We have seen that in the 
inert gases, such as nitrogen and argon, the corpuscles in the 
gas do not attach themselves to the molecules. When they 
come into collision with these molecules they rebound in their 
original condition ; the impact of a corpuscle against a neutral 
molecule or atom does not result in the charging of the atom. 
Again, to deprive a positively electrified ion of its charge a 
corpuscle must attach itself to the ion. This corpuscle must 
come trom somewhere, and to detach a corpuscle requires the 
expenditure of a finite amount of energy. The studv of posi- 
tive ravs again shows that to deprive some negatively electrified 
atoms of their charge, those of oxygen, hydrogen or carbon, for 
example, requires the expenditure ot a considerable amount of 
work. We thus see many examples where the mere contact 
between the electrified body and a neutral one does not result 
in the transference of the electrification. 

Let us apply these considerations to the case of a metal 
electrode immersed in an ionised gas. From what we have 
seen, it is unlike that the mere hitting of the ions against the 
metal will result in the transference of the charge from the gas 
to the metal ; to effect this transterence, in many cases at least, 
will require the expenditure of a finite amount of work. Where 
is this work to come from? The most obvious source of work 
of this kind is to suppose that if the metal is acting as an anode, 
negative ions or corpuscles accumulate in its neighbourhood, 
forming, with the surface of the anode, two lavers of electrifica- 
tion, with a finite difference of potential between them. If V 
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were this difference of potential then there would be an amount 
of work, Ve, available to transfer a charge, e, from the gas to the 
metal. If we were the work required, for example, to transfer 
the negative charge on a regatively electrified oxygen ion, the 
transference of the charge from oxygen gas to the anode would 
not occur unless there was a difference of potential at least 
equal to w between the anode and the gas. Thus, we should 
expect to find considerable difference of potential between 
metal electrodes and the surrounding gas. This consideration 
is one that should be borne in mind in interpreting the r2sults of 
some experiments on the discharge through gases. For 
example, it is often assumed that the potential in the inter- 
stices of a piece of wire gauze is the same as that to which the 
gauze is raised by its metallic connection with a voltaic battery. 
If double layers are formed round the wire of the gauze there 
may be a considerable difference of potential between the wires. 
and the open spaces, so that the establishment of a retarding 
potential V between the wires of two gauzed screens may not 
be sufficient to stop all the rays with energy corresponding to 
V from passing through the screens. An example, which is. 
interesting historically, of this effect is afforded by earlier 
investigations on the cathode rays. It was at first thought 
that these could not be charged particles, because they were. 
not deflected by an electrostatic field, even when the charged: 
plates used to deflec; the rays were placed inside the vacuum 
tube. This want of deflection was due to the fall of potential 
between the plate b2ing used up in the tormation of double 
layers at the'r surface, so that the greater part of the space 
between the plates was comparat vely free from electr'c force. 
When the pressure in the vacuum tube is very much reduced, 
the effect of these double layers is diminished, though even at 
the lower pressures which are now used for these experimenta 
it is necessary to be alive to the fact that double layers may 
still be present, and that the electric force to which the cathode 
particles are exposed is not necessarily equal to the potential 
difference between the plates, divided by the distance by which 
they are separated. We should expect these double layers to 
be especially conspicuous in strongly electro-negative gases. 
like oxygen and chlorine, which require a large amount of work 
to deprive them of their negative charge. 


А conspicuous instance of the formation ot a double layer is. 


that at the anode in a vacuum tube through which a current of 
electricity is passing. This produces a change of potentia 
Da 
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close to the anode amounting in many cases to more than 20 
volts, and it occurs so abruptly that it has hitherto been impos- 
sible to reach a point so close to the anode that the difference 
of potential between the anode and the point is less than this 
value. The experiments of Skinner show that it varies some- 
what with the metal of the electrode, though the variations are 
not large and it does not vary much with the current density at 
the cathcde. It із exceptionally large in chlorine. It may be 
regarded as the mechanism by which the necessary work is 
supplied (1) to. get the negative charge from the ions in the 
neighbourhood, and (2) in some cases to liberate positive ions 
from the anode. 

Experiments on the mobility, however, in the main give us 
information as to the size of the ion when it is in equilibrium 
with its surroundings ; they give us but little information: as 
to what is the nature of the ions when they are first formed, and 
therefore give but little information as to the processes by 
which ionisation is effected. It is, however, the mechanism 
of this process to which I wish to direct your attention rather 
than to its final product. Many of the points in this process 
are obscure and the investigation of them difficult and com- 
plicated ; but the question is one of such importance that I 
think no apology is needed for bringing it before you this 
evening. 

One point in the mechanism of ionisation seems quite clear— 
that is, that in, at any rate, the vast majority of cases of ionisa- 
tion of gases, one part of the process of ionisation is the liberation 
of a corpuscle or electron. We know this, because, at very low 
pressures, and in the case of inert gases like argon even at high 
pressures, the measurement of the mobility and diffusion of the 
negative ions shows that these are many hundred times greater 
than the corresponding quantities for the positive ions. At 
higher pressures, on the other hand, the difference, except in 
the case of the inert gases, is comparatively small, for here the 
surrounding molecules have had time to condense round the 
electron and load it up before it is finally driven out of the gas. 
Thus, the process of ionisation involves the liberation of a - 
corpuscle from the molecule, and is not primarily the splitting 
up of a diatomic molecule into two oppositely charged atoms. 

One part of th» process of ionisation is thus the ejection of a 
corpuscle from the molecule of the gas which is ionised. The 
violence with which the corpuscle is ejected depends to a great 
extent on the way th2 ionisation is produced, and the study of 
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the way the velocitv of the corpuscle on its departure from the 
atom varies with the type of the ionising agent gives some very 
interesting results. When a gas is ionised by Röntgen rays 
the corpuscles are expelled from the molecules with very high 
velocities ; in fact, the experiments made on this subject point 
to the conclusion that the velocity with which the corpuscles 
are expelled does not differ greatly, if at all, from that of the 
cathode rays, which by their impact against the anti-cathode 
generated the Röntgen rays which ionised the gas. The 
existence of the high-speed corpuscles coming out of molecules 
exposed to Róntgen rays is clearly shown by C. T. В. Wilson's 
photographs of the distribution of the ions produced when a 
gas is exposed to Rontgen rays. We see that the drops of 
water which mark the situation of the ions lie along a series of 
detached fine curves, which mark the track of the high-specd 
corpuscles emitted when the gas is exposed to the rays. These 
high-speed corpuscles ionise the gas as they pass through it, each 
one of them producing a large number of ions ; thus the greater 
part—in fact, practically the whole—of the ionisation in gases 
under Róntgen ravs is produced, not directly by the rays, but 
indirectly by the rapidly-moving corpuscles which they eject. 

The velocity of these fast corpuscles does not depend upon 
the nature of the gas, nor on the intensity of the rays, but only 
upon the quality—the hardness of the ravs. The harder the 
rays the greater the speed of the corpuscles. А similar result 
holds when ultra-violet light 15 used instead of Róntgen rays. 
The velocity of the negative particks expell.d from a metal 
plate under the influence of ultra-violet light does not depend 
upon the intensity of the light, but merely upon its wave- 
length. The experiments made bv Mr. Hughes point to the 
conclusion that the velocitv with which they leave the mole- 
cule, as distinguished from the velocity with which they leave 
the plate, does not depend on the kind of molecule, but merely 
on the wave-length of the light. 

Thus the velocity of the particles expelled bv means of 
radiation, whether this be light or Róntgen radiation, depends 
solely upon the quality of the radiation, and when this radiation 
has, as is the case with monochromatic light or characteristic 
Rontgen radiation, a definite frequency, the energy with which 
the corpuscles are expelled from the molecule is proportional 
to the frequency of the radiation. This is a result which might 
be expected from the “‘ quantum " theory. The experimental 
results hitherto obtained scem on the whole to confirm this 


ON IONISATION, 105 


result, though it must, I think, be confessed that the direct 
experimental evidence in favour of the strict proportionality 
is too meagre to enable us to maintain that it is a direct result 
of experiment. There are many points on which we have no 
direct experimental evidence; for example, the energy 
measured is the maximum energy of the ejected particles ; we 
do not know whether the energy of a corpuscle ejected from a 
molecule by monochromatic light has a constant value or 
whether it can assume a considerable range of values stopping 
at a definite maximum. The discrepancy between different 
experimenters on this subject is considerable, and it is not 
impossible that the limit they obtain for the maximum energy 
may depend on the sensitiveness of the recording instruments 
and the excellence of the insulation. In spite of this, it 1s 
abundantly proved, however, that the speed of the emitted cor- 
puscles varies very rapidly with the nature of the ionising agent. 

The energy acquired by the ejected particles under the 
influence of radiation is so great that it is very difficult to 
reconcile it with the idea that the energy in the radiation 13 
uniformly distributed through space. Оп the assumption that 
the energy is uniformly distributed, we can calculate the 
maximum electric force in а beam of light of known intensity, 
and we find, after giving the greatest possible value to any 
resonance effect, that to account for the velocity of the ejected 
particles we should require uninterrupted trains of waves 
millions of wave-lengths long. This difficulty is overcome if 
we adopt a mcdification of an idea that I put torward some 
time ago. At that time it was thought that the total number 
of ions produced when a given beam of Róntgen rays was 
absorbed in a gas was the same for all gases, and I suggested 
that the Róntgen- beam was made up of units, and that when- 
ever an ion was liberated one of these units was absorbed. 
Subsequent experiments, however, showed that the number of 
ions produced by the absorption of a given beam depended to 
an appreciable extent upon the nature of the gas and also that 
the production of the ions was in the main due to the high- 
speed corpuscles ejected bv th» rays, and not to the rays them- 
selves. Recent experiments bv Barkla and Philpotts have 
shown, however, that, though the number of 1ons produced 
varies with the gas which absorbs the radiation, the number of 
the high-speed particles ejected is invariable, so that we may 
assign to these high-speed particles the róle which I previously 
assigned to the ions, and suppose that the liberation of a high- 
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speed particle from any gas whatever involves the destruction 
of one unit of radiation. We may picture to ourselves the 
process as being somewhat of the following type : We suppose 
that radiation, whether ordinary light or Róntgen radiation, 
is made up of units, and that these units are closed tubes of 
electric force, each tube possessing a definite amount of energy 
depending upon the type of radiation. Suppose, now, that. 
one of these closed tubes, C, travelling through space passes 
near to a molecule of a gas, and that in this molecule there is a. 
tube of force passing betwecn a corpuscle, А, and the equiva- 
lent positive charge B. If, now, the part of C which passes 
nearest to AB is in the opposite direction to AB, the two tubes 
will attract each other, C getting pulled down to AB and АВ. 
up to C, as in Fig. 1 (A). If this process goes on until the tubes 
come into contact, as in Fig. | (в), fissure will take place as in 
Fig. 1 (c), and the two tubes C and AB will be replaced by a 
long tube with its ends anchored at А and B. Thus the clorcd 
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free tube which could travel freely through space and formed a. 
unit of the radiation, has ceased to exist, and has been replaced 
by an anchored tube ; thus one unit of radiation has ceased to 
exist. The anchored tube is in a state of tension, and therefore 
pulling at the corpuscle. This pull first detaches the corpuscle 
from the molecule, and then increases its velocity, so that the 
energy which was in the tube gets communicated to the cor- 
puscle, and all but the work required to detach the corpuscle 
from the molecule appears as kinetic energy in the corpuscle. 
If the work required to detach the corpuscle is but a fraction 
of the kinetic energy it acquires, that kinetic energy will be 


approximately equal to the energy originally in the ring C, the. 


unit of radiation, and so will practically be independent of the 
substance from which the corpuscle is liberated. 


Let us now turn to another ionising agent—rapidly moving 


electrified particles. Let us first take the case of negatively 


electrified particles, cathode rays. We find that these cannot. 
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lonise a gas unless they possess more than a certain amount of 


energy. This amount can conveniently be expressed in terms 
of the voltage through which the atomic charge must fall to 


acquire the requisite amount of energy. This voltage, accord- 


ing to Franck and Hertz, is as follows :— 


Hg N Оо Н Аг № Не 
4-9 T5 9 1] 12 16 20-5 volts. 


There 18 no apparent connection between these quantities and 
the chemical properties of the atom, nor, what is perhaps still 
more striking, with their power of acquiring a negative charge 
as contrasted with that of losing it. For example, neither the 
atoms of nitrogen and helium, the elements at the ends of 
these series, acquire negative charges in the positive rays, 
while those of oxygen and hydrogen readily do so; again, 
argon and neon, which are also in intermediate positions, 
do not. 

When cathode rays with more than the ionising energy 
move through these gases they expel corpuscles from some of 


Fia. 2. 


the molecules against which they strike. The numerous ex- 
periments which have been made on the velocity of corpuscles 
expelled in this way have led to some extremely interesting 
results. RE 

It has been found that the velocity of these corpuscles 1s. 
practically independent of the velocity of the cathode rays 
which drive them out of the molecules, and that the maximum 
energy is not above that acquired by the fall of the atomic 
charge through about 10 volts ; thus, even though the cathode 


particles have speeds corresponding to that represented by. 


thousands of volts, the corpusclcs they eject, or, at any rate, the 
great majority of them, move little if at all faster than those 
liberated by rays which have a speed represented by 20 or 30 
volts. The number of the corpuscles liberated by a cathode 
particle when moving through 1 cm. of gas at a definite pres- 
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sure is represented by a curve of the type shown in Fig. 2. 
The ionisation does not begin until the cathode rays have a 
certain amount of energy. It then increases rapidly, attains a 
maximum which, in the cases investigated by Kossel, was when 
the cathode rays had energy corresponding to about 300 volts, 
then diminishes slowly at first, but ultimately inversely as the 
energy of the cathode particle. A curve almost identical with 
this has been shown by Gehrts (“ Ann. der Phys., XXXVI., 
р. 1003) to represent the secondary cathodic radiation excited 
when a plate of metal is bombarded by cathode rays of different 
speeds. Here, as in the cese of gases, the speed of the secondary 
rays does not seem to depend much upon that of the primary. 
The most obvious explanation of ionisation by cathode rays is 
that a corpuscle in the atom acquires trom a cathode particle 
moving past it sufficient energy to enable it to escape from 
the atom. The energy Q communicated to a particle at rest 
of mass M by a moving particle of mass т, starting with the 
velocity V, is given by the equation, 


4mM 
m (M+ љт)? 
d. åm М \ 
Tag: E 
where T is the kinetic energy of the cathode particle, e, E the 
charges on the particle and corpuscle respectively, and d the 
perpendicular from the corpuscle on the initial path of the 
particle. If the corpuscle requires an amount of energy, W, 
to free it from the atom, the particle will only eject the cor- 
puscle when 
в Г 4mM не 5. 
Мт) W res, 

m4-M 
The number of ions per centimetre of path of the cathode 
particle will be proportional to the limiting value of d?, and 
thus, regarded as a function of T, will vary as 


13 
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К | Thus ionisation will not begin until 

YS i и (M+ т)? 

x ame 


and will be a maximum when T has twice this value ; for large 
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values of T the ionisation will be inversely proportional to T. 
When we compare this with the results found by experiment 
we see that, though some of the more striking phenomena are 
accounted for by the theory, there are others which are not in 
accordance with the theory in this form. One of these is the 
fact that the energy of the primary cathode rays when the 
ionisation is а maximum is much greater than twice the energy 
when ionisation first begins. This, however, could be accounted 
for by supposing that of the corpuscles in the atom some 
require more energy than others to eject them from the atom. 
There may be one group that requires W, units of energy to 
escape, another W, and so on ; thus ionisation will begin when 
the primary cathode rays have energy equal to W,, and though 
the detachment of this group will be а maximum when the 
energy of the cathode rays is 2W,, yet, аз the energy of the 
cathode rays increases, the other groups of corpuscles may 
begin to be ejected, with the result that the energy of maximum 
ionisation is raised. If there are n, corpuscles which require 
energy W, to eject them, n, requiring W,, we are putting 
M=m in the equation that the ionisation will be a maximum 
when 


and will begin when T=W, ; in this case the energy for тахі-. 
mum ionisation cannot be calculated from that for initial 
ionisation. To avoid subsidiary maxima, of which the 
curves connecting the ionisation with T show no indication, 


W, must be < 2W, and Мз < ть | (е ‚ апа во. 
1 2 


on. Another difficulty in the way of this theory is that, as 
Pawlow has shown, positive rays can ionise a gas when their 
energy is as small if not smaller than that required by 
cathode particles for this purpose. In the case of a positive 
ray colliding with a corpuscle the masses of thd particles aro 
so different that only a small fraction of the energy of the mov- 
ing particle can be transferred to the corpuscle; in fact, 
the equation shows that when M is large compared with m, 
ionisation will not occur unless T= hd . W,, while in the case of 
the collision between two corpuscles it might oceur if T=W,, 
thus if W, were 11 volts ionisation ought not to be produced 
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by positive rays unless their energy were at least 1 700 x 11/4, 
or 4 600 volts, whereas Pawlow has shown it occurs with posi- 
tive rays when T is less than 11 volts. Another discrepancy is 
that if the corpuscles were knocked out by direct collision we 
should expect to find the maximum velocity of ejection depen- 
dent on the speed of the particle ejecting them, whereas the 
experiments seem to prove that there is no such effect. 

The result seems to suggest that the ejection of a corpuscle 
bv a cathode particle or a positive ray is not the result of these 
colliding directly with the corpuscle, but results rather from 
the effect of the collision with the atom regardcd as a whole. 
This collision produces a kind of convulsion in the atom, the 
effect of which is to eject the corpuscle from a position in which 
it was in stable equilibrium under the forces inside the atom. 
When driven out of this position it comes under the action of 
repulsive forces which eject it from the atom and the velocity 
of projection will depend upon the forces inside the atom, and 
not upon the speed of the particle striking against it. We 
should expect this speed to be, on this view, the same whether 
the atom were struck by a positive particle or by a cathode 
ray. It is some confirmation of this view that the maximum 
number of ions produced by a cathode particle in its path 
through a gas is approximately equal to the number of colli- 
sions the particle would make with the atoms of the gas, if the 
atoms were of the dimensions usually assigned to them on the 
kinetic theory of gases. It would, however, seem likely that 
very rapid cathode particles which could penetrate right 
through the atom might be able to eject from it corpuscles 
with a greater velocity than that corresponding to 10 volts 
or so, which seems to be the limit for those ejected by more 
slowly moving cathode rays. The corpuscles ejected at а 
high speed must, however, be at most a very small fraction of 
the whole number ejected, for the photographs of the paths 
of the В particles taken by Mr. C. I. В. Wilson show that these 
paths are very rarely forked, as they would be if the atoms 
struck Бу the В particles gave out corpuscles moving at a speed 
comparable with that of the primary ones. Such particles 
would be able to travel a finite distance through the air, and 
would cause the ions produced by a f rav to be distributed 
somewhat as in Fig. 3. The ‘actual photographs of the ions 
show, however, few traces of such branches, and indicate 
that the corpuscles projected from the atom have not 
sufficient speed to carry them through at an appreciable 
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distance in gases at atmospheric pressure. This result raises 
some very interesting questions аз to the production of 
Röntgen radiation by the impact of cathode rays. If we take 
the situation in air as revealed by the Wilson photographs to be 
typical of that occurring when cathode particles move through 
a collection of molecules of any kind, the cathode particle 
when it strikes against an obstacle dislodges from the atoms 
through which it passes slow secondary cathode rays, losing 
energy by this process in a more or less gradual manner, the 
amount of energy lost at each collision being but a small frac- . 
tion of the energy of the cathode particle. It is hardly likely 
that encounters of this kind can give rise to Róntgen ravs able 
to liberate corpuscles possessing a velocity comparable with 
that of the primary cathode particle. It seems to me more 
probable that the hard Róntgen rays produced by the impact 
of the cathode particles against the anti-cathode result 
from a process the inverse of that by which we supposed 
Róntgen ravs to generate high-speed cathode rays. Let us 
suppose that at the stage in this process when the cathode 


Fio. 3. 


particle had acquired its final velocity its velocity were re- 
versed, so that 1t retraced its path, and the whole process was 
reversed. The result would be that we should end by getting 
to the state which existed before the Róntgen ray struck the 
atom —2.е., we should get the closed tube of electric force which 
on this view constitutes a Róntgen and the cathode particle 
that was originally free would be joined up in an atom with an 
equivalent charge of positive electricity. The cathode particle 
would cease to be a cathode particle and would be imprisoned 
in an atom, and thus the generation of а pulse of hard Róntgen 
radiation would be the swan's song of the cathode particle, the 
birth of а Rontgen ray involving the death of a cathode 
particle. The hardness of the Róntgen rays would depend 
upon the energy of the cathode particle ; thus, those particles 
which got imprisoned before they had liberated many ions 
would produce harder Róntgen rays than those which only did 
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so after losing a large part of their energy by ionising the 
atoms through which they pass. Mr. Wilson’s photographs 
show that most of the cathode particles go on until they pro- 
duce considerably more ions per unit length at the end of their 
path than they did at the beginning, showing that at the end 
their energy is considerably smaller than it was at the begin- 
ning. Thus, a large number of cathode particles remain free 
until they have lost a considerable part of their energy, as these 
give rise to softer Róntgen rays than those which have not 
lost energy, we should expect that the Röntgen rays would 
be very far from homogencous, and would contain a consider- 
able proportion of comparatively soft rays. 

There should also be another kind of radiation produced bv 
the impact of cathode rays. We have seen that these expel 
from the atoms corpuscles with a velocitv not exceeding that 
due to 10 or 11 volis. Now the sudden starting of these 10 
volt, corpuscles ought to produce radiation, which, if Planck’s 
view as to the relation between frequency and energy were to 
apply to this case, would be in the Schumann region. Аз the 
speed of these particles does not depend much on the speed of 
the primary cathode rays or the nature of the substance, we 
should expect to get a radiation of much the same type what- 
ever the speed of the cathode rays or the material they struck 
against. J am not aware that anv invariable radiation of this 
kind has ever been observed. It would not be likely to be 
able to ionise such gases as hydrogen or oxygen, which have 
ionising potentials of more than 10 volts. It might, however, 
be able to ionise mercury vapour, for which only 5 volts are 
required. 

In many respects the ionisation of gases by the impact of 
cathode particles shows the same characteristics as the emis- 
sion of secondary cathodic radiation when a metal plate is 
bombarded by cathode rays. This effect has been studied by 
Gehrts (“ Ann. der Phys.," 36, p. 995) and Campbell (“ Phil. 
Mag.," Aug., 1914). There is no secondary cathodic radiation 
until the velocity of the primary rays exceeds 11 volts. № 
then increases rapidly with the speed of the posiiive rays, and 
attains а maximum when the speed corresponds to about 300 
volts ; it then diminishes as the voltage increases. The velo- 
city of the secondary rays is less than that due to 11 volts, and 
does not depend on the velocity of the primary rays, nor the 
nature of the material against which they strike. In all these 
respects the effects are analogous to those obtained when a gas 
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is ionised by cathode rays, and indced it seems clear that the 
physical processcs going on in the two cases are identical— 
*viz., the ionisation of the atoms. In one case the atoms 
ioniscd are those of a gas, and in the other those of a metal ог, 
perhaps, gas absorbed in the metal. The fact that the secon- 
darv radiation does not begin until the energy in the primarv 
rays have the ionising potential for hvdrogen suggests, as 
Campbell has pointed out, that the secondary radiation тау 
come from a film of hvdrogen condensed on the surface of the 
metal, and that the curves obtained may reallv be those for 
the ionisa ion of hydrogen and not for the atoms of the metal. 
Particles а^ а higher speed might be expected to penetrate the 
laver and reach the metal. It would be interesting to see 
whether there is the same connection between ionisation of 
gases and secondary cathodic radiation at high speeds as there 
is at low. The rate at which both the secondary cathodic 
radiation and the ionisation of a gas increases with the energy 
of the incident cathode rays is very rapid when this energy 
corresponds to about 11 volts, the maximum energy required to 
lonise the gas. This ionisation mav be regarded as the expul- 
sion from the atom of the corpuscles which are most easily 
ejected ; there are probably in the atom other corpuscles, 
more deeply seated which demand larger amounts of energv 
for their expulsion. In this case we should expect to find 
another stage, at which the ionisation would increase rapidly 
with the energy of the incident cathode rays. No experiments, 
as far as I am aware, have been published which give indica- 
dons of such a stage until the energy of the cathode rays is 
sufficient to excite the characteristic radiation of the metal 
against which they strike. The experiments do not, however, 
extend over a very wide range of velocities of the primarv ravs. 
In Gehris’ experiments, for example, the maximum energv of 
the primary cathode rays was only that corresponding to about 
600 volts. І am at present engaged with experiments on a 
point somewhat similar to this. Cathode ravs, even when 
their energy does not exceed 50 or 60 volts, produce, when thev 
strike against a target, appreciable amounts of very soft 
Rontgen radiation, and the experiments I am making are 
measurements of the amounts of this radiation when metals 
are bombarded with cathode rays of different speeds. If the 
atom contains a series of rings of electrons, then for each ring 
we should expect to get a special type of characteristic Rontgen 
radiation, This ought to make itself apparent by an abnormal 
VOL. XXVII. H 
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increase in the radiation produced by the incident cathode rays 
when their energy passes through the values required to detach 
а corpuscle from any one of the rings ; thus, if we can detect 
these increases we ought to be able to measure the number of 
rings in the atoms of the different chemical elements. The 
experiments are not yet concluded, but I hope on a future 
occasion to bring the results before the Society. I may men- 
tion, in passing, that the impact of positive rays, as well as of 
cathode rays, against a plate of metal gives rise to a very soft 
type of Róntgen radiation. 

A very important point about the velocity of the slow 
corpuscles emitted when substances are bombarded by cathode 
rays 13 that apparently it does not depend on the nature of 
the substance bombarded. It is to be noticed, however, that 
these substances have nearly always been in the solid state 
and liable to be coated with filns of gas; the corpuscles 
may come from these films and not from the metal, so that 
the evidence on this point is not conclusive. More to the 
purpose would be measurements of the velocities of the cor- 
puscies from different gases, especially from those which, like 
helium and nitrogen, require very different amounts of energv 
to ionise them. 

Some ionisation seems to be produced by positive par- 
ticles when their energy is less than that required by cathode 
rays for ionisation. When once the cathode rays, however, 
do begin to ionise they produce far more ions than positive 
particles of equal energy. Another case when we have ionisa- 
tion produced by the impact of bodies of molecular dimensions 
is that of hot gases. In a gas at the temperature of 2,000°C. 
the average kinetic energy of the molecules is that due to the 
fall of the ohmic charge through about 9-25 volt; hence, the 
number of molecules which possessed energy corresponding to 
11 volts would be a fraction of the order e-* of the whole 
number of molecules ; a gas in which the ions were in this pro- 
portion to the molecules would have quite nieasurable conduc- 
tivity. If, however, the hot gas were helium, which, according 
to Franck and Pohl, requires about 22 volts to ionise it, the 
particles possessing this amount of energy would only be =7% 
of the whole number, and this fraction of ions would not pos- 
sess appreciable conductivity. It would be interesting to see 
if the conductivity of hot helium was very much less than that 
of hot hydrogen. The greater part of the ionisation of hot 
gases occurs at the junction of the gas with hot solids, and it 
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seems reasonable to suppose that gas condensed in a layer on 
the surface of a conductor would be more easily ionised than 
the gas in a free state. It would seem, however, from recent 
experiments by Campbell that a platinum plate, probably 
coated with a layer of hydrogen is not more easily ionised by 
cathode rays than free hydrogen. 

We know that one part of the process of ionisation consists 
in the detachment of a corpuscle, but what happens to the 
rest of the molecule from which the corpuscle is detached ? In 
the case of fast cathode rays we must remember that we have 
far more energy available than that which is usually supposed 
to be required for the dissociation of the molecule into atoms. 
When we study by the positive rav method the ions produced 
in a gas through which the electric discharge is passing we 
alwavs find charged atoms of the gas through which the dis- 
charge is passing often, though not invariably, accompanied 
by charged molecules of the same gas. In this case, however, 
we have moving positive particles as well as cathode rays, and 
it might be thought that the charged atoms were produced bv 
the positive ravs, the charged molecules by the cathode ravs. 
To test this point I used a discharge tube whose cathode con- 
sisted of a spiral of tungsten wires, the positive rays passing 
through the spiral. By heating the tungsten wire to a white 
heat it could be made to give out a large output of negative 
corpuscles, and so when the spiral was hot a larger proportion 
of the current would be carried by the negative particles than 
when it was cold. If, then, the cathode rays only produced 
charged molecules and not atoms the ratio of the charged 
molecules to the charged atoms would be greater when it was 
hot than when it was cold. І found, however, that the pro- 
portion of charged molecules of hydrogen to charged atoms was 
less for the hot tungsten than the cold, and hence I conclude 
that ionisation by fast cathode rays is frequently accompanied 
by the dissociation of the molecule into atoms. Whether this 
is so or not, when Röntgen rays expel high-speed corpuscles 
from gases through which they pass is а question on which, а; 
far as I know, we have at present no evidence. 

21 794 м 
ABSTRACT. 

Ionisation is the. process by which ions—particles charged with 

electricity—are produced in a solid, liquid or gas. This address is 


confined to the consideration of ions in gases and deals with two 
questions—(1) the nature of the ions, (2) the process by which they are 
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produced. The evidence as to the nature of ions is derived from 
experiments on their mobility which have shown :— 

a. The mobility of а positive ion depends only on the gas through 
which the ions are moving and not on the nature of the gas out of 
which the ions are formed. 

B. The mobility of the ions in a gas at constant density is inde- 
pendent of the temperature. | 

у. There are a considerable number of gases in which the mobility 
is very approximately inversely proportional to the square root of 
the density of the gas. 

д. In the case of negative ions there is an abnormal increase of 
mobility when the pressure is reduced below a certain value, and 

-there is some evidence that this is also the case for positive ions at 
very low pressures. 

Two theories of the mobilities of ions were considered, one founded 
on the view that the action between ions and molecules is analogous 
to impacts between hard elastic spheres, the other on Maxwell’s 
theory of forces between ions and molecules varying inversely as the 
tifth power of the distance between them. 

It is shown that a follows from the second theory provided the 
ion is a cluster whose mass is considerably greater than that of a 
molecule of the gas through which it is moving. On this supposition 
it follows also from the first theory if we suppose in addition that all 
ions in a given gas are of the same size. 

(8) follows at once from the second theory ; to explain it on the 
first theory we must suppose that the size of the ion varies with the 
temperature in a definite way. The necessary relation can be deduced 
from thermodynamical principles if we suppose that the force 
between an ion and a molecule is analogous to that between a charged 
point and a sphere which is either a conductor of electricity or has a 
high specific inductive capacity. 

(у) requires on theory one that the ions in these gases should be of 
the same size, on theory two that the molecules of these gases should 
exert the same force on a charged point at a given distance. 

(8) follows on either theory if the ion dissociates at low pressures 
so that free corpuscles are present in the gas, 


With regard to the process of ionisation, the first stage of this in 
the vast majority of cases consists in the detachment of an electron 
or corpuscle. Evidence as to the method by which this takes place 
is afforded by determinations of the velocity with which the electrons 
are ejected from the body. 


In the case of ionisation by light or Róntgen rays, this velocity 
depends primarily on the wave-length of the radiation, not upon its 
intensity, nor, at any rate to any great extent, on the nature of the 
molecule from which the corpuscle is ejected. This velocity is far 
greater, even when every allowance is made for resonance, than can 
be accounted for if we suppose that the energy of the light is uni- 
formly distributed, and that the corpuscle acquires its velocity by 
the action on it of the electric force іп the wave. Another explanation 
not open to these objections was put forward. 


When ionisation is due to the action of moving electrified particles, 
whether positive or negative, the results are quite different. The 
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velocity of the ejected particles (3-rays, as they ате sometimes 
called’) does not seem to vary much, if at all, with the velocity of the 
particles which eject them, and is of the same order whether these 
particles are positive rays OT the much swifter cathode rays. The 
method of ejection by the impact of such particles was considered, 
and suggestions аз to a possible theory and some of its consequences 
thrown out. 

Dr. R. T. GLAZEBROOK, in moving a vote of thanks to the President, 
said that one expected, when listening to Sir J. J. Thomson, to be 
carried to the bounds of knowledge by one who had taken no small 
part in the extension of these bounds, and he was confident that none 
of those present, had been disappointed in that expectation. He 
asked the President, on behalf of the Society, to allow his address to 
be published in full in the “ Proceedings." 

Dr. C. CHREE geconded the vote of thanks, which was carried with 


enthusiasm. 
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VIII. Exhibition and Description of some Apparatus for Class 
Work in Practical Physics. By Dr. G. Е. C. SEARLE, 
F.R.S., University Lecturer in Experimental Physics, 
Cambridge. 


Dr. SEARLE exhibited and described the apparatus used for 
the following experiments in his class at the Cavendish Labora- 
tory, Cambridge. The methods are briefly described in the 
following abstracts; the references indicate where fuller т- 
formation may be found. In a few cases the complete Papers 
have not been published at the date of publication of these 
abstracts, but it is hoped that they will be published during the 
vear 1915. The titles of these Papers are distinguished by 
an asterisk (*). 


1. An Experiment on the Harmonic Motion of a Rigid Body.* 
The experiment is designed to illustrate the formula 


i Т=2л\/К/и, 


where T seconds is the periodic time of а rigid body of moment 
of inertia-K grm.cm.? which is suspended from a fixed support 
by a torsion wire exerting a restoring couple of и dyne-cm. per 
radian. When и 13 to be found, a vertical cylinder is attached 
to the lowar end of the wire and two threads are wound round 
the cylinder. These threads pass over ball-bearing pulleys 
and support known masses. The angular deflexion of the 
cylinder caused by the masses is measured with a goniometer by 
the method of auto-collimation. An inertia bar of known 
moment of inertia K is then substituted for the cylinder and 
the periodic time is observed. (“ Proc." Cambridge Phil. 
Soc., Vol XVIII., p. 31; also “ Experimental Harmonic 
Motion," Cambridge University Press, 1915. This small 
manual is similar in character to the author's '* Experimental 
Elasticity.") 


2. Determination of Gravity by а Rigid Pendulum.* 


The periodic time, T, of a rigid pendulum vibrating about a 
horizontal axis (knife edge) is given by 


T—-2924/K/Mgh, . . . . . . (1) 


where K is the moment of inertia of the pendulum about its 
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-axis of suspension, Å is the distance of the centre of gravity from 
that axis and M is the mass of the pendulum. Since К. cannot 
be satisfactorily calculated from the mass and dimensions of 
the pendulum, K must be found in some other way. By the 
theorem of parallel axes, 


КЕКЕ ЕМ soe ве а Д0) 
where К, is the moment of inertia of the pendulum about ап 
axis through its centre of gravity parallel to the knife edge. 

To determine Ko, the pendulum is suspended from a torsion 
wire by aid of a simple stirrup so that the rod of the pendulum 
is horizontal. The periodic time, To, of the torsional vibra- 
tions is found. Án inertia bar of calculable moment of inertia 
K, is then attached to the torsion wire in place of the stirrup 
and pendulum and the periodic time, T,, is observed. Then 

К.К, 
This value of Ky is used in (2) and so К is found. The distance 
h is found by balancing the pendulum on a fulcrum. (Searle. 


" Experimental Harmonic Motion," Cambridge University 
Press, 1915.) 


3. Determination of Poisson's Ratio for Indiarubber.* 


Let the length of a tube of circular section be I, let its internal 
radius be r, and let its internal volume Бе v, so that v=alr?. 
Let the length be slightly increased so that | becomes Г, r 
becomes 7’ and v becomes v’. Then, if ø is Poisson’s ratio, 


l v'—v 
rm 


For infinitesimal changes we have . 
l dv) 
а Реги Ӯ 
оа 


Ап indiarubber tube is used. The lower end is closed by a 
solid plug; in the upper end a glass tube of small bore is in- 
serted. The distance between the end of the plug and that of 
the glass tube is taken аз [. The indiarubber and glass tubes 
contain water, and the change in the position of the meniscus 
when the rubber tube is stretched is observed. From the 
resulting curve the value of dv/dl is obtained. Proper clamps 
are provided for securing the rubber tube to the plug and to the 
glass tube, and other fittings allow these clamps to be held in 
position on a vertical steel rcd. Scales for reading l and the 
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position of the meniscus are provided. The value of с is about 
0'47. (Searle, “ Experimental Elasticity,” second edition, 
1915.) | 


4. Two Methods of Measuring the Surface Tension of Spherical 
Soap Films. 


In one method the pressure excess due to a curved soap film 
is measured by aid of what may be called a “ viscosity poten- 
tiometer.” Air from a gasometer or a gas-bag flows through 
two tubes, AB, BC, in series. The pressure at А is measured by 
a manometer ; the end Cis open to the air. From the junction 
B a side tube leads to a cup with a horizontal circular rim on 
which a soap film is placed. On account of the viscosity of the 
air, there is a fall of pressure along each flow tube. Fora given 
flow of air, the fall of pressure in either tube is proportional to 
the length of the tube and inversely proportional to the fourth 
power of its internal radius. The excess of the pressure at B 
over that of the atmosphere causes the film to become part of 
a sphere. From the distance of the highest point of the film 
above the plane of the rim and from the radius of the rim, the 
radius, r, of the filn can be computed. If the length of the 
tube AB be /,, and its internal radius be a,, and if l, and a, be 
the length and radius of BC, and if the pressure excess at B 
be p, and that at А be p, , then 


p,—pe. la, 
p. la, 2 
from which p, can be found ; p, in the experiment shown 
corresponded to about 0-03 cm. of water. The surface tension, 
T, of the film is then found from 4T —rp,. It is assumed in (1) 
that the variation of density of the air along ABC is negligible. 
In the second method the pressur2 excess is measured by a 
device emploved Бу Mr. J. D. Fry in the calibration of his 
micro-manometer (“ Phil. Mag.," April, 1913, p. 494). The 
method depends upon the difference з of density between cold 
and hot air at the same pressure. A metal tube, ABCD, has 
the two parte, AB, CD, each a few centimetres long, at right 
angles to the main portion BC, which is about 1 metre in length. © 
This bent tube is surround»d by а second tube, which is used 
as a steam jacket for heating the tube ABCD. The parts AB, CD 
are horizontal and the tube may, if desired, be rotated about 
CD as a horizontal axis. The inner tube passes out of the steam 
jacket through rubber bungs. The opening D is connected by 
| 12 
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a horizontal rubber tube to a cup with a cylindrical rim on 
which a film is formed ; the lower end А is open to the atmos- 
phere. If A is at a depth z below D, the pressure excess, p, 
within the bubble is given by 


P=9J2(P1— ea), 
where the densities p, and р, of the cold and hot air are given bv 


о1= poPto/pof,, P2= PoPto/ Poto- 


Here ро is the density ot air at normal pressure ро and normal 
absolute temperature tọ?, P is the atmospheric pressure at the 
time of the experiment, ¢, is the atmospheric temperature near 
the tube and t, is the temperature of the steam. The radius, 
r, of the bubble is measured and the surface tension is calcu- 
lated by T=jrp. (“Proc.,” Cambridge Phil. Soc., Vol. 
XVII., p. 285.) 


5. A Simple Viscometer for Very Viscous Liquids. 


If the space between two coaxial cvlinders of radii a, b, and 
of length л be filled with viscous liquid, the viscosity р is given 
in terms of the couple G, which maintains the inner cylinder 
in motion about its axis with angular velocity w relative to the 
outer fixed cylinder, by the equation 


_ G(a?t —b?) 
ИЯ С o oe è o s 5 c£ (1) 


The apparatus exhibited to the Society is adapted for finding 
the viscosity of treacle. The axes of the cylinders are vertical 
and the outer cvlinder is fixed. The inner cylinder is carried 
by an axle furnished at each end with a pivot working in a fixed 
bearing. Two threads wound round a drum fixed to the axle 
pass over ball-bearing pulleys and support weights which drive 
the inner cylinder round at a slow speed when the space between 
the cylinders contains treacle. The angular velocity is found 
to be proportional to the driving cauple. 

Means are provided for varying the length of the inner 
cylinder which is exposed to the action of the treacle and in 
this way a correction is found for the lower end, where the 
motion of the liquid differs from that contemplated in the 
theory leading to (1). The arrangement is self-contained so as 
to avoid the changes of temperature which would result if fresh 
treacle were added to the system. When the correction has 
been found, the value of д can be found from the equation. 
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At 12°C. the viscosity of treacle is about 400 in C.G.S. units, 
and that of “ golden syrup ” is about 1,000; the viscosity of 
water at the same temperature is 0-0146. (“ Proc.," Cambridge 
Phil. Soc., Vol. XVI., p. 600.) 


6. Experiments with a Prism of Small Angle. 


When a ray in a principal plaue passes nearly symmetrically 
through a prism of small angle ? radians placed in air, the 
deviation, D,, is nearly independent of the angle of incidence 
and has the approximate value 


D,-(Q—16, . . . . . . «. (0) 


where sc is the refractive index ої the prism. | 
If the prism is placed symmetrically in a tank with parallel 
glass ends, the deviation is | 


D,-—(u—ug. . ..... (2) 


where м» is the refractive index of the liquid contained in the 
tank. 

The cross-wire of a collimator set for “ infinity " is illum- 
inated by sodium light. Тһе direction of the emergent rays 
corresponding to the cross-wire is observed by a goniometer, 
the image of the collimator wire being focussed on the cross- 
wire of the goniometer. 

The difference of deviation observed when the prism is 
turned in air from one position of minimum deviation to the 
other gives 2D,, and the corresponding difference when the 
prism is immersed in the liquid gives 2D,. If a liquid of known 
index, such as water, is used, (1) and (2) give the angle of the 
prism and its refractive index. When these have been found, 
the refractive index дз of any other liquid can be found from 
the deviation Dg observed when the tank contains that liquid. 


Thus D,—(u—ugM....... (3) 


The prisms supplied by opticians for use in spectacles are 
suitable for this experiment. (“ Proc.,” Cambridge РЫІ. 
Soc., 1915.) 


7. Revolving Table Method of Determining the Curvature of 
Spherical Surfaces. 
In this method, designed by the author in conjunction with 
Mr. A. C. W. Aldis and Mr. G. M. B. Dobson, the radius of a 
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spherical reflecting surface is found directly from two readings 
on a straight uniformly divided scale, without corrections or 
calculations of any sort. 

A table turning about a vertical axis is required ; the plane 
of the top of the table is normal to the axis of revolution, and 
the top carries a straight scale, against which slides a carriage 
bearing the spherical surface. When the apparatus is in 
adjustment, the straight line described by the centre of curva- 
ture of the spherical surface, when the carriage slides along 
the scale, intersects the axis of revolution of the table. The 
position of the carriage relative to the table top, when the 
centre of curvature lies on the axis of revolution of the table, 
will be called the first position. It the table be turned through 
any angle about the vertical axis, when the carriage is in the 
first position, the only effect of the motion is to substitute one 
part of the spherical surface for another. Hence, if rays from 
an object fall upon the surface, the reflected rays will be un- 
affected by the motion. This furnishes a means of setting the 
surface in the first position. 

The carriage is now moved into a second position, in which 
the vertical axis of the table is a tangent line to the spherical 
surface. If, now, the table be turned about its axis, a grain of 
lycopodium placed on the surface at the point of contact of the 
vertical tangent line will remain stationary. 

The radius of curvature of the surface is given by the differ- 
ence of the two scale readings of the carriage in the first and 
second positions. 

The adjustments of the surface to be tested are facilitated bv 
the use of a small lathe head to form the “ carriage." (“ Phil. 
Mag.,” February, 1911, pp. 218-224. Also “ Proceedings ” of 
the Optical Convention, Vol. IL, р. 161, 1912.) 


8. Experiments Illustrating Flare Spots in Photography. 


When light from a point S falls on a simple thin lens of focal 
length /, most of it passes through the lens, and forms an 
image of S. Dut some of the light suffers two reflections 
within the lens, and this light gives rise to a second image of S 
of small intensity, the corresponding focal length being 
(0—1) (310—1), where и is the refractive index. This image 
is called a “ flare spot." When two lenses are used there are 
six flare spot images of any object formed bv twice reflected 
rays, and with ¢ lenses there are ¢(2¢— 1) such images. 

In the case of two thin lenses AB (radii а, 6) and CD (radii 
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c, d) placed with the faces B, C in contact, the “ powers ” for 
the six flare spots are as follows, where the subscript letters 
indicate the surfaces at which reflection has occurred :— 


Poc==M+N,, | Pos=M-+N,4-W, 
P,,=M,+N,+ W, Po, — M4- N3-W, 
P..=M.--LN+W, PQ-MQN. ` 


Here M is the “ power " —(focal length)! of AB, and M, is 
the power of AB for the flare spot when AB is used alone, and 
N and N, are the corresponding powers of CD. Also W— —2 
(1/b+1/c). Each radius is counted positive when the corre- 
sponding surface is convex. Following the rule of the prac- 
Иса] opticians, the focal length of а converging lens is counted 
positive. 

If each of the two lenses 13 а converging meniscus, M, M,, 
N, N, are positive, and W is also positive if the concave sur- 
faces face each other. In this case the system has a positive 
power for each of the six flare spots, and thus six real flare spot 
images of a real object can be formed. “ Periscopic " spec- 
tacle lenses are convenient for the experiment. The values of 
the five quantities M, M,, N, N,, W are found by experiment, 
and the six powers Рьс, &c., are calculated from them. The 
values are found to be in good agreement with the six powers 
found when the complete system of two lenses is used. 

If a suitable converging lens is placed between the two 
meniscus lenses, the 15 secondary images are easily seen. 


(“ Proc.," Cambridge Phil. Soc., Vol. XVII., p. 205.) 


9. Determination of the Effective Aperture of а Photographic 
Lens.* 


The stops of а lens are marked wrth such symbols as //8. 
The symbol //8 means that the effective diameter of the stop is 
one-eighth o£ the focal length of the lenssystem. The effective 
diameter of the stop is not the diameter of the hole in the dia- 
phragm, but is the diameter of that incident beam ot rays 
parallel to the axis which in its passage through the system 
exactly fills the opening in the actual diaphragm. 

When the stop is placed in front of the lens system, its 
effective diameter is simply equal the actual diameter of the 
stop itself. 

In most cases the stop Sis placed between the components of 
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the lens system. Let T be the image of S formed by the front 
lens Г. Then S is also the image of T, and a ray, RQ, which 
before incidence on L is parallel to the axis, and is directed to a 
point, Q, on the edge of T, will, after passing through L, pass 
through P, the corresponding point on the edge of S. Hence, 
the distance of RQ from the axis, and, therefore, the radius of 
T, is equal to the effective radius of the stop. 

The effective diameter may be measured by a microscope 
mounted on a sliding carriage. The axis of the microscope is 
parallel to the axis of the lens system, and the carriage moves 
at right angles to that axis. The microscope is focussed 
through the lens L upon the stop, and the diameter of the 
image T is measured by aid of the sliding carriage. 

If a point source of light is placed at that principal focus, Е, 
of the system which lies on the photographic plate when distant 
objects are in focus, the rays from this source will, after passing 
through the system, form a parallel beam. Ш this beam is 
received on а translucent screen, A, placed in front of Г, th» 
diameter of the luminous patch is the effective diameter of 
the stop. 

Since an infinitely small source cannot be obtained, a cor- 
rection becomes necessary. 

In practice, a small hole of diameter h in а metal plate in the 
focal plane is illuminated by a flame to serve as the source of 
light. If the diameter of the bright patch on the translucent 
screen 13 c, then the effective diameter а of the stop is given by 


а=с— х1; }, 


where f is the focal length of the complete lens system, апа z 
is the distance of the image T from the matt surface of thé 
screen. The distance z is measured by aid of the microscope 
and sliding carriage, the axis of the microscope being now 
parallel to the direction of motion of the carriage. 

The determination of z may be avoided if two holes of dia- 
meter h,, A, are used, the corresponding diameters of the 


bright patch being c,, с. Then 


= EE | 

c,—a h, 
h,(c,—c 
whence a=c,— iei 63d 
h,—h, 


(“ Proc.," Cambridge Phil. Soc., 1915.) 
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10. The Comparison of Nearly Equal Resistances. 


Four resistance coils A, B, C, D, are arranged to form the 
four sides of a Wheatstone’s quadrilateral. The coils С, D are 
approximately equal, but, as their ratio is eliminated, it is not 
necessary to know it. A balance is obtained by shunting A, B 
with large resistances a,, bj*. The coils A and B are then 
interchanged, and a fresh balance is obtained by shunting them 
witha, and b,. Then 

1,1 b. 
(ore D(g*, ) 


JE 


Hence 
ан 


In practice, А is so nearly equal to В and С 13 so nearly equal 
to D that a,, а, b,, b, are verv large compared with А and В, 
and the arithmetic means may be used instead of the above 
geometrical means. Then 


Laer 


which gives B in terms of А when the shunts are known. The 
details of a complete intercomparison of four coils are given. 


(* Pree.,” Cambridge Phil. Soc., Vol. XVII., p. 340.) 


ABSTRACT. ° 


The following experiments were shown :— 

1. Harmonic motion of a rigid body suspended by a torsion wire. 

2. Determination of gravity by a rigid pendulum. 

3. Determination of Poisson's ratio for indiarubber. 

4. Two methods of measuring the surface tension of spherical soap 
films. 

5. А simple viscometer for very viscous liquids. 

6. Experiments with à prism of small angle. 

7. Revolving table method of determining the curvature of 
spherical surfaces. 

8. Experiments illustrating flare spots in photography. 

9. Determination of the effective aperture of a photographic lens. 

10. The comparison of nearly equal electrical resistances. 


* ]t is not necessary, as a rule, to shunt both A and B, but it is simpler to 
suppose them both shunted in deriving the formula. ИВ is not shunted the 
value of b is infinite. 
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DISCUSSION. 


Mr. DUDDELL complimented Dr. Searle on the simplicity and ingenuity 
of the arrangements. Some apparatus of the older style was so com- 
plicated that students took longer to understand the apparatus than to 
understand the principles it was intended to illustrate. 

Principal SKINNER mentioned that he had once determined Poisson’s 
ratio for cork in a simple manner with an old champagne cork. From 
the markings of the cork the length and diameter of the compressed 
portion could be found. The cork was then boiled to restore it to its 
original ‘shape, and from its change in dimensions one could determine 
Poisson's ratio roughly. 

Mr. Е. E. SMiTH associated himself with Dr. Searle's remark that 
«mall corrections constituted the fun of physics, in addition to being, 
very often, of fundamental importance. He hoped that when Dr. 
Searle had finished his other press work he would turn his attention to a 
book on practical physics. 

Mr. S. D. CHALMERS thought the experiment shown with the small 
prism brought out very clearly the connection between & prism and a 
lens. In practice, when measuring the aperture of a photographic lens 
it was not convenient to use а large hole as done by Dr. Searle, as the 
mount cut off some of the sloping rays, and one had to do the best pos- 
sible with & small hole. 

Dr. RvssELr said that personally he was much indebted to Dr. Searle, 
who had given him valuable assistance many times in the past. 

Dr. SEARLE thanked the various speakers for their remarks. 
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IX. The Vacuum Guard Ring and tts Application to the Deter- 
mination of the Thermal Conductivity of Mercury. Ву Н. 
REDMAYNE NETTLETON, B.Sc., Assistant Lecturer in 
Physics at Birkbeck College. 


1. Introduction. 


DURING a research recently described before this society on 
the thermal conductivity of mercury by a method of impressed 
velocity, the author had occasion to employ a wide vacuum- 
jacketed tube. (“ Proc." Phys. Soc., London, Vol. XXVI., 
December, 1913.) Though the tube was unsilvered and un- 
protected by any non-conductor of heat, the reduction of 
emissivity loss was so marked that calculation showed the 
possibility, in spite of the relatively small value of the conduc- 
tivity of mercury, of obtaining, within a similar vessel in which 
the mercury was at rest, a temperature gradient sufficiently 
constant over a range of several centimetres to enable a direct 
determination of the thermal conductivity to be made. 

The chief disadvantage of the ordinary guard ring lies in the 
uncertainty of the area from which the heat is collected, an 
uncertainty which becomes more pronounced if means other 
than the ice calorimeter be employed to measure the quantity 
of heat transmitted. The efficient substitution of a vacuum 
for a guard ring would remove the objection and open up the 
way for further development of both electrical and continuous- 
flow methods of calorimetry. ‘ 

The measurement, by the steady flow of water, of the quan- 
tity of heat transmitted by conduction was first carried out by 
Callendar and Nicolson (“ Proc.” Inst.C.E., 1898) in their 
experiments on a cast-iron bar. Consistent results were ob- 
tained, and the calorimetry was very satisfactory, but the 
temperature gradient down the bar being far from linear its 
value near the entrance to the calorimeter, where some dis- 
tortion of the isothermals is likely, had to be deduced by inter- 
polation, Again, Searle (^ Phil. Маг.” Jan., 1905, p. 125) 
has used the continuous flow method in his elegant laboratorv 
apparatus for the determination of the thermal conductivity of 
copper. The bar being some 4 cm. in diameter and well pro- 
tected by non-conducting material, the assumption is made 
that the temperature gradient is sufficiently linear to allow a 
measurement of it to be made from two thermometers 7-5 cm. 
apart. ‘The thermal conductivity of mercury, however, is 
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only about one-fiftieth that of copper. None the less it is 
shown below that by virtue of the vacuum surrounded with 
cotton wool the heat lost in a length of some 12 cm. must be 
a negligible fraction of the quantity of heat transmitted. 


The measurement of temperature gradient can thus be very- 


accurately effected with the aid of a single thermo-junction 
carried by a cathetometer, and at the same time the horizontal 
nature of the isothermals can be readily demonstrated, while 
the quantity of heat transmitted by conduction can be 
measured by а modification of Searle's method. 

The determination of the thermal conductivity of mercury 
by а method so direct and simple when once the vacuum 
vessel has been constructed would seem warranted by the great 
difference in the values obtained by different experimenters for 
a substance for which the other constants are known to a par- 
ticularly high accuracy. 

It is hoped that the usefulness of the vacuum guard ring will 
not be limited to the case of mercury, for it is possible that it 
may afford useful information with respect to the relative 
conductivities of other liquids ; more particularly experiment 
indicates that it is likely to prove useful for determining the 
thermal conductivity of metallic solids. 


2. Description of Apparatus and Method of Experimenting. 

(a) The Vacuum Vessel.—The specially constructed vacuum 
vessel is seen at V in Fig. 1. The inner tube is of uniform 
cross-section about 4-9 cm. in diameter and 40 ст. long. The 
outer tube, about 20 cm. long, is sealed at both its extremities 
to the innerone. Thus, there is no free end, as in an ordinary 
vacuum vessel, to permit of differences of contraction on cool- 
ing between two portions, but some elasticity 13 afforded by 
making the outer vessel concertina-shaped or corrugated. 
Owing to this double sealing, combined with the large width of 
tubing, some difficulty was experienced in obtaining such a 
vessel, which was at length supplied to the author from 
Germany early in 1913 by Messrs. Müller, Orme & Co. The 
vessel is silvered, and was exhausted to a high standard on a 
Gaede molecular pump. 

The part of the inner tube not vacuum-jacketed is fitted 
with a long and annular heater, A. The lower part is fitted 
with a wide rubber cork, R, which carries the heat collecting 
spiral of copper 8 wound round the turned-down portion of the 
brass disc D. This disc, which was supported on the rubber 
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cork by а piece of ebonite let into both, was of a diameter 
slightly less than that of the inner tube of the vacuum vessel, 
and was filed in one place to permit the thermo-electric carrier 
tube T to pass it; it serves to collect the heat with a minimum 


N 


[d ЕЯ 
E ee 


— 


Еа. 1, 


of convection, and at the same time provides a horizontal 
surface approximately isothermal. Both the brass disc and 
copper spiral were insulated with enamel to protect them from 


132 МВ. Н. В. NETTLETON ОХ А 


the action of the mercury. The cork В was well secured bv 
letting first seccotine and subsequently club enamel down on 
to the edges of it by means of a glass tube passing through the 
filed cavity in the brass disc. The vacuum vessel thus adapted 
for experiment was supported within the specially constructed 
box B fitted with levelling screws and made in two halves 
which could be locked together. The portion of the tube 
vacuum-jacketed was well wrapt round with cotton wool and 
filled the rest of the box. 

The essence of an experiment is to fill the vacuum vessel 
with mercury, heat it at the top by circulating steam or other 
vapour through the annular heater А, determine the tempera- 
ture gradient in the vacuum-jacketed portion vv, and measure 
the quantitv of heat transmitted downwards by determining 
the difference of temperature between water entering and 
leaving the copper spiral. The mercury was covered with a 
layer of tar which effectively damped vibration, and greatly 
added to the steadiness of the temperature conditions obtained. 
Corks, M and N, closed the vacuum vessel and annular heater 
respectively, at the same time permitting the movement of the 
carrier tube T. 


(b) The Calorimetry.—The calorimetry was effected with an 
iron-constantan thermo-couple giving 44.2 micro-volts per 
degree Centigrade, and situated at H and C. Early experi- 
ments showed differences of 34 per cent. in the value obtained 
for K, the thermal conductivity of mercury depending upon the 
magnitude of the water flow. Аз the limitation of the method 
was thus found to lie in the calorimetry great pains was taken 
to improve it. Аз now arranged the calorimetry, although 
still limiting the method, is consistent to about 1 per cent. The 
chief difficulty encountered in continuous flow calorimetry lies 
not so much in diminishing loss of heat by radiation as in 
ensuring the proper mixture of the outflowing water, for it is 
necessary that the higher steady temperature registered 1s the 
true average temperature over a cross-section of the warmed 
water. The vertical portion of the copper spiral is undoubtedly 
helpful in attaining this object, but further great improvement 
is effected in the following manner: The glass tube O holding 
the warm junction was plugged at its upper extremity with 
copper foil through four or five narrow channels in which the 
water was compelled to flow; close underneath the common 
outflow was the warm junction insulated and subsequently 
tipped at its head with copper foil, the head thus closely fitting 
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the glass tube. This arrangement proved very satisfactory, 
and probably the limit of accuracy in the calorimetry ів deter- 
mined by the conduction of heat across the rubber cork from 
the hot to the cold stream. The flow of water which was air- 
free by exhaustion was controlled by a constant head of suffi- 
cient height to force it through the fine channels in the copper 
foil, and through a greater resistance consisting of a drawn out 
capillary of glass, the height of which could be varied. The 


Fic. 2. 


constancy of temperature of the inflowing water was much 

improved by passing it through a “ condenser ” consisting of a 
copper tube surrounded by a wider glass tube which extended 

well up the inlet tube I. (Fig. 1), and conveyed ordinary tap 

water, which in time became very steady. 

(c) The Measurement of Temperature Gradient and the Cold 
Junction Thermostat.—The measurement of the temperature 
gradient within the portion of the mercury protected by the 
vacuum was effected by a single insulated iron-constantan 
thermo-junction. The thin insulated wires were contained 
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within the straightened vertical glass carrier tube T (Figs. 1 
and 2), of less than 6 mm. diameter, and were fused through the 
glass at a (Fig. 2) with inappreciable external distortion, the 
wires from а to the junction b being close together, and in the 
same horizontal plane. The length ab was such that when the 
tube T was resting against the inner wall of the vacuum vessel 
the point 6 would just reach the centre of the latter. The 
thermo-electric carrier tube T was carried by the cathetometer 
K (Fig. 1), specially fitted with complete translational and 
rotational adjustments. The thermo-junction could thus be 
raised or lowered vertically through any measurable distance 


or rotated over a horizontal cross-section til the point b 
touched the walls of the vacuum vessel. 

It wil be seen that it is often necessary to maintain the 
other or "cold junction " of this circuit used for measuring the 
gradient at a steady temperature near the lower limit of the 
range measured by the hot one. The thermo-electric 
‘thermostat " seen in Fig. 3 proved very efficient, the tem- 
perature certainly remaining constant to within 0-01°C. over 
the time of each independent experiment. A is a large outer 
vessel surrounded with cotton wool, and containing the 
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Dewar cylindrical vacuum vessel В, supported on а cork as 
shown. The thermo-junction is enclosed within the small 
glass tube C containing paraffin oil, and passing through the 
cork D. А and B are filled with water to the levels shown at а 
temperature approximate to that required, the water in B 
being covered with a layer of Fleuss pump oil. T, and T, are 
thermometers reading to 0-1?C. 8 is а coil of thick con- 
stantan wire lying between B and the walls of А. Ву passing a 
suitable current through S the temperature of the thermo- 
meter T, can be kept approximately constant at the desired 
value. When steady T, is observed at intervals of one hour or 
80, and the current, if necessary, is raised or lowered by means 
of a step rheostat. By this means, the mass of water being 
large, T, usually keeps constant to 0-1°C., showing that though 
the temperature may vary somewhat in different parts of А the 
temperature at any one place changes very slowly. The small 
temperature oscillations in А, however, are so damped by the 
vacuum that change of temperature in T, can often not be 
detected for hours. T, is uaually about half à degree below 
T,, and very uniform throughout its mass. This arrangement 
is not only useful for holding a “ cold junction," but may be 
used as a constant temperature source when calibrating 
thermo-couples in micro-volts per degree or when main- 
taining sodium sulphate at its transition point. With practice 
it can be very readily adjusted. 

(d) Method of Comparing the Two Fundamental Temperature 
Differences. —Experiment shows that the temperature gradient 
within the portion of the mercury which is vacuum-jacketed 
may be regarded as constant. Let А be the effective cross- 
section of the vacuum vessel, and 9 the rise of temperature in 
aspace of 1 cm. Let 9 be the difference of temperature on the 
same scale between the inflowing and outflowing water, the 
rate of flow being m grams per second. Then, taking the 
specific heat of water as unity we have for K the thermal con- 
ductivity of mercury : 

КАф=тб, , 

ог, K=m/Ax 0/9. 

The ratio of two temperature intervals is thus required. 

Now, as the relation between temperature and Е.М.Е. is very 
strictly linear for the iron constantan couple over the operative 
range 15°C. to 45°C., and as over this range the micro-volts per 
degree for both the calorimetric and gradient thermo-couples 
were found to agree to 1 part in 650, it is clear that it is only 

VOL. XXVIL. K 
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necessary to compare the Е.М.Е. given by the two sets of 
couples. For this purpose both deflection and potentiometer 
methods were employed each having its special advantage. 
While employing the deflection method the resistances of 
the two thermo-couples were adjusted to equality by suitably 
choosing the position of join of the two constantan wires of the 
calorimetric couple. This could be easily effected to an accu- 
racy of 0-01 ohm and tested at any moment, and as an addi- 
tional 30 to 50 ohms was always in circuit with the couples and 
galvanometer, change of resistance with rise of temperature 
on moving the gradient thermo-junction was quite negligible. 
The deflection produced by each circuit on inserting the proper 


e Volts 


О to 10,000 Ohms. 
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plug key was then proportional to the temperature interval. 
This was carefully verified directly by testing both couples 
simultaneously for one and the same temperature difference. 
While the deflection method was very rapid and sufficiently 
accurate for experiments on the conductivity of mercury, 
yet, owing to the necessary limitation of the galvanometer 
scale, it was found inferior to the potentiometer method when 
attempting to test the exact nature of the temperature gradient 
or when measuring temperature differences directly in degrees 
Centigrade. In the absence of a potentiometer suitable for 
thermo-electric work, the arrange:nent shown in Fig. 4 was 
found very satisfactory. Briefly, the E. M.F. of either thermo- 
couple could be balanced against that across a standard ohm 
in series with an accumulator and a standard box of 0 to 
10,000 ohms fitted with a dividing plug. The reciprocal of 
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the total resistance needed for a balance is, therefore, propor- 
tional to the temperature interval being measured as long as 
the total external voltage remains constant. This voltage 
can be measured in à moment by dividing the standard box 
into two portions, one of 5,000 ohms and the other slightly less, 
and such that the E.M.F. across it exactly balances that of a 
standard cell. The micro-volts given by either couple, and 
hence the interval in degrees Centigrade, can thus be easily 
calculated if required. А slight simplification of the connec- 
tions reduces them to those necessary for the deflection method. 
Typical results illustrative of both methods are given in the 
next section. Precisely the same arrangement served for 
measuring in degrees Centigrade the difference of temperature 
between the inflowing and outflowing water in the experi- 
ments on the electrical supply of heat to the vacuum vessel, 
which are described in section 4. | 
Every саге was taken to minimise local thermoelectric 
effects. All four joins of iron to copper wire were in small 
tubes side by side contained within a large test tube holding 
paraffin oil, and immersed in а Newton's annular cooling 
calorimeter filled with water, an arrangement which in pre- 
vious work had proved satisfactory. Brass plug keys for 
joining copper wires were tested, and found suitable both 
from the thermoelectric and resistance standpoints. The keys 
should be large, and the plug holes well away from the copper 
joins. Both couples registered satisfactory zeros when the hot 
and cold junctions were placed side by side in the same stirred 
water, while the slight disturbance which was caused by delib- 
erately touching the kevs with the hand at the join of the two 
metals quickly subsided on removing the fingers. Repeatedly 
remo ving and inserting the actual plugs caused no appreciable 
effect. Joins of copper, brass and manganin can easily be 
rendered thermo-electrically safe, but with other metals 
special care has to be exercised. 


9. Results of Experiments. 

(a) Horizontal Nature of Isothermals in Mercury.—1t will be 
seen from figures given in sub-section (b) below that a tempera- 
ture gradient of just over 3°C. per centimetre was obtained 
over a length of some 12 cm. when the vacuum vessel filled with 
mercury was heated at the top by steam. On rotating the 
thermo-junction over a horizontal section within this range 
there was no appreciable alteration of galvanometer deflection 


even when the junction was on the point of touching the walls,. 
K 2 
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and the protruding wires were lying along the side of an in- 
scribed hexagon. The only exception to this is to be found in 
the 2 cm. immediately above the disc D at the lower “ end ” of 
the column. This is illustrated by the figures in the next 
column, which show that the distortion is of an unsymmetrical 
character, and accounts for the slightly greater value of the 
temperature gradient seen in Tables III. and IV. of sub- 
section (b) in the same region. 

TABLE I.—Showing Nature of Isothermals. _ 


Relative Temperatures with thermo-junction 


| 
Cathetometer lying at the positions :— | 
reading. о 
| | ExtremeJeft. | ^ Middle. ^ | Extreme right. 
65 22-20 | 21-78 | 
66 9-30 9-05 
67 —3-60 —3-51 
68 —16-20 


— 16-20 


Thus, in the short space of 2 ст. the horizontal surfaces 
have become appreciably isothermal. А perhaps equally 
rigorous proof of this is afforded by the fact that repeated 
measurements of temperature gradient made over ranges of 
7 cm. or 8 cm. іп the middle of the vessel never differed by so 
much as 1 part in 500, whether the thermo-junction was moved 
vertically through the middle of the column or when almost 
touching the walls. 

(b) The Linear Nature о] the Temperature Gradient in Mercury. 
The first experiment pertormed with the apparatus at once 
revealed the linear nature of the temperature gradient. Boil- 
ing alcohol was used to supply the heating vapour, and no tar 
was covering the mercury surface. Deflections on the galvano- 
meter scale are proportional to temperatures, the actual tem- 
peratures at the cathetometer positions marked 66 and 77 
being approximately 23-4°C. and 46-2°C. respectively. 

TABLE II.—Showing Relative Temperatures at Definite Cathetometer Positions 
by the Deflection Method. 
Cathetometer 


Cathetometer | 


| А ; Differences 
| reading. Deflection. reading. Deflection. per 6 om. | 
| 65 | 2335 71 825 | 150 ` 
66 20-88 72 5-68 15-20 
67 | 1842 73 3-08 15-34 
| 68 15-88 74 0-68 15.20 
| 69 13-35 75 — 1:93 15-28 
| 70 10-75 76 —4-45 15-20 
71 8-25 77 — 7:00 15:25 
72 5-68 78 —9-25 14-93 
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This result obtained by the deflection method was more than 
confirmed when the potentiometer method illustrated by the 
connections in Fig. 4 was employed. Table III. gives the 
figures for. an actual experiment, the reciprocal of the total 
ohms needed for a balance being proportional to the difference 
of temperature between the hot and cold thermo-junctions. 
The surface of the mercury was covered with tar and steam was 
used as the heating vapour. The cold junction in the thermo- 
stat was at 25-43°C., the accumulator was balanced for the 
Weston cell at 4,848 ohms (viz., 4,846 ohms before the first read- _ 
ing and 4,850 ohms after the last one), and hence at any position 
of the hot junction where R is the total number of ohms needed 
for a balance the actual temperature in degrees Centigrade is 
given by :— 

106 9,849 1 


x 


9=25-43- W x 44-9 4848 E 


where W is the E.M.F. of the Weston cell. Thus, the actual 
temperatures: at cathetometer positions 67 and 76 are 36-61°C. 
and 64°69°C. respectively which give for the mean value of 
temperature gradient a value of 3`12°С. per centimetre. 
In the table below, however, it suffices to give actual readings 
and relative temperatures :— 


TABLE III.—Showing Relative Temperatures at Definite Cathetometer Positions 
by the Potentiometer Method. 


Cathetometer Total ohms for | Recripocal of ; Differences 
position. ‹ balance. total ohms x 10' ое рег 6 ст. 
—ДЙ | cr 


The closeness of agreement between the figures in the last 
column is in part accidental, as the decimal places for the total 
ohms in the cathetometer positions 74 to 76 were obtained by 
proportional deflections, and for the other positions the balance 
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was only found to the nearest ohm. Apart from this each 
balance was very definite, and there is no doubt that the 
cathetometer can be set to an exact whole centimetre division 
with a greater accuracy than fractions can be read by the 
vernier. A repetition made two days later again gave remark- 
able closeness. The actual figures of this experiment are 
tabulated below :— 


TABLE IV.— Relative Temperatures at Cathetometer Positions. 


| 'Cathetometer! Total ohms for, Reciprocal of , | Differónees: | Differences 
position. balance. total ohms x 107, рег 3 ст. | 
66 | 7301 ‚ 1,389-7 D aa. | 
67 | 4.90 | (2,404 6707 E 
68 | 3,693 2,107.8 667-4 sis 
69 2,961 — 33772 | 6694 | 2,008 
70 (2473 | 4.0437 | 6665 2.003 
71 , 24220 4,7125  . 668-8 2.005 
72 1,858-6 5,3804 | 66759 2,003 
| 73 | Omitted not | observed. | ii EN 
74 1,488-1 6,720-0 669-8 2.008 


The linear character of the temperature gradient was also 
seen in the direct experiments on the thermal conductivity of 
mercury described in the next sub-section. It would seem that 
by moving the thermo-junction, say, from position 67 to posi- 
tion 76 the temperature gradient can be measured to an accu- 
racy ap proaching 1 part in 1,000. 


(c) Determination of the Thermal Conductivity of Метситу.— 
À typical experiment using the deflection method is given 
beluw, the order being as follows : At an exact minute a weighed 
flask was placed in position to receive the outflowing water. 
The deflection in the calorimetric circuit corresponding to the 
difference of temperature between the inflowing and outflowing 
water was then observed. The temperature gradient was next 
measured by raising the thermo-junction, readings being 
usually taken at every half-centimetre between the catheto- 
meter positions 67 and 70-5. The calorimetric deflection was 
again observed, and the flask removed at the next available 
whole minute. Тһе temperature of the room was then re- 
corded as well as the approximate temperatures of the hot and 
cold water, as read by thermometers lying ш the inlet and 
outlet tubes I and O of Fig. 1. All readings could be made in 
an interval of 15 minutes. 


VACUUM GUARD RING. . 141 


TABLE V.—T'ypical Deflection Experiment on the Thermal Conductivity of 
Mercury. 


a Measurement of temperature gradient. 


^ : | | 
е" | Deflection. | — i dan , Deflection. Difference. | 
| 67-0 15-02 69-0 — 375 | 18:77 
67-5 10-26 69-5 — 834 18-60 
68-0 5-54 70-0 —13-12 18-66 
| 68-5 0.90 =| 70-5 | 17-87 18.77 | 
Mean difference, 18-70. 
ф= Difierence per centimetre, 9-35 
В other measurements. 
"Initial calorimetric deflection .............. ee 21.05 
Final calorimetric deflection ......................... 21.12 
Mean value of Ө .................. eee 21.09 
Temperature of inflowing water ..................... 17-1?C. 
Temperature of outflowing water ................... 24.1°С. 
Temperature Of гоп... еее eee 20-3°С. 
Temperature of “ cold junction " .................. 35:68°С. 
Area of cross-section of mercury..................... 18-47 sq. em. 
Magnitude of flow of water ........................... 0-160; gins. per sec. 
0-1605 21-09 
Whence = 


—— KX — 
18:47 9-35 
=0-01960 C.G.S. units. 


A typical potentiometer experiment is illustrated by the 
figures of Table VI. :— 


TaBLE VI.—T'ypical Potentiometer Experiment. 


Initial calorimetric balance ........................... 10,670 ohms. 
Gradient balance at position 71 ..................... 2,103 ohms. 
Gradient balance at position 67 ..................... 4,406 ohms. 

Final calorimetric balance ........................... 10,700 ohms. 
Weston cell balance.....................- eee 4,853 ohms. 
Magnitude of water flow....................... ee 0-2400 gms. per sec. 
Gradient cold junction ..........................eeese. 25-70°C, 
Temperature of room ................ een 20-4?C. 
Temperature of outflowing water ................... 22-2?C. (approx.). 
Temperature of inflowing water ..................... 17:6?C. (approx.). 


]/ 1 1 
Whence ф the temperature gradient = ( ии ;) and @ the calori- 
4\2103 4406 


1 
metric difference = — —, giving К =0:0195, C.G.S. units. 
10685 


The mean value obtained for K the thermal conductivity of 
mercury as the result of 24 experiments under varying flows is 
0-0196, C.G.S. units, the range of temperature being 35°C. to 
45°C. No results have been rejected in this sequence. The 
highest value obtained was 0-0198, and the lowest 0-0194,, 
but 19 of the 24 values do not differ by as much as 0-5 per cent. 
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from the mean. The greatest flow of water employed was 
19-14 grams per minute, and the slowest flow 9-5 grams per 
minute. Tables VII. and VIII. below summarise the results 
of these experiments :— 

TaBe VIT.— Values of К by Deflection Experiments. 
di= approx. 


m=flow of | $5 fecti AR pss difference of 
water in fc By: Nis d a nec temp. between к | 
grms. per of calorimetric | de d per inflowing and | 
second. circuit, cm. о gra ient outflowing | 
oie water іп deg. С. | 
0-223, 16-16 10-08 5-5 0-0194, 
0-275, 13-28 10-06 4-7 0-0196 
0-160, 21-09 9-35 7-0 0-0196^ 
0-222, 16-31 9-92; 5-6 0-0197; 
0-275, 13-48 10-15 4-7 0-0198 
0-314, 15-14 13-03; 4.1 0.0197 
0-255, 18-28 | 12-84 4-9 0-0196 
0-212, 22-24 | 13-08 5:5 0-0196, 
0-210, 22-38 13-02, 5-5 0-0195. 
0-177; 26-19 | 12-88 64 0-0195, 
0-2600 18-64 13-32, 4-7 | 0-0196, 
0-237, 20-18 | 13-25 5-1 0-0195, 
0-206, 22-99 | 13:110 5-8 0-0195; 


TABLE УПТ.— Values оў К by Potentiometer Experiments. 
| $-—changeof dt=approx. 


| 
m=flow of | крики al recip. ohms difference of | 
water in ohms of cal. н | 
к рег cm. of temp. of hot K 
grms. per circuit dian Loci eut | 
ond. x 10r. | gradien and cold water 
| circuit x 107. in deg. C. | 
0-2400 | 935-6 621-2 4-6 0-0195, 
0-232, 1,026 660-2 5-1 | 0-0195, 
0-247, 986-9 | 6774 4-8 | 0-0195, 
0-319, 792-1 696-2 4-0 0-0196, 
0-183, 1,294 658-6 6-2 | 0.0195, 
0-217, 1,117 | 667-8 5:5 0-0196, 
0-214; 1,126 669-4 5-5 0-0195, | 
0-2550 939-8 | 663-0 4-4 0-0195, 
0-221, 1,070 | 6588 5-0 0-0194, 
| 0-168, 1,370 | 639-2 65 | 0-0195, 
0-158, 1,451 636-2 6-7 0:0195; 


Mean value of K=0-0195,. 


(d) Experiments on Temperature Gradient and Isothermals in 
Water.—Numerous experiments were performed on the tem- 
perature gradient and the isothermals in water, but it is perhaps 
out of place in this Paper to go into detail. Suffice it here to 
say that the gradient experiments confirm the efficacy of the 
vacuum guard ring. With respect to the isothermals in water, 
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they, too, are approximately horizontal over the cathetometer 
range 76 to 70, where very satisfactory measurements of tem- 
perature gradient can be made. But distortion of a non- 
symmetrical character is very pronounced in the neighbourhood 
of the collecting disc D (Fig. 1), and persists, though in gradu- 
ally diminishing degree, till the thermo-junction has been raised 
four or five centimetres. 


(e) Determination of Area of Cross-section of the Vacuum 
Vessel.—The mean area of cross-section of the operative part of 
.the vacuum vessel could easily be found to an accuracy of 1 
part in 1,000, with the aid of mercury and an electrical point 
contact carried by the cathetometer used previously for 
measuring the gradient. The vessel is remarkably uniform 
over the 12 ст. previously traversed by the thermo-junction, 
the mean drea of cross-section over any particular length of 
5 ст. taken not differing from that over any other similar 
length by as much as 1 part in 500. The mean area of cross- 
section at 20°C. is 18-74sq. cm. The cross-section of the 
thermo-junction carrier tube was 0-27 sq. cm., and hence the 
effective mercury area is 18-47 sq. cm. 


4. Electrical Supply of Heat to the Vacuum Vessel. 


During the tedious process of improving the calorimetry it 
was very useful to be able to supply to the vacuum vessel an 
amount of heat generated electrically at a rate approximately 
equal to that transmitted down the vessel when full of mercury 
and heated at the top by steam. By this means the constancy 
of the heat collected under different rates of water flow could 
rapidly be tested. Further, the better the design of the heater, 
from the point of view of preventing heat loss from the top of 
the vacuum vessel, the more valuable does it become as a check 
on the reliability of the continuous flow calorimetry. 

The heater (Fig. 5) consists of slightly less than 2 metres of 
thin manganin wire, gauge 34, wound as nearly as possible in а 
horizontal plane over fine saw cuts in an annular fibre frame, F, 
of about 4-2 ст. diameter. This frame is supported by а 
bridge and rod of fibre, the latter being let in to the cork 
cylinder C which was turned down till of a diameter such as to 
fit the vacuum vessel verv closely. The ends of the manganin 
heating coil were soldered to thin copper wires of gauge 32, 
which on leaving the frame were brought up along slits in the 
cork for about 10 cm., where they were again Joined to thicker 
copper wire of gauge 22, which led to the double terminals 
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T, T on the fibre handle. The cork cylinder C reached beyond 
the top of the vacuum vessel when the frame F was just 
touching the brass disc. The heating coil and leads, which 
were of about 16 ohms resistance, were insulated with two or 
three applications of club enam.l, and dried at a high tempera- 
ture by the electric current ; they were then varnished with 


velure and again dried. Thus treated the heating ccil could 
safely be immersed in mercury. 

When using the heater a little mercury was poured into the 
vacuum vessel till it covered the horizontal collecting disc 
(Fig. 1) to a depth of about 5 тт. The heater was then 
pushed down the vacuum vessel till the bottom of the fibre- 
ring lay on this disc, and displaced sufficient mercury to com- 
pletely cover the insulated coil. A constant current derived 
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from accumulators of 0°55 ampere as registered on а 0:0—0-6 
Paul ammeter was then passed through the heater, while the 
heat was collected and measured by flowing water. the same 
arrangement as in Fig. 4,serving to measure the difference of 
temperature. 

The heat generated by the electric current between the - 
terminals of the heater was measured to an accuracy of 0-5 
per cent., use being made of the copper voltameter, taking the 
proper precautions, to measure the value of the current, which 
would thus be correct to about 1 part in 500. The resistance 
of the heater and external leads were measured on a Post Office 
box on which they could be switched by the same key that 
broke the main current. The resistance of the heater between 
its terminals was found to be 15-93 ohms when cold and 15:95 
ohms when tested isntantly after breaking the heating current. 

It will be realised that the copper wires soldered on to the 
manganin coil were so chosen in gauge that while the heat 
generated in them electrically was small the heat conducted 
away by them was also inappreciable. It is easy to show the 
heat lost by conduction in an infinite wire of perimeter p and 
area of cross-section a in a uniform enclosure and dipping into 
à constant temperature source at U degrees above the enclo- 
sure is, when conveying electric current, less than a quantity 
H=UVEpKa calories per second, where E is the coefficient 
of emissivity loss and K the thermal conductivity of the wire. 
Moreover, U, the temperature of the mercurv laver touching 
the cork, can be roughly estimated from a knov ledge of the 
distance between the heating coil and the collecting disc and 
the value of the temperature gradient, known from the con- 
ductivity experiments, which will permit the passage down- 
wards of the heat generated and collected. In this way it 1з 
estimated that the heat lost per second by the two wire leads 
of gauge 32 is of the order 0-005 calorie per second, which is 
almost as great as that lost bv the entire cork protected by 
the vacuum jacket. The resistance of the leads within the 
terminals, but outside the mercury was 0-07 ohm, so that the 
rate of generation of heat within them is again 0-005 calorie 
рег second. It would seem likely, then, that there is a loss of 
quite 1 per cent. of the heat generated by the electric current 
bet ween the terminals of the heater. 

The following are some of the results obtained : А constant 
current of 0-546, ampere was passed through the heater of 
resistance 15-95 ohms between the terminals. The rate of 
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generation of heat, taking J at 20°C. as 4'180 joules, is thus 
1-139 calories per second. The heat collected is seen from the 
following table :— 


TABLE IX.—Showing Heat Collected by the Calorimeter from an Electrical 


Heater. 

m=rate оа flow of | 49 =щетр. difference — mxd@=quantity of | 
water іп grms. per between hot and cold ' heat collected per | 
second. water. | second. | 
| 0-3010 i 3-70, 1.116 | 

| 0-261, | 4-23, 1-105 
0-243. | 4-55, | 1-109 | 

0-242, 4-60. 1-115 
0-204, | 5-41, 1.108 | 
0-162, 6-83, | 1-107 | 


The mean of 12 consecutive experiments gives 1-110 calories 
per second as the rate at which heat is collected, which thus 
falls short of the heat generated electrically by just over 2-5 
рег cent. Estimating, then, 1 per cent. at least as the loss of 
heat from the top of the vessel—a loss of course, which does 
not enter into account in the main conductivity experiments— 
there would seem a possibility of an absolute error of 1-5 per 
cent. in the calorimetry of the method. But it must be 
realised that the electrical test, though interesting, and, per- 
haps, satisfactory, cannot be regarded as a rigorous electrical 
calibration of the flow calorimetry employed —for the small 
percentage of heat lost from the top is an uncertain quantity. 


5. Conclusion. 

The value of the thermal conductivity of mercury—viz.: 
0.0196, C.G.S. units over the range 35°C. to 45°C.—may be 
compared with the values obtained by other methods which 
are given in the table below :— 


. TABLE x. 
Experimenter. | _ Method, 7 Temp. | Value of К. 
H. F. Weber, 1880 Flat plate ........... eene |. 17°C. | 00162 
Angstróm, 1864... Periodic flow of heat ............ 50°С. | 0-0177 
Berget, 1888....... ' Ordinary guard-ring ............. 0°C.-100°C, 0-0202 
В. Weber, 1903... Electrical measurement of heat 0°C.-34°C. | 0-0197 
| The Author, 1913 Impress velocity ............... ' 155°C. + 0-0201 


The present result is thus confirmatory of the high values 
obtained by “steady state " methods, as against the much 
lower. but, perhaps, more usually accepted values obtained by 
the “ variable state " methods of Angstróm and H. Е. Weber. 
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The author's belief is that the thermal conductivity of mercury is 
not far below the value 0-020, and, if anything, slightly increases 
with the temperature between, say, 30°C. and 50°C. In view of 
the importance attached by such authorities as Lord Kelvin 
and Callendar to periodic flow methods, and in view of the fact 
that Angstrom’s experiments were performed as far back as 
1864, prior, that is to say, to the development of electrical 
thermometry of precision, it might seem desirable to repeat 
some of the older work, introducing modern improvements. 

Incidentally, the vacuum guard-ring has proved a success, 
and the accuracy with which temperature gradients can be 
measured within it would seem to warrant the development of 
a system of calorimetry better suited for measuring heat sup- 
plied at so small a rate. The other possibilities of such a 
guard ring have already been mentioned. 

The author would record his appreciation of the interest 
taken in his work by the Head of the Physics Department, 
Dr. A. Griffiths, who has been specially considerate in his 
endeavours to obtain forthe Author so much of the apparatus 
needed. 


ABSTRACT. 


A specially constructed vacuum vessel heated at the top by steam 
and cooled at the bottom by flowing water, is used to find the thermal 
conductivity of mercury. The vacuum acts as a guard ring, which is at 
the same time not open to the weli-known objection of communicating 
to the calorimeter a quantity of heat difficult to estimate. So efficient 
is the vacuum that the temperature gradient as measured by a single 
thermo-junction carried by a cathetometer is probably not in еггог to 
the extent of 1 part in 500. 

The calorimetry is effected by the continuous-flow method on the 
lines sugvested by Searle in his well-known laboratory apparatus for 
finding the thermal conductivity of copper. The rate of supply of 
heat, however, is only about 1 calorie per second, and the space in 
which it is desirable to collect it is necessarily somewhat limited. It is 
thus only after considerable trouble that the conditions have been 
obtained which yield a consistency of about 1 per cent. between experi- 
ments performed on different days or on the same day under varying 
rates of flow. The reliance to be placed on the calorimetry is greatly 
confirmed by a series of tests made with a specially-designed electric 
heater. The mean value obtained for the thermal conductivity of 
mercury in a set of 24 experiments is 0-0196, C.G.S. units over the range 
35°C. to 45°C. The remarkable linear nature of the temperature 
gradient obtained within the vessel, the cross-section of which was very 
uniform, over the larger range of temperature 35?C. to 65?C. would 
indicate at least that there is no diminution of thermal conductivity 
with rise of temperature. 

All temperature measurements were made with iron constantan 
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thermo-couples, special care being taken to eliminate local thermo- 
electric effects. А simple arrangement is described for keeping a 
“ cold junction " during the time of an experiment constant to 0-01?C. 
at temperatures above the rooin. 


DISCUSSION. 


The AUTHOR has communicated the following reply to points raised by 
various Fellows with whom he discussed the apparatus after the meeting : 
In general thermo-couples made of wires taken off the same reel do not 
agree closely in thermo- E.M.F. But junctions made of pure charcoal, 
iron wire and constantan taken off the same reels, the junctions being 
welded, and all other joints being twisted with pliers and immediately 
painted, agree with remarkable closeness, if the usual precautions be 
taken to quell local thermo-electric effects. 1 have tested at least six 
such couples, including the two pairs used in the research, which agreed 
at the worst to 1 part in 650. At Dr. Griffiths’ suggestion I calibrated 
prior to the meeting two more such couples between fixed points, obtain- 
ing to the nearest microvolt 1,427 and 1,428 microvolts between 0?C. and 
32-383'C., the transition point of sodium sulphate and 4.424 and 4,426 
microvolts respectively between 0°С. and 99-64"C. Dr Griffiths and 
others witnessed the definiteness of the balances on the Cambridge thermo 
electric potentiometer. I have just discovered that Palmer (* Phys. 
Review," XXL, 1905) records similar agreement. Unfortunately, 
constantan is a very uncertain material. being known under various 
names, such as advance, climax, eureka, the small change in percentage 
composition causing large effects in the thermo-electric properties; a 
previous specimen I tested gave 50 microvolts per degree Centigrade. I 
regret I can form no estimate of the small quantitv of heat lost per 
second from the sides of the vacuum vessel. While the experiments on 
water greatly confirm the efficacy of the guard-ring no concrete conclusion 
can be drawn from these. for it is impossille to say how much of the slight 
fall in temperature gradient is due to einissivitv, and how much due to 
the rise of thermal conductivity of water with fall of temperature. 
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X. Practical Harmonic Analysis. By ALEXANDER RUSSELL, 
M.A., D.Sc. 


RECEIVED NovEMBER 30, 1914. 


Introductory. 


Ir the value of a function, f(x), recur over successive intervals, 
. A, of the variable z, so that the equation f(z-|-n4) —f(z) is true 
for all integral values of n, then Fourier showed that we may 
write 
{(x)=ao+ a, cos (2x/2)z4-a4 cos 2(2x/A)z4- ... 

+b, sin (2л//)х- 6, sin 2(2n/A)r4- ... (1) 
where ао, @,, bi, . . . are constants which he expressed in the 
form of definite integrals. [See (2) given below.j He pointed 
out* that these coefficients were as real constants of a periodic 
curve as, for instance, its area or its centroid. Even when we 
neglect the higher harmonics in (1) it is advisable to use the 
Fourier values of the coefficients, as it is known that, assuming 
the ordinary law of probability, these values make the sum of 
the mean squares of the errors a minimum. 

In the “ Philosophical Magazine " for August, 1874, р. 95, 
J. O’Kinealy showed how the theorem (1) quoted above follows 
at once from the ordinary symbolical methods used in solving 
differential equations. | 

Taylors theorem for the expansion of a function of two 
variables may be written as follows :— 


0 
К+ 2) = ёа), 
where ¢ is the base of Napierian logarithms. Hence, we may 
write the equation /(z+-4)=/(z) in the form 


A. 
(= cx—1)f(x)=0. 
Regarding this as a differential equation, the roots of the 
auxiliary equation are given by 
ЕАР=1, 


where p has been written for 09/05. Now, by De Moivre’s 
theorem, 


gNmz/A — eos 2ma--esin Этл=1, 


Where г stands for /—1. Hence р=т(2л/1)ь, and m can have 


bá Joseph Fourier, ** Theory of Heat," Freeman's translation, p. 198. 
ТС. H. Lees, '* Proc." Phys. Soc., London, Vol. XXVL, p. 275, 1914 
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any positive or negative integral value. Therefore, by the rules 
given for solving differential equations, the general solution is 


f(x) —ag4-a,' = "А-а "10 "mew 
Ье Lb e IA b fi 
—4a94-a, cos (2zx/4)z4-a, cos 2(2x/4)z4- . . . 
--5, sin (2zx/2)z4-b, sin 2(2z/A)z4- . . . 
And if f(z) be real, the constants are all real. It will be seen 


that this is Fourier's theorem. Fourier also gave the following 
exact mathematical values for these constants :— 


аа frs a, 2] П) cos n( 7 Jos 
Aid b=) а) sin (22°) е ko uU od desde BE 


The integral for b, was previously given by Lagrange.* When 
we know the mathematical expression for f(r), approximate 
numerical values of the constants can generally be determined 
without much difficulty. 

In certain cases when the function is discontinuous diffi- 
culties arise in interpreting the meaning of the results obtained 
at the points where discontinuities occur, but this, although a 
point of great interest to the mathematician, does not affect the 
practical usefulness of the theorem and so we do not discuss 
it here. 

In engineering practice we are, as a rule, given the graph of 
f(x), and we have to determine the constants ао, a,, b,, . . . 
The value of ао can be found at once by finding the area 


А 
| Кт)0х and dividing bv А. The area must be determined by 
= <9 


some method of mechanical quadrature, several of which are 
in everyday use. It is to be noticed that this gives us an 
approximate value of the integral. In one method a certain 
number of ordinates are measured and the integral is expressed 
in terms of them. In exactly the same way we can find the 
values of a, and б, in terms of certain selected ordinates of the 
curves 
y=f(x) cos (27/4) and y=f(x) sin n(2z/4)x 

respectively, it being unnecessary to draw the graphs of these 


* See Todhunter's “ Integral Calculus," Chap. XIII. 
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curves, as the values of the ordinates can be found at once 
bv multiplying /(z) by the required cosine or sine coefficient. 
Before showing the best way of doing this, we shall give а brief 
résumé of the methods ordinarily employed. 


Practical Methods. | 


^ There are three typical methods used in everyday work. In 
the first method all harmonics the order of which is higher than 
some value л are neglected. In this case the equation y=f(x) 
contains 2n-+ 1 constants, and so we require to know the values 
of at least 2n+-1 ordinates in order to determine the constants. 
We get 2n+ 1 equations of the form 


у, =A +a, cos (2z/2)z,4-a, cos 2(2z/A), . . . 
+b, sin (2z/4)z,4-b, sin 2(2n/A, . . . 


And many methods* have been given for lightening the labour 
involved in solving these equations for ао, a,,5,, . . . andso 
finding the equation to a curve у=/(х) having the same 2n+ 1 
ordinates as the given curve. 

C. Е. Gauss (“ Werke," Vol. II., p. 281) showed how we 
could write down the required equation at once in the following 
form 


_ 8m l(z—2z,)sin 4(z—2,) . . . sin (2—21) 
Ут sin 4( 2—1.) sin j(z,—23) . . . sin lz,—2544) 
sin 1z—2z,)sin 1(z—25) . . . sin $(—Lon4 4) 
ЕЕ и о ых abr I тео 
sin 3(z,—2,) sin (z,—275) . . . sin (72—41) 
rp" - cM 
where z,, Zo, ... are the absciss:e corresponding to the 


ordinates ¥,, у)... 

To prove (3) it is sufficient to notice that when z—z,, y=y,, 
when r—z,, Y=} &c., and that the coefficients of у, Yo, . . 
when expanded contain only sines and cosines of integral 
multiples of x which are not greater than n. 

It is, however, laborious to find the coefficients of cos тх 
and sin mz from (3), and thus the theorem is not of much use for 
harmonic analysis, although it is of value in interpolation. 

Apart altogether from the labour involved in the above 
group of methods, a serious drawback is the lack of any 


* F. W. Grover, Bureau of Standards “ Bull," 9, p. 567, 1914. For 
Runge's method, see Gibson's ‘‘ Introduction to the Calculus," Chapter XI. 
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indication as to how far the calculated values of the harmonics 
‘differ from their true Fourier values. If n is large it is probable 
that the values of a, and bw found in this way are approxi- 
mately correct when m is small; but if m be equal or nearly 
equal to п it is highly probable that the values are quite 
different from the Fourier values. 

In the second method an attempt is made to determine the 
values of the definite integrals given in (2) by mechanical 
quadrature. For this purpose we have found that Weddle’s 
rule, which we discuss below, is the most suitable. One of its 
advantages is that the value of the amplitude and phase of any 
given harmonic can be determined separately from the other 
harmonics to any required degree of accuracy. The lower the 
order of the harmonic the less is the arithmetical labour 
involved in finding its value. 

In the third method certain infinite series are obtained con- 
necting the values of the Fourier constants, the orders of which 
are odd multiples of п. When the harmonics diminish rapidly 
in value this method is a simple and easy one.* 

We show below how to obtain many other series of a like 
"nature, the use of which extends the range and increases the 
accuracy of the method. 

The final conclusion we arrive at is that the method of 
evaluating the Fourier integrals by mechanical quadrature is 
by far the best. The series formule, however, are of value, 
especially as supplementary aids in checking the computed 
results. 


Weddle's Rule. 
The rule given by Thomas Weddlef for finding the area А 


included between a curve, two ordinates and the axis of z 
(BPQN,O m Fig. 1) is 


Е z 
А= | yóz— Mo РУ Yet Yet Yi tye) + 6y] . (4) 
— 2 


where ON,=N,N,= ... =N;N,=2/6, and Yo Yp... 


are the values of the ordinates at the points О, №,,. . . 


* Fischer-Hinnen, ‘ Elektrotechnik und Maschinenbau," Vol. XXVII., 
р. 335, 1909. S. P. Thompson, “ Proc." Phys. Soc., Vol. XXIIL, p. 334, 
1911. 

t“ On a New and Simple Rule for Approximating to the Arca of a Figure 
by means of seven Equidistant Ordinates,” **'The Cambridge and Dublin 
Mathematical Journal," р. 79%, February, 1854. 
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The formula was obtained by the method of finite differences. 
The following proof, however, is simpler, more accurate and 
more instructive. 

First of all the assumption is made that the equation to the 
curve can be put in the form | 


4—4de--a,z4-a,2*4- . . . а," . . . . (9) 


This curve can be made to pass through 2-1 points on the 
curve BPQ (Fig. 1), and it is the simplest curve that can be 


Y 


о и М, N, | N, N, N; Ne X 
Ею. 1. CWEppLE's RULE. 


drawn through these n+l points. Its equation may be 
written in the form 


n (z—2,)(x—25) . . - (Ричи 
y D 2) —13) 0o (21 Eng) 
(z—z,)(nx—2,)..'. (2—21) 6 
Psi ay. — T) e. (ини) O "d 
E EN 
By expanding the coefficients of y}, У», . . . in this equation 
and comparing with (5) the values cf do, а}, аз, . . . are at 


once found. 
By applying Weddle’s rule to (5) we find that the term 


ах” adds to the value found for the area the expression 


a, Xt 
94) 6” 


1 
q27--4"--6"-E5(1--5")-6.3^] . . . (7) 


and the term ао adds az to the value of the area. Hence, 
L2 
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putting m=1, 2, ... in (7) and simplifying we find that 
Weddle's rule gives the following value for the area :— 


А —agr-4-a,(2?/2)4- a4(23/3)4- a4(2*/4)-1- a (25/b) 
+-a,(z°/6)-+-a,(2"/7)(1-00013) 
7-a4(22/8)(1-00051)--a,(2?/9)(1-00145) 
3-a4(219/10)(1-00343)-1-a,9(221/11)(1-00691)2- . . . (8) 


By the integral calculus the true value of the area is 
p=n 
A — Xa,z?tl/(p4-1). 
р=0 


We see that, provided that n is not greater than 5, Weddle’s 
formula is absolutely correct, and even for values of n as great 
as 10 the error for individual terms is well under 1 per cent. 


For example, let us determine th: value of | ah xox by 
(4). We get e 
ui 3 
J sinh ror = 0 [sinh (0-2)+sinh (0-4)+sinh (0-6) 
+5 {sinh (0-1)+sinh (0-5): +6 sinh (0-3)] 
=0-185 465 2... | 
which is correct to the last figure. Оп the other hand, we se? 
by (8) that the error in the value of | Ge found by quadra- 
ture is 0-69 of 1 per cent. It is advisable, therefore, to have 
means of checking the computed values. 
Serves Formule Involving Areas. 
It is easy to show by trigonometry that 
соз 2—1 cos 35-1 cos 5x— . . . 
=7/4 from z— (Zn—1/2)z to (2n4- 1/2) 
= —7/4 from z—(2n-E-1/2)z to (2n4-3/2)3, 
and that 
sin z+} sin Jz-- 5 sin 52... =л/4, from z—2nzto (2n+1)z 
—=— 7/4, from r=(2n-+ lato (2n4- 2)a. 
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Hence, by Fourier's formule (2), we find that 


a 2 [^ 2 
а. ~ -- - fies 


À 


27x 


epee cos3— +.. Ir 


A -^/4 ЗА /1 A " 
m — Ox. 
alf I. i - yo% 


The series, therefore, on the left-hand side equals (2/24) times 
the difference between the sum of the areas of the curve from 
0 to 4/4 and from 34/4 to å, and the area of the curve from 


4/4 to 34/4. 
Similarly, we see that 
E NC ES и Me e 
m 3 " 7 ak n 0 e | 3A/Am 
b b я А/2т -2A/2m ЗА/2т 
and Dace ое =5 | " | | 
xu zA lo T Ја әна 


—. вг . (9) 


—.. | yar. (10) 


It will be noticed that the expressions on the right-hand side 


of (9) and (10) represent areas which can be 
ordinary methods. Formule (9) and (10), 


found by any of the 
therefore, enable 


us to find approximate values for the Fourier coefficients when 
the amplitudes of the higher harmonics are small. 
Let us first consider the case of the rectangular wave shown 


Fic. 2.—RECTANGULAR 


WAVE. 


in Fig. 2. In this case у is +1, when = lies between 0 and 4/2, 


and —1 when z lies between 4/2 and 4. 
By (9) we find that 


Ain — 03m/9- - 0 5m /D — . . —0, ° 
for all values of m, and thus the coefficients of all the cosine 
terms are zero. By (10) we find that 


Din tb m/8+b5m/D+ . . — zt /(2m), or 0, 


According as m is odd or even. 
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If we neglect all harmonics whose orders are higher than 10, 
we have | 


6,--6:/3-65/5+ ..=л/2 
bs+ 6/36 15/5 ..=л/6 
БВ, 5/3 . . — 2/10, 
b+. .=7/14, &e. 
And hence we easily compute the values of b,, bz, .. 


| | Computed 


Troe Computed; True 

| Harmonics. values. values. | Harmonics values. values 
b, 1-286 1-273 b, 0-174 0-141 

bs 0-445 0-424 E. 0-143 0:116 

bs 0-279 0-255 bis 0-121 0-098 

b, 0-224 0-182 b,, 0-105 0-085 


The true values of b,, b,,.. have been computed from the 
coefficients of the sine terms in the following well-known 
equation to the wave shown in Fig. 2— 


у [sin 2+2 sin Mr sin 52+. gi 


the wave-length being 27. 


Fic. 3.—DiscowTiNVOUS RECTANGULAR WAVE. 


As the true values of the areas have been substituted in the 
formule used, the errors are due to the neglect of the seven- 
teenth and higher harmonics. It will be seen that the error in 
the value of b, is about 1 per cent., and the errors in the com- 
puted values of b, and higher harmonics are greater than 23 
per cent. 


As a further example, let us consider the hightly Банан 
wave shown in Fig. 3. 
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The equation to this wave is 


24/37 1 CNN | | 1 
SS vee nn теж Т DUNG “ee e 
у Е cone p eps DE rie COR x pedem | 


In this case 
“ste Е [f - ff, yos 
2/2 
E у 
a,— 2 а : 0 
m 


We also have bat b3mn/3+05m/5+..=0 for all values of m. 
From the equations given above we see that b4,—0. Neg- 
lecting a,, when m is greater than 24, we easily compute the 
numbers given in the following table : — 


m 


Computed | True Som Computed True 


аон | values. ^ value. | Harmonics. |“ J ajues, values. 
o, | 1-100 1103 | а, 0-081 0-085 

— а; | 0:209 0-221 —а.1 0-062 0-065 

а; 0-150 | 0-158 аз | 0-055 0-058 

—a; | 0-095 0-100 —as  , 0-046 0-048 


The error in the value of a, is about 0-3 of 1 per cent., and in 
the value of the higher harmonics, which do not vanish, about 
9 per cent. 

Series Formula involving Ordinates (Thompson's Method.) 

We have from (2)— 

245 | 
a,ta,ta;+.. =5 fic) [cos 72 


олт 


- соз 37 +.. oz. 


and hence, integratinz by paits, we get 
9 9 A 
a,ta,ta,;+.. = ney} sin c sin gn aa } 
a Á À 0 
A t 
fire) | sin ES sin YT .. [ox 
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Noticing that the first expression on the right hand side 
vanishes at both limits, and that the series inside the bracket 
under the integral sign equals 7/4 from 0 to 2/2 and —л/4 
from 4/2 to A, we get 


a, Fay ast. = — (AGI) - 0) — /0)4-/(/)], 
—(1/2)//(0) - f(4/2)], 
—(1/2)(yo — Ул»). 
In general, we have 


„аа... — (1 2m)[yy — Magn V Yrm + - — Jem - пт] (11) 
and 
b, Вз 85m — ++ =(1/2M)Y jm Уз Watts 7 ++ Уат арт) (12) 


To illustrate the use of formulze (11) and (12) let us con- 
sider the rectangular wave shown in Fig. 2. Ву (11) we see 
that all the coefficients of the cosine terms are zero, and by (12) 
if we neglect, as оет the 17th and higher harmonics 
we get 

6, 5=1/15, b,,-1/13, 5,,—1/11, b,=1/9, b. =1/7, b,—b,,—1/5, 
b,—b,+6,,;=1/3, and 6,—b,+b,—..—b,,=1. Hence, we 


find the computed values in the IDE table :— 


Па Computed | True | а, | Com puted | True | 
| values. values. l values, | values. 
ecc x EM CEU Cm ccc CRI а 
| b, 1:224 1:975 | — b | 0111 0-141 

b, 0-378 0-424 bu 0-091 0-116 
| b; 0-267 0-255 | bis 0-077 0-098 
| b. ‚ 0-143 0:182 | biz . . 0-067 0-085 


We see that the error in the computed value of the first 
harmonic due to the method is greater than 4 per cent., and in 
b. and higher harmonics it is greater than 21 per cent. The 
accuracy obtained, therefore, in computing the values of 
b., by,.. Бу this method is in this case slightly greater than that 
obtained by the method of areas. In the case of 6,, for in- 
stance, this proves that the neglect of —5b,,--5,,—.. pro- 
duces a smaller error than the neglect of 5,,/34-54,/5-F .. 
when using the method of areas. If consecutive terms are of 
opposite signs it will be seen that the method of areas would 
determine the amplitudes of all the harmonics much more 
accurately. 

Let us now consider the wave shown in Fig. 3. In this case 
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the difficulty arises as to the value we are to assign to the ordi- 
nate when the abscissa has the values л/3, 2л/3, 4x/3. ... We 
see that if the value of z is a little less than 7/3, y is 1, but if it 
is greater than 2/3, y is 0. It would seem reasonable, there- 
fore, to take (0--1)/2 as the value of y and a rigorous mathe- 
matical proof of this can be given. 

From (12) we can show that b,,=0, and from (11) we get that 
435, —0, and 

a,ta,ta,tayn+..=1. 

As+@ost..=—1/5, a,=1/7, ayy=—1/11, a45—1/13,. .. 

Hence, neglecting the 25th and higher harmonics, we get 
the computed values in the following table :— 


| Harmonics. Computed True | Harmonies. Computed True 


| values. | values. "^ values. values. 
a, 1120 ^ 1103 | dis ^— 0:077 0-085 
—a; 0.00 | 0-221 | Ais 0-059 0-065 
ai 0-143 | 0-158 | aig 0-053 0-058 
EET 0-091 0100 ' —a5 0-044 0-048 


The error in the value of a, is about 2 per cent., and in the 
value of а; and the higher harmonics it is greater than 10 per 
cent. 


| Comparison of the Series Formule Methods. 


The waves analysed above are discontinuous, and the 
analysis shows that there is an infinite series of harmonics, the 
amplitudes of which are smaller the higher their order. The 
amplitudes of the harmonics, however, diminish slowlv as 
their order increases. In both the examples considered above 
the amplitude of the 101th harmonic, for instance, is about 1 
per cent. of the amplitudes of the fundamental. They, 
therefore, put the series methods to a severe test. We shall 
now consider waves which, although they are discontinuous 
and have an infinite number of harmonics, yet approach 
roughly in shape to a sine wave. 

Let us consider, for instance, the wave which has the 
trapezoidal shape shown in Fig. 4. If the length of the 
straight line forming the top of the wave be 4/6, it is easy to 
show by Fourier’s method that the equation to the curve shown 
in Fig. 4 is 

бУЗГ. 2nr 1. ar 1. „ля 
y=; [sin q Tp? sm PAM ra sin 7 AS UU ] А 
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As the wave approximates in shape much more closely to & 
sine wave than the cases previously considered the amplitudes 
of the harmonics are smaller, and we shall, therefore, consider 
the effect that neglecting the 7th and higher harmonics has 
on the accuracy of our results. 


Fic. 4.—TRAPEZOIDAL WAVE. 


Using the area method, we get by formule (9) and (10) 
6,+6,/3+6,/5=2/3 ; b,—0, and 6, =—2/(3-52). 


/ 
Hence, 6b, =1-056 (1-053), b,—0, b,=:—0-0419 (—0-0421), 
the numbers in the brackets being the true values. 


If we use the ordinates method, we get bv (11) and (12) 
6,—b;+b,=1; 6,=0 and b,=—1/5?. 
Hence, b,=1-040 (1-053) and $, =—0-040 (—0-0421). 
Both methods show that all coefficients the orders of which 


Y 


о БР x 
Fia. 5.—TRIANGULAR WAVE. 


are multiples of 3 vanish. By taking higher harmonies into 
account the accuracy of the ordinates method could be made 
quite satisfactory in this case, but a very large number of 
ordinates would have to be measured with high accuracy. 

As a further example, let us consider the triangular wave, 
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shown in Fig. 5. By Fourier’s method we find that the 
equation to this wave is 


8(. 2ny 1 . 2ax Е. ,2mx 
у= sin A4 3 sin 971 tz sin 5 Fu | 


The values of the ordinates and the areas required in for- 
mulse (10) and (12) can easily be written down. The results 
of computing the harmonics by the two methods given above, 
when the 25th and higher harmonics are neglected are given 
in the following table :— 


Formula (10 (10) Formula (12) 


Harmonics. True values. 


(areas). (ordinates). 
b, 0-8106 0-8106 0-8129 
—b, 0-0901 0-0901 | 0:092] 
bs 0-0324 0.0326 0-0356 
—bi 0-0165 0-0166 0-0181 
by 0-0100 0-0097 0.0123 
—b,, 0.0067 | 0-0065 0-0083 
bs 0.0048 | 0-0046 0-0059 
—b, ; 0-0036 | 0-0035 0-0044 
b,, 0.0028 0.0027 0-0035 
—b,, . 0.0022 0-0022 0.0028 
bs, 0.0018 0-0018 0.0023 
—b,, 0-0015 0-0015 0-0019 


In obtaining these results we assume that no less than 49 
areas and 49 ordinates have been accurately measured. It 
will be seen that for all practical purposes the area method 
would be sufficiently accurate. 


Accurate Formula. 


As a general rule it is best to employ methods which aim 
directly at finding the values of the Fourier integrals. When 
the highest accuracy is desired it is essential to use these 
methods. One advantage they possess is that the amplitude 
and phase angle of each harmonic is determined independently 
of the others. In this case we can use the formule (9) to (12) 
to check the accuracy of our calculations. 

To determine a, and b, accurately it is necessary to divide 
the wave-length 4 into 24 equal parts, and measure the lengths 
of the ordinates уо, y,,..5,3 at the ends and at the points of 
division, the ordinate y,, being equal to yo, as the curve is 
periodic. By (2) we have 


А 
a, = | у cos 70s, 


H Aft (+f 3^/4 «f |, 
à J T АЈА E 3AJ4 gor 


" ' 
ae С 
шт. 
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Hence, applying Weddle’s rule to each integral separately, 
ме get 


2л 
а= -и cos 04-9, cos 2 n cos = 41-9 cos 6 — 24 


(uie cos 22 QUI DP T) 6j. cos 37 35. 


+Y; cos 6 T+ Ys cos 8 att. А | 
1 | 
— 80 [yot yst Узо — (4) 12 - Ув Улв)] 


ME [YotYoo—(YrotIY1s)] 


РЕ a[cos 159(y + J25—911— Уз) SIn 199 (y s-F  19—97— Ут] 


3 
Pain —19— 015]. S^ AL 4k Se DES Е 2 (13) 


Similarly, we find that 


1 
b — 1021-40-710 — Qs 11414-9), 
3 
+ [yst+-Y¥s—(Y ict J 20) |, 


i ors 
т 15y H У1:— У 13— 23) t cos 199(y s 1- y7—9 17— V 19) 


у? 
ep 19 Е Vis nil. eof f nr n n (14) 


Applying these formule to the rectangular wave shown in 
Fig. 2, we get 


a,=0, 
€ DENS р (sin 159-- cos 15°)-- we 
bod 324, 


which is correct to the last figure. 

The accuracy of the formula is thus of a high order. In 
everyday work we write sin 159—0-259 and cos 15°=0-966 in 
(13) and (14). 
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Similarly, taking the same 24 ordinates, we get 


1 
a5 Yot Y12—Yo— 018) УР Vio Vu o 
v — (уу V 1e 00), 
3 е 
+ Уа ya Ws yet Vict io] . (15), 
b V3 
27 go L2 Hb Vc Ma Uf tH Yot Jae V3] 


] 

зт T UE ac Узю- У) 
3 

+ jolt Jis Us Ja]. ка а а e EO) 
1 | 

а= 3o [201-08-16 —(Y¥+2412+Y20)] 


V2 
+ T6 Ht ie Уз Us Fu Ist i9] ] 
32 
У Yot Yi — (изу). (OT) 


and 


1 | 
ба (Yet Vio у 1— (Yst JV wt Yoo) | 
V2 
Ex 16 Cyt Mai Уо Ys HYHY +Y) 


+Y уь i-a. сое 018) 


То Obtain the same accuracy for a, as that given bv formula 
(13) for a, we should have to measure 24 п ordinates. We 
should expect the accuracy of (17), for instance, not to be as 
high as that of (13), as we have taken the same number of 
ordinates in the two cases. Applying (17) and (18) to the 
rectangular wave (Fig. 2), we find that 


a,=0, 
Em 
b= 90-1; 0 H-719 =O £45, 


the true value being 0-4244. 
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The formule for the higher harmonics can be written down 
without difficulty, but naturally they are lengthy. 
As a further example let us take the case of the circular wave, 
shown in Fig. 6. The wave-length is taken equal to 2. 
If we only take 12 ordinates over the whole wave-length, 
then by Weddle's rule, owing to the symmetry of the wave, 


106, =5ул/ et V 3y oar et бузлу 2) 


and thus 6,=0-5680. If we take 24 ordinates we get 
6, =0-56703, and, finally, if we take 36 ordinates we get 
6,=0-56703. This, therefore, is the true value of b,. In this 


Y 


Гіс 6.—CIRCULAR WAVE. 


case it is easier to get the true value of the Fourier integral by 
the approximate mechanical rule than by analysis. 


Special Formule. 


In certain cases series formule for determining the harmonics 
become very simple. 

In alternating-current work, for instance, the positive half 
of the wave is generally exactly similar to the negative half, 
and so a,—0, and all the even harmonics vanish. If, in 
addition, /(2) —/(4/2—z), formula (1) becomes 

y —f(x) —b, sin (2z/2)z-4-b5 sin 3(2z/A)z4- . . . 
Hence we easily prove that 


bi—bir tbis —bz+ ... -Fbis.-n—bigs iT ча 

— (хп: Ул) / 3-Е Ув / V З . . " E (19) 
and 
b;—b;-4- ee a +-BDion—-7—Dyan -5+ 45 6. $ 

— (Ул Ул) /34- Ys! У 3 E ^w Ww 28 (20) 


"a e 
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Р we can show that 


bou b 
bi, bis 128-11 12%. -1 
ETT it 13 3^ ZA 11 ' 12n— c 


x Г. -A/6 ft Af12 
E "E IA -f m . (21) 


and 


b, bi; b, 
TE ELTE. 


94 | AR pAJG On P. E 
= — yor ——— . 
3j 2 | | |р | yor— iv3 pt f yox. (22) 


We also have by (10) and (12) 
bs—botbis— ... = Yane Yan] . . (3) 


AJ6 х 4 
heh EBL af | |2. 9 
0 0 


These equations sometimes enable us to find b,, bs, . .^. with 
very little trouble. For example, in the case of the trapezoidal 


and 


AM NT: 
wave (Fig. 4), we see at once that 1=23л, | yor=2/3, | you 
о Го 


| -Af12 
=7,'6 and | усх=л 24. 
“ 0 


Hence, by (21), 
b,-+6,,/ll+ . . . =1-053. 
And thus neglecting small fractions of the amplitudes of higher 
harmonics of the orders 12n—1 and 12n—11 we get b, = 1-053, 
which is correct to the last figure. 
е equation to the circular wave (Fig. 6) is y-4/z —432, and | 
thus 2 Улу» 0): 3121, UN CUL :4114 and : улу 0 0-5000. We also have 


A[2 
Ih yor —0-0430, [^ yor =0-1146, and [^ yor=0- 1964, 


Hence, by measuring three ordinates and three areas only, we 
Ret by formule (19) to (24) 


b its — =:0.563 
b;—b,+), —0-019 
ЛЕНЬ 34- о — 0:569 
Ь,/5--6./7--Ь,.:174- . .. —0:013 
b,—4,+b,—... —0-500 


bs—ba+ b, ,— Er =0-088 
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From these equations we might deduce as a first approxima- 
tion that 5,—0-569 (0-567), 5,—0-088 (0-094), &c., where the 
true values are given in brackets. With the possible exception 
ot b,, we have no guarantee of the accuracy of our results, as 
the equations show that the higher harmonics are not negligible, 
and since for a circular wave f'(z)— œ, when z is zero there 
must be an infinite number of terms in the Fourier series. The 
true values found bv Weddle’s rule are b,—0-567, 6,=0-0942, 
b,=0-0400, b.—0-0252, . . . and as опу ordinates need to be 
measured, the accuracy of the data 13 higher than when areas 
have to be measured. 

As a final example, let us consider the curve y —z—22*--x* 
(Fig. 7), which is almost indistinguishable from the sine curve, 


Y 


° Ne uf i 
Fic. 7:— BIQUADRATIC WAVE. 


whose equation is y=(5/16) sin ax for values of z between 0: 
and 1. 
We have 
205 


Yan =5/16, ya p=22/81, and улуз== 1296 


Hence, if we neglect the 11th and higher harmonics, we get 
by (19) 


b ,— (улла Ул); 3 — fa je/ / 30-313 104, 
the true value being 0-313 705. We also have 
EYE A /6 АД? 
| убх=л/1©, yor=612/1215 and | yor =26377/19440 
то 0 “0 


and thus, by (21), 
b,=0-313 105. 
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By Fourier’s method we can show that the equation to the 


curve 18 
96. 2лх 1 . 29лх 


and so the values of the higher harmonics are extremely small. 
This explains the high accuracy attainable in this case by the 
series formule. 

If the alternating-current wave be such that f(x) 
=—/(1/2—), its equation must be of the form 


y—[(z)-a, cos (2л/4)2--аз cos 3(2n/A)z4- . . . 
In this case we have 


04,35 0» 2m ig u | 
а! е ]yoz 
Qn p [> 
—= Ox e & (25 
SU, y І (29) 
12 (Ah 
and 75 47, %17_ 939 _2n Г | 
EN DET EE i "e Juez 


- nU, ve]. . . (26) 


For instance, if we take the wave-form shown in Fig. 3 and 
neglect а, ,/11, &c., we get 


лл — 
a,—5 5v 3—113 (1-10), 
and вот... 0.081 (—0-067), 


where the true values are given in the brackets. The large 
“Ors in this case are due to the very distorted shape of the 
wave analysed. For waves approaching cosine shape the 
accuracy attainable would be far higher. 


Conclusion. 
sche resulta given above prove that it is best to determine the 
ues of the Fourier constants do, dy, ds, . . . bp bp... . of 


Periodic curve directly by mechanical quadrature. The 
VOL XXVIL M 
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particular method of quadrature which the author has found 
best is that first suggested by Weddle. In a few cases, es- 
pecially when the function has a point or points of discon- 
tinuity, the accuracy of the formule given is not of the highest 
order, although sufficient for practical work. In these cases, 
if higher accuracy is desired, it is necessary to subdivide the 
Fourier integrals, taking the limits at the points of discon- 
tinuity and finding the values of the component integrals 
separately by quadrature. 

The various series formule given in the Paper sometimes 
enable us to find the values of the lower harmonics very readily. 
Their main use, however, lies in checking the values of the 
Fourier constants found by approximate formule. 


ABSTRACT. 


Making the assumption that the graph of a periodic function is 
given, the problem of the best way of determining the Fourier con- 
stants in the series equation which represents it is considered. The 
ordinary method of procedure is to neglect all the harmonics above a 
certain order and determine the coefficients of the harmonic terms by 
making the curve represented by this equation pass through a number 
of arbitrarily selected points on the given curve. This is the method 
used, for instance, by Runge and Grover. A serious defect in this 
solution is that the values found for the amplitudes of the harmonics, 
more especially for the higher harmonics, may be very different from 
their true Fourier values. The method gives no indication of the 
magnitude of these errors. Gauss pointed out many years ago that 
the solution of this limited problem could be written down at once 
mathematically, and that it was of importance in certain inter- 
polation problems in astronomy. Another method has been sug- 
gested recently by Silvanus Thompson. He uses certain series 
formule for finding the Fourier constants. The author suggests 
other series formule of a similar kind. If the given curve be approxi- 
mately sine shaped so that the amplitudes of the higher harmonics 
are small, this method is both simple and accurate. For distorted 
waves, however, the lack of accuracy is serious in practice. It has 
also the drawback that an error made in computing the value of one 
of the constants may introduce errors in the computed values of © 
others. The author gives numerical examples to illustrate the 
accuracy attainable by the use of infinite series formule. He con- 
cludes by pointing out that in the great majority of cases much the 
best method of procedure when determining the constants is to 
evaluate Fourier's integrals by the methods of mechanical quadrature 
given in books on the calculus of finite differences. In particular he 
has found that Weddle's rule is admirably adapted for the practical 
computation of the Fourier integrals. Ву means of this rule, a new 
and simple proof of which is given, each constant is determined 
separately to a high order of accuracy. Numerical examples are 
given to illustrate this. The series formule used by Thompson can 
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be usefully employed either for verifying the values found by mecha- 
піса! quadrature or for indicating when the higher harmonics cannot 
be neglected. 


DISCUSSION. 


The PREsiDENT thought the best way of impressing on students the 
importance of Fourier's theorem was to begin with the fundamental and 
add the successive harmonics one at a time, thus showing how the 
resultant curve approximates more and more nearly to the analysed 
original. In the problem treated by the Author the periods were selected 
arbitrarily. Very often it was necessary in practical problems to deter- 
mine both the coefficients and the periods of harmonic constituents. The 
inverse process was performed in mechanical integrating machines, such 
as Kelvin's tide predicting machine, in which the curve resulting from 
the integration of a number of harmonic constituents of known amplitude 
and period was obtained. 

Prof. S. P. Тномьзох thought any method which would give increased 
accuracy in the determination of the higher harmonies was welcome. He 
had suggested in а recent Paper that one should begin with the higher 
harmonics and work backwards towards the lower. This had the defect 
that any error in the initial determinations tended to accumulate. Не 
wished to challenge the accuracy of Weddle's rule. He applied it to the 
case of an isoceles triangle, the length of which was three times the base. 
Dividing it into six parts and applying Weddle's rule, the area is given 
as 1-6 (the base being 1) instead of 1-5. He thought this rather dis- 
countenanced Weddle's rule, exeept for very 8mooth curves. It hadlong 
been desirable to have some harmonic analyser which would pick out a par- 
ticular period without previous knowledge as the ear does in the case of 
sound. This was done to a certain extent in Schuster's periodogram. 

Mr. Е. J. W. WuirPLE,criticising Prof. S. P. Thompson's example of the 
triangle, said that a triangle could not be regarded as the simplest curve 
through the six points chosen. И we have & smooth curve which is 
periodic, and apply Weddle’s rule to the area included by a complete 
period divided by, say, six ordinates, we would get six separate values 
of the area if we start respectively at у, Y1, Ya . . . Taking the mean of 
these we get the simple well-known expression 


lio - Vi Vid уз + Vaud y). 


He showed two slides showing a simple way by which an interpretation 
of & Fourier series, such as 


віп 0--sin 30/3+ sin 50/0 . . . + . &e. 


is easily obtained. 

The AUTHOR, in reply, agreed with the President that опе of the best 
ways of impressing the meaning of Fourier's theorem on the mind of 
the student was to construct graphically the curves formed by adding 
in succession the various harmonics to the fundamental, thus illustrating 
how the resulting curves approximated more and more to the shape of the 
original wave analysed. Michelson and Stratton have constructed a 
machine for drawing these curves automatically. It is described 
in the * Phil. Mag." for 1898, and many curves illustrating its use 
are shown. They show, for instance, the curves obtained by adding 
together three terms, five terms, seven terms, twenty-one terms and 
seventy-nine terms respectively of the Fourier series for a rectangular 
wave. The last figure they obtain is almost indistinguishable from a 
rectangle. He also referred to Arthur Wright's device for finding the 
harmonics electrically. Prof. Thompson points out that when Weddle's 
rule is applied to an isosceles triangle the error is nearly 7 per cent. The 
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reason of the large error is that the vertex of a triangular wave is a point 
of discontinuity. As mentioned in the Paper, therefore, Weddle’s rule 
ought to be applied over each half of the base separately. When this is 
done the correct answer is obtained. Disappointment at the lack of 
accuracy sometimes obtained when this rule is applied indiscriminately 
is doubtless responsible for its neglect by many mathematicians, not- 
withstanding the high commendation passed on it by Prof. Boole nearly 
60 years ago. It has a sounder theoretical basis than any similar rule, 
and in conjunction with the series formule given in the Paper it affords 
а method in many cases, possibly the only method, of computing the 
Fourier constants with high accuracy. The Author much appreciated 
Mr. Whipple's graphical method of showing how the sum of Fourier’s 
sine series for 7/4 gradually approximated to this value. 
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XI. Measuring the Focal Length of a Photographic Lens. By 
T. SMITH, В.А. 


RECEIVED NovEMBER 20, 1914. 


THE principal focus of a lens of focal length f is at a distance 
[Е //' from that of the combination of focal length Е formed by 
placing in front of the first lens another of focal length /'. 
This suggests а simple method of finding the focal length of a 
photographic lens, which can be divided into two parts, each 
capable of producing a real image of a distant object. Let 
f and f’ be the focal lengths of the two components, and Е that 
of the complete lens. Set up the whole lens in the camera, and 
focus a distant object sharply on the ground glass. Now 
unscrew the front component of the lens from its mount without 
disturbing the rest of the lens, and measure the distance d 
through which the ground glass has to be moved for the same 
object to be sharply focussed by the back component used 
alone. Then 
ЈЕ. 


d=: i-o. W-ox а в XL) 

Next, take the whole lens out of the camera, and insert it 
the other way round, so that what is usually the back com- 
ponent is now in front Focus as before with the complete 
lens for a distant object, and measure the displacement of the 
ground glass necessary to focus the same object when the com- 
ponent now in front is removed Denote this distance by d’, 


Then C=. 24 @ м cx) 


or, combining (1) and (2), 
Е =4 9. 2... (3) 


This method avoids the difficulty of measuring exactly a 
transverse magnification, and also is not subject to errors 
arising from want of parallelism of object and image, from 
distortion and other oblique aberrations. When, as is often 
the case, the two components are equal, a single measurement 
suffices, the formula then reducing to 


Е. 
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When the two components are unequal, the ratio of their 
focal lengths is determined by 
| ШЕУ Е н в oue E 

The results (3) and (4) may be readily proved by noting that 
the positions in which the images are formed by the separate 
components are conjugate foci for the complete lens—viz., that 
pair of conjugate foci for which the beam of light between the 
two components 1s parallel. 

When the separation of the two components of a lens com- 
bination can be increased by a known amount 4, the focal 
length of either component can be found directly. Suppose 
that with this increased separation the focal length of the 
combination is F’, and the distance between its principal focus 
and that of the back combination alone is d". 


Then L l t " 
pope АА 
and ra (4) 
The elimination of F and F’ between (1), (5) and (6) gives 
| yl 1] 
| (=) ou x ox x xd) 


for finding the focal length of the back component. This 
result again is at once obvious from the ordinary expression 
for longitudinal magnification, since the principal foci of the 
front component and the focussing screen are in all cases in the 
positions of conjugate foci for the back component. 

For the measurement of d", when the lens mount has no 
means of adjustment, the front component can be conveniently 
fixed at one end of а short tube of metal or cardboard, the 
other end of which slips over or into the ordinary mount. 

When f has been found, equation (4) gives р, the focal 
length of the front component. 

À number of interesting variations suitable for exercising the 
ingenuity of а student will suggest themselves, e.g., to find the 
focal lengths of a compound lens, such as the “ Tessar,” and of 
its components, one of which is diverging, when another con- 
verging lens of unknown focal length is provided as an auxiliary. 


ABSTRACT. 


The focal length of a compound lens is obtained solely bv focussing 
on the camera screen the image of a distant object on the lens axis 
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by the complete lens and by each of its components separately. One 
additional focussing of the same object when the separation of the 
components is altered determines the focal lengths of each com- 
ponent. Тһе method is both accurate and quick, and requires only 
а camera and the lens. 


DISCUSSION. 


Dr. А. RUssELL thought the method was extremely neat and likely to 
become very widely used by those who had such measurements to perform. 

Prof. G. Н. BRYAN, in a communication which was read by the Secretary, 
described a '' rough and ready " method which he had used to find the focal 
length of a lens when nothing was available but a photograph taken with the 
lens of some suitable object, such as a rectangular building (Fig. B) ‘The two 
infinity points of perspective i' and j' are found hy producing the horizontal 
lines of the building until they mect. The centre X of the picture is found, 
and through Ца line is drawn perpendicular to ГУ. cutting it at a point, h'. 
On ГУ. as hypotenuse, а right-angled triangle, 1 №7”, is constructed, with its 
apex. №’, on the perpendicular through X. Then, iX ів on or neart’7’, h’N’ 
is the focal length of the lens. If the angle of the building is not 90%, but 
some other angle, 9, then anglo #№’) should also be 9. To get greater 
accuracy, with centre № and radius WN’ cut j in Q. Qh’ is then equal to 
the focal length. 

The AUTHOR, ina partly communicated reply, commented on Prof. Bryan's 
construction, which, he said, was very neat so far as it went; but had the 
misfortune to be incorrect in general. It would not be difficult to find cases 
in which the result of measurements by this method would differ from the 
focal length of the lens employed by as much as 75 per cent. When the 
effect of the position of the stop, which limits the beam of light transmitted 
by the lens, upon the perspective of the projection of a solid object on a 
plane is adequately considered it will be seen that the length obtained by 
Prof. Bryan’s construction is not necessarily the focal length of the lens, but 
is merely the distance from which the picture should be “viewed to secure а 
correct impression of the view. 

It may be noted in passing that the length obtained by this construction 
is liable to a number of errors which are frequently by no means negligible. 
Apart from those due to distortion, &c.. the result would be affected by 
trimming the print unequally on the two sides, and considerable trimming 
is the rule rather than the exception. ‘The more exact method mentioned 
appears to he incorrect even when Prof. Bryan’s assumptions are adopted, 
for in taking such a photograph the plate would be vertical, the lens axis 
horizontal and the proper amount of subject included on the plate by 
employing the rising front of the camera. The perspective of the photograph 
of а solid object is determined, not by the focal length of the lens, but by the 
position of the stop which limits the light beams that are transmitted by the 
lens. In Fig. A let CDE represent in p Чай part of the exterior of the building 
of which a photograph is to be taken ; let N be the position of the front nodal 
point of the lens, and L the centre of the effective limiting stop. И the 
actual stop is behind some of the component lenses L will be the (virtual) 
image of its centre in that part of the lens system which is situated in front 
of the stop. Assume that the lens gives an image of a plane object free from 
aberrations, and in particular from distortion, curvature and 'astigmatism. 
Let IHGJ be the plane focussed on and ‘hyj its image. The rays from a 
point; E, on the cottage, not in the plane focussed for, which eventually pass 
through the lens, fill a cone whose vertex is E and base a circle. centre L. 
parallel to the plane of the plate. This cone will meet the plane IHGJ т a 
circle, centre С, and what passes as the image of E on the plate is an image 
of this circle. If the stop is sufficiently small this circular image will be 
indistinguishable from a point, and we may for the purposes of this argument 
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consider only the principal ray of each beam of rays from any point of the 
object. АП these principal rays will be directed towards L. So far as the 
lens is concerned and the image which it produces on the plate, each point E 
of the building may then be replaced by the point (+. in which EL meets the 
plane focussed оп. The photograph is a copy on a definite scale of the pro- 
jection thus obtained on this plane, and may be determined by joining each 
point G to N and (taking in the usual way for graphical construction the 
two nodal points in coincidence) producing this straight line on to meet the 
image plane ing. The vanishing points I and J for horizontal lines in the 
directions CD and DE are obviously found by drawing LI and LJ parallel 
to these directions, meeting the focussed plane іп I and J. The images: and ) 
of these points determined by the usual construction are the vanishing pointa 
for the photograph. 

In Fig. А the point L is shown much nearer to the plate than the nodal 
point N, and in Fig. B, where corresponding accented lettera are used. the 
case is shown where L’ is in coincidence with the nodal point. In both 
diagrams the focal length of the lens is the same, and the positions of the 
principal planes are identical. The two pictures ditfer very much from one 
another in their perspective and in the values of the lengths obtained by the 
construction suggested. The only parts of the two pictures in which the 
dimensions are equal are those such as Pp, P’p’, in which the plane focussed 
forintercects the building. Itisclear from these diagrams that the perspective, 
with a perfect lens such as is always assumed in considering elementary laws. 
depends оп the position of tho stop alone. If a lens of a ditterent focal length 
were used to depict the same objeot, with its effective stop in the same 
position L, the perspective of the photograph would be exactly like that of 
Fig. A, though the two pictures would differ in size. Fig. B is the kind of 
case which Prof. Bryan has assumed to be general. ‘This assumption is 
correct chen the image is formed by a thin lens whose boundary is the 
limiting aperture, or when the lens is composed of two equal and similar 
components, with a stop placo. d symmetrically midway between them ; but 
many lc nses are by no means like this. As extreme forms we have telephoto 
combinations, which are simply systems in which the nodal point N is 
situated а considerable distance in front of L. and at the same time the lenses 
are kept of reasonable dimensions by constructing them of a converging 
system situated in the neighbourhood of L, followed by a diverging system 
between the converging system and the plate. 

The foregoing considerations make it clear that Prof. Bryan's interesting 
construction cannot be relied on to give even a rough indication of the focal 
length of the lens by which a given photograph has heen taken. 

Prof. С. Н. BRYAN communicated the following note in reference to the 
points raised by the Author in his reply : Referring to Fig. A, let M be the 
point on HNA at which ij subtends a right angle in the case of a rectangular 
building (or in the more general case an angle equal to the angle between 
the faces of the building). Then MA is the length Е, which I take for the 
focal length of the lens, while, according to Mr. Smith's construction, the 
focal length Е should be МЛ. (Of course this is the focal length ая focussed 
on t'e object, and differs from the true focal length by the distance the lens 
has been displaced from the infinity position.) Now, it will be seen from 
similar triangles that 

F,: F-LH : NH. 


If t ле camera is focussed on a building or other object (as implied in'the words 
‘suitable object " in my note) whose distance is large compared with the 
dis.ance LN, Е, will be very approximately equal to F. If the camera is 
fo. ussed for parallel rays the construction will be exact, at any rate under 
the assumptions involved in Mr. Smith's arguments. When writing the note 
I never contemplated the possibility that the method would be applied in 
cases where the dimensions of the optical system were comparable with the 
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distance of the object to be photographed. Mr. Smith admits that the 
method would be correct if the shop were placed at the optic: centre of tle 
system. If this is not the case, distortion of the image may take place, and 
in such cases errors would undoubtedly occur. Аз regards the effect of 
unequal trimming, the error introduced will be small if the faces of the 
building make angles of about 45 deg. with the line of sight. But the object 
which I had in view in connection with this method was to ascertain how 
wide-angled a lens would be required to take in the whole of an architectural 
subject. of which a photograph was available, and it is clear that, if the 
picture has been trimmed, the estimate will be more than sufficient. The 
accuracy of the method, of course, depends on the accuracy with which the 
infinity points can be constructed in the photograph, and consequently the 
method is limited to lenses which are not too narrow angled. I consider 
that the method is, therefore, correctly described in my note as а '' rough- 
and.ready " method which is convenient for purposes such as those sketched 
out, for which Mr. Smith's methods would be unsuitable. A photographer 
using the method with camera in his own possession would naturallv select 
a “ suitable object,” as suggested іп my note. and would avoid using a rising 
front or trimming his print. ]n such cases it is impossible that the errors 
could approach any where near Mr. Smith's estimate, unless the lens svstem 
possessed excessive distortion. As regards the use of the method in con- 
nection with photographs taken under unknown conditions by other people. 
the method will certainly indicate conditions under which a similar photo- 
graph may be taken, and even in these cases it is difficult to see how the 
errors could possibly be во great as Mr. Smith estimates. 

Мг. W. J. HALL (communicated) said that he had tried Prof. Bryan's 
method and found with a Cooke lens (nominal 5-5” focal length (values 5:56", 
5:90”, 5:63”, 5-49" and 5-50" for the focal length, the distance between the 
lens and object being varied. With another lens of a different type, of which 
the focal length as determined by the very accurate method of Mr. Smith, 
was 14:60 ст.. he obtained by Prof. Bryan's method 14-43 cm., 14:29 ст. 
and 14:50 cm. at different trials. 
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XII. The Polyscope and its Projection. By Pror. А. W. 
BICKERTON, A.R.S. M. 


SHOWN AT THE MEETING ON JANUARY 22, 1915. 


THE instrument consists of three narrow strips of plate glass 
about a foot long, arranged as a truncated pyramid. The 
object end has an area of about a quarter of a square inch, 
while the eye end is made very small (about а twentieth square 
inch) in order to get the maximum number of reflections. To 
get geometrical accuracy in the inter-facial angles the edges of 
the strips overlap instead of being butted. Three types were 
shown. In №. 1 the cross-section is an equilateral triangle. 
This produces the simplest type of pattern. In No. 2 the 
section is & right-angled isosceles triangle. This produces 
patterns with two centres of symmetry of eight reflections each 
and one of four reflections. In the third type the angles are 
30 deg., 60 dgg. and 90 deg. This produces patterns in which 
one centre has 12 reflections, one six and one four. When a 
group of nondescript objects are viewed through the instru- 
ment, an exquisitely coloured symmetrical pattern may be 
seen. the character of which changes continuously as the object 
is moved about. 

Suitable slides can readily be constructed by mounting pieces 
of coloured gelatine, fragments of lace, bits of wire, &c., on 
glass. 

The designs were shown projectcd on a screen, & narrow 
beam of light from an arc lamp being passed through the 
polyscope, which was moved about uncil the maximum illu- 
mination was obtained. The beam before reaching the object 
slide passed through a water tank and a ground glass plate 
to ensure uniform brightness. 

The instrument forms an invaluable aid to designers of tiles, 
floorcloths, fabrics, &c., as an innumerable sequence of designs 
can be reviewed by the arcist in a short time, those which give 
satisfaction being sketched or photographed. If the slide 
is suitably mounted and moved reasonably slowly it is quite 
easy to repeat any particular pattern. 
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ХПІ. On the Criterion of Steel Suitable Jor Permanent Magnets. 
By SiLvaNus P. Тномрзом, D.Sc., F.R.S. 


RECEIVED JANUARY 19, 1915. 


In order that a steel shall be suitable for the making of 
permanent magnets, the prime requisites are that it shall have 
a large remanent magnetization and a high coercive force. 
These two qualities are independent of any question as to form. 
But it is well known that bars which are short have but & 
small remanent magnetization owing to their self-demag- 
netizing coefficient being great. In comparing together steels 
of differing composition, or steels of identical composition 
which have been subjected to different heat-treatments, it is 
therefore necessary to assume that the specimens to be com- 
pared are of similar form. According to all evidence to the 
present time, the coercive force of any given specimen of steel 
is independent of the form, provided that it has been subjected 
to a sufficiently great magnetizing force, the self-demag- 
netizing coefficient affecting the degree of remanent magnetiza- 
tion, but not affecting the degres of coercion with which that 
residuum is held by the steel. 

When any specimen of steel is svbjected to a cycle of mag- 
netization 80 as to obtain its hysteresis loop, the dimensions 
of the loop—provided the maximum magnetizing force was 
sufficiently great to enable a practical saturation to be attained 
during the magnetizing process —воћсе to form a judgment as 
to its suitabilitv for the purpose of making permanent magnets. 
A field of intensity К =500 is amply sufficient for any kind of 
steel; and for any but the verv hardest а field of 3(—250 is 
adequate. Fig. 1 will make the matters at issue plain. It 
represents, for a fine quality of magnet steel, the descending 
branch of a hysteresis loop, the ordinates being values of J, 
the “ magnetization” (magnetic moment per eubic centi- 
metre) and the absciss:e the values of JC. The value of Sem. 
the remanent magnetism (for a ring or a very long bar), is the 
ordinate OR, and the coercive force }{, is the abscissa OC. In 
this steel J em. —808, and JC. is 63. The lines which slope up- 
ward to the left from the origin represent graphically, by the 
respective tangents of the angles of their slope, the values (to a 
scale of 15) of the coefficients of self-demagnetization for bars 
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of about 10, 12, 15, 25 and 35 diameters’ length respectively. 
The abscissa at the point P, where the sloping line crosses the 
curve, shows the residual magnetization for a bar that is 25 
diameters long which has a coefficient of self-demagnetization 
of about 0:05. At this point the residual magnetization is 
reduced to about 640, and the demagnetizing force will be 
about 640 x 0-05 —32. | 

For all specimens of steel the hysteresis curves will be of the 
same generic form ; but the two chief parameters OR and OC, 
that is Jem. and JC, will differ. In the accompanying table* 
are given the values of J,,,, and JC., which have been found by 
various observers—Ewing, Du Bois and Taylor Jones, Mme. 
Curie and others—for a number of different brands of iron and 
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steel. The highest value found for J,.,,, is 900, in a specimen of 
unquenched Allevard steel (carbon content 0-59 per cent., 
tungsten content 5-5 per cent.); but it had only 26 for К... 
The highest value of J£. is 85, for a molybdenum steel (carbon 
1-25, molybdenum 3-36 per cent.), but Из Sem. was only 370. 
No steel has yet been found which comes up to the quite 
possible ideal of having ðm —800, with a coercive force of 
JC,—80. The best magnet steel will have the values of both 
paramet2rs high. For short magnets where the self-demag- 
netizing influences are great, it is more important that JC, 
should be high, than that ‘em. should be great. 


* Originally given in the Author's Paper оп the “ Magnetism of Per- = 


пара Magnets,” Journal of Institution of Electrical Engineers, Vol. L., 
р. 80, 1913. 
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Material. | Н.. I, | He+I,-. | H,xI.. 
Swedish wrought iron ............... 0-8 550 0-00145 440 
Softest selected iron .................. 0-44 804 0-00547 322 
| Piano steel wire ...................... 22-0 824 0-02670 1,813 
Piano steel wire ...................... | 40-0 760 0-05260 | 30,400 
Low-carbon steel ..................... 3:4 025 0-00544 1,900 
| High-carbon steel ..................... | 58-0 645 | 0-09000 | 37,400 
d e E steel ............... : e el bes HA 
evard віееі........................... . . | 
Allevard aicel erac a | 730 | 800 | 009120 | 58,400 
Böhler’s Styrian steel ............... | 34.0 790 0.04300 | 26,860 
| Bohler’s Styrian steel ............... | 75-0 600 0.12500 | 45,000 
Remy's tungsten steel ............... | 63:0 808 0.07790 | 51,000 
Remy’s tungsten steel ............... | 77-0 800 | 0-09620 | 61,600 
Medium tungsten steel ............... | 588 572 | 0-10300 | 33,600 
Whitworth tungsten steel  ......... i 37-0 610 0-06070 | 22,550 
noc ee ee HE 
cast IFOTD риса | . . р 
Lodestone .............................. 50-0 350 0-14300 | 17,500 
High carbon steel, 1:2 per cent. C.,| 48:0 264 | 0-18100 | 12,650 
quenched at 905?C. 
Cast iron (Hopkinson) ............... '9:8 312 0-01230 1,190 
Manganese steel annealed (Hopk.)| 24-5 43 0-57200 1,054 
Grey cast iron (Hopkinson) ......... 13-67 250 0-05460 3,410 
Chrome steel (Mathews, 7th) ...... 52-5 690 0-07620 | 36,250 
Tungsten steel (Mathews, 186)...... 71-5 806 0-08870 | 57,700 
Chrome steel tempered (Mathews, 22:0 1,030 0.02135 | 22,660 
У., Зга 
Chrome steel (Miss Moir) ............ 286 0-1954 


16,018 


Recently the question of the suitability of steels for per- 
manent magnets has been discussed by Mr. J. A. Mathews, in 
the Proceedings of the American Society for Testing 
Materials, Vol. XIV., p. 51, 1914, who suggests that anew 
criterion: of magnetic hardness should be framed upon the 
basis of the ratio between Bem, and J(,, oron the inverse ratio 
of 3(,7- Brem, preferably the latter, as the magnetically harder 
steels then have the higher number. Не proposes to call this 
Tatio the “ permanence.” 

Mr. J. R. Ashworth has made precisely the same suggestion 
in “ Nature," January 7, 1915, p. 506, with the difference that 
he states the “ permanence ” in terms of the ratio HC, + dren. 
But, as Brom. = 471), em. the distinction is one of scale only. Mr. 
Ashworth explicitly suggests this ratio as the criterion for 
“determining the most suitable material from which to con- 
struct a permanent magnet.” 


Now, ever since Hopkinson’s determinations 30 years ago, it 
has been supposed that for purpose of making permanent 
‘Magnets the best material would be that for which both Jem. 
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and JC. should be high; and for which the product JC, X Јо 
was, therefore, a maximum. 

To decide between this view and the new suggestion to take. 
the ratio as criterion, instead of the product, the values of 
3C, 77 Jom, and of IC. Jem, have been added tothe table. The 
results are illuminating. Two of the materials—viz., molyb- 
denum steel and chilled cast iron, are seea to have the 
ratio Jle > Jem, nearly equal—viz., 0-23 and 0-243 respectively. 
But their productsjC, X »)rem, ате 31,400 and 11,530 respectively ! 
And as molybdenum steel is 1-7 times higher than chilled cast- 
iron in the quantity of magnetism it retains, it follows that to 
produce two magnets of equal pull of these materials the cast- 
iron one must have 1-7 1-72-87 times the cross-section of 
the molybdenum steel; and, even then, would have only 0-6 as 
great a coercive force! Or, again, according to the proposed 
criterion of Mr. Mathews and Mr. Ashworth, annealed man- 
ganese steel, which has a ratio of 0-572, should be six times as. 
good as Remy tungsten steel, which has а ratio of 0:096. But 
the manganese steel has a remanence of only 43, compared 
with 800 for the tungsten steel—that is, 181 times as little— 
and to make the two magnets of equal power the magnet 


of manganese steel would have to be constructed with 


a sectional area 314 times as great as that of the tungsten 


steel! Thə respective values of the product HeX ды. for 


these two steels are 1,054 and 61,600 respectively ; or, as 
about 1 to 60. П we have to choose a criterion between 
manganese steel. which is almost non-magnetic, and the 
Remy steel, which is one of the finest magnet steels known, 
we should choose the one which makes out that the Remy 
steel is 60 times as good as manganese steel, rather than that 
which pronounces manganese steel to be six times as good as 
Remy steel. 

Very little is known about the magnetism of such substances. 
as basalt and terra-cotta ; but it is known that their remanent 
magnetization is very slight and their coercive force relatively 
enormous. But, because for them the ratio J(,+J,.,,, probably 
exceeds that of any known brand of steel, no one would dream 
of recommending these as the most suitable materials for 
making permanent magnets. 

It was suggested above that a possible ideal steel for per- 
manent magnets is one which will have 3, em. —800 with J{,=80 ; 
here the ratio is 0-1 and the product is 64,000. believe the 
highest J,en, yet recorded is Mr. Mathews's value of 5,,,, = 1,030. 
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This was for a chrome steel that had JC. only 22. The highest 
value of 3(, yet observed is Mme. Curie’s figure of 85 for a 
molybdenum steel; but its Sem, was only 370. If it were 
possible for metallurgists to produce steel with Jem. 1,000 and 
3(, —100, the value of the ratio would still be only 0-1; but the 
product would then be 100,000, and for equal power the sec- 
tions and weights might be reduced to about 64 per cent. of 
those of our best permanent magnets of to-day. Or, for given 
section and weight, magnets made of this ideal steel would 
have about 24 per cent. greater pull, and 20 per cent. greater 
coercive force. 


ABSTRACT. 


Whatever the form to be given to a permanent magnet, the prime 
requisites as to the quality of the steel are (1) large remanent mag- 
netism (Jrem,) and a high coercive (force Je). Since Hopkinson's 
determinations of 1885 it has been supposed that for the purpose of 
making permanent magnets the best material would be that for 
which both of these quantities and, consequently, their numerical 
product, should be as high as possible. Recently Mr. J. A. Mathews 
and, independently, Mr. J. R. Ashworth, have proposed to take the 
ratio e> Jrem. Or j(.—"ldrem, Which only differs in scale, as the 
eriterion. 

To decide as to the suggestion to take the ratio instead of the pro- 
duct a table giving the values of К, Srem» J(e Де. ANd JC. X Jrem. 
ior a number of steels is given, and it is clearly shown that the use 
of the ratio as a criterion of magnetic usefulness lea:ls to most absurd 
results. As an example, annealed manganese steel (almost non- 
magnetic) should, judging from the ratio, be six times as good as 
Remy steel, whereas in reality, for equality of pull, a magnet of 
manganese steel would require to be 312 times the weight of that 
made oi Remy steel. The qualities requisite in an ideal steel for 
permanent magnets are indicated. 


DISCUSSION. 


Dr. S. W. J. SMITH said that in cases (by far the most numerous) in 
which it was as essential that the moment of the magnet should be high 
as that it should be permanent, the criterion H,.--I, à maximum ob- 
viously had very little to be said for it in comparison with the criterion 
Н. x1, а maximum as Prof. Thompson had so clearly shown. It was 
possible, however. to think of cases where a '' permanent magnet ” 
might be required in which the constancy of the moment might be much 
more important than its magnitude. In these cases more might be said 
in favour of the first criterion. He pointed out that the choice between 
two different materials for a particular purpose might depend as much 
upon t he shape of the IH curve as upon the values of [, and He. 

Mr. A. CAMPBELL said that for practical purposes it was important that 
I, should be large or else a large coercive force was of no use. He agreed 
therefore that the product of H, and I, was the most useful criterion, and 
could not think of a case where the quotient would give a useful indica- 
tion of the quality of the steel. 
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Dr. C. CHREE said that peculiar cases were often encountered in whick 
it was difficult to say exactly what interpretation should be put on the 
terms ‘‘ permanent magnetism,” '' coercive force," &c. Some years ago 
he had had occasion to demagnetise a bar of cobalt. He had used the 
ordinary method of reversals, accelerating the process by hammering. 
By this process he actually reversed the magnetisation, a phenomenon 
which he attributed to the original magnetism being in the opposite 
direction in the outer layers to what it was in the inner core, the mag- 
netism of the outer layers being destroyed by the hammering. Не had 
also found with a certain dip needle that it could be magnetised more 
strongly in one direction than in the other. It was afterwards found 
that the steel from which the dip needle was made had been magnetised 
very strongly in that direction by the maker. There was another factor 
of importance besides the permanence of the moment of a magnet, and 
that was permanence of the distribution of the magnetisation. He cited 
the case of two Kew magnetometer magnets which had inadvertently 
been allowed to touch. Their moments were unaltered, but their mutual 
influence was considerably affected owing to a change in the distribution 
of the magnetisation. 

Мг. E. Н. RAYNER communicated the following: From a practical 
pu of view a high value for the product of remanence x coercivity is to 

e desired with the proviso that а low value in one of them can not com- 
pensate for a corresponding unusually high value in the other. A 
'' figure of merit " might be made out by penalising the material in both 
of these properties, counting only after a certain value has been attained. 
This figure might be calculated from the formula (1, —– 400)  (H..— 20). 
This would give a positive figure of merit to 15 materials in the list given 
in the Paper, implying that from a practical point of view the rest were 
comparatively worthless. The order of those with a positive figure of 
merit is much the same as the order of the magnitudes given in the last 
column of the Paper, the first four being in the same order and the fifth 
and sixth inverted. The most notable exception is the molybdenum 
tungsten steel which comes tenth in order of merit in the last column of 
the Paper, but which by reason of having a value for I, of less than 400— 
namely, 370—-has a negative figure of merit on the basis suggested. It 
would be interesting if Prof. Thompson could give some idea of what is 
the minimum value for Н. which is desirable in a good permanent 
magnet for commercial purposes such as magnetos for explosion engines. 

Мг. J. В. ASHworTH communicated the following: Prof. Thompson has 
discussed two criteria of steel suitable for permanent magnets, but has only 
applied one test in deciding upon their merits—namely, the pull which the 
magnet can exert. On the other hand, when I suggested the ratio of He to 
I, as the definition of “ permanence," I had in view, as I distinctly stated, 
“the preservation of the magnetism in a magnet," which for some purposes 
is more important than a high pulling force, for which I set up no criterion. 
From the standpoint of constancy, the ratio H, to I, may prove useful. For 
example, in soft iron the ratio is 0-0021 and in hardened iron 0:0115—5-5 
times аз great; the products of H. and I, are 1,710 and 1,840 respectively. 
Here the products are not very different, and it is the ratio which shows that 
hardened iron is more suitable for а stable magnet than soft iron. Again, 
I have shown that chilled cast-iron produces very constant magnets, and I 
find from Prof. Thompson's table that its ratio of He to I, is nearly the 
highest in the list. Even terra-cotta, which Prof. Thompson says may have 
a ratio exceeding that of any known brand of steel, has been found to pre- 
serve its magnetism for centuries, and is thus favourable to the view that а 
high ratio is indicative of high permanence. In short, the product Н, х Т. 
and the ratio H, +I, are not rival expressions for the same thing, but герге- 
sent different quantities, and it is a mistake to confuse them. The product 
gives information regarding the magnitude of the hysteresis loop, the ratio 
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deals with its shape. The ratio measures the difficulty with which mag- 
netism is removed; it indicates the general slope of the demagnetisation 
curve, and is important when treating of the loss of magnetism as suscep- 
tibility is when treating of the growth of magnetism. I need hardly say I 
did not know that Mr. Matthews had very recently drawn attention to the 
use of the ratio Н, to I,, and had proposed to call it ‘‘ permanence.” The 
coincidence with my suggestion is purely fortuitous, because, as my letter 
shows, the subject had been before me when carrying out experiments some 
years ago. 

Prof. Тномрзох replied as follows : Му sole point of view was the suita- 
bility of steel for making permanent magnets, for which purpose it is irrele- 
vant to consider either soft iron or hard iron. I have pointed out in my 
lecture of 1912 that a certain tool steel having a coercive force of 85, even 
though it have a remanence of only 370, is better for short bar magnets than 
any other tungsten steel ; and, indeed, it is better for that purpose than any 
known kind of steel whatever, even though some have a remanence of 800 
ог тоге. Itisofno value whatever for the permanence of а magnet's mag- 
netism, whether measured by tractive power or by magnetic moment, that, 
with a given (high) coercive force, the remanence should be low; but that mis- 
leading proposition is the logical meaning of the proposal to take as the 
criterion of permanence the ratio of coercive force to remanence. Stability 
depends essentially on the highness of the former—on its absolute magnitude, 
not on its magnitude relating to the latter. ° 
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XIV. A Galvanic Cell which Reverses its Polarity when Ши- 
minated. By ALAN А. CAMPBELL SWINTON. 


RECEIVED DECEMBER 31, 1914. 


In ordinary cells such as are used to show the alteration of 
the resistance in selenium under the action of light, the 
selenium is held between two metallic wires or strips, the light 
penetrates into the selenium at right angles to the direction 
of the electric current, and an exterior source of E.M.F. is 
employed. 

The writer has constructed several selenium cells in which 
the selenium instead of being enclosed between two solids, as 
mentioned above, was contained between a solid and an elec- 
trolyte, when, as the latter was transparent, the light could be 
caused to pass through the selenium in the same or in the oppo- 
site direction to the electric current. 

The selenium was spread upon a piece of copper which had 
previously been tinned to make the selenium more adherent, 
and then cooked for several hours in the usual manner, the 
uncovered portions of the copper being varnished with enamel, 
so that the electrolyte was not in contact with any part of 
the copper, but only with the selenium. To this end it was 
found important that there should be no cracks or pores in 
the selenium coating. 

The other electrode consisted of a metal or carbon plate 
having a hole cut in it the same size as the selenium covering 
on the first plate, and the two plates were mounted parallel 
to one another in a coil with a glass window, so that light from 
the arc in a lantern could be projected through the window and 
the aperture in the metal or carbon plate on to the selenium 
surface. 

Plain tap water was used as the electrolyte, any acid or 
alkali being apt to cause the selenium to come away from the 
copper. As in any case the electrical resistance of the selenium 
is very great, the extra resistance of the tap water was found of 
small account. It was found that such cells could be used in 
the ordinary way to show what is usually called the variation 
of the resistance cf the selenium in light and in darkness with 
current derived from a separate battery. Some of the cells 
thus constructed gave good results, though not better than 
others constructed in the ordinary way. 


ee 
ri -- M 


= 


A REVERSIBLE GALVANIC CELL 187 


If the perforated plate was made of zinc, the latter being 
electro-positive to selenium, the cell then worked as its own 
battery, the result of light falling on the selenium being to 
cause a larger flow of current. This might either be because 
the light caused the selenium to become more electro-negative, 
or because it reduced the resistance of the selenium. Sub- 
sequent tests, in which a Dolezalek quadrant electrometer 
was used instead of the galvanometer that had previously been 
employed, showed that the light caused an increase in the 

If, however, instead of zinc, carbon or copper was employed 
for the perforated plate, we had the interesting result that 
while the selenium proved electro-positive to the carbon or 
copper in the dark, it immediately became electro-negative to 
carbon or copper the moment it was illuminated. The reversal 
of the polarity of a cell of this kind was easily shown on a 
D’Arsonval moving-coil galvanometer of some 285 ohms 
resistance, large and about equal deflections on the two sides 
of zero being observed in contrary directions when the light 
was turned on and off. There was rapid polarisation in either 
direction, but this polarisation was instantaneously destroyed 
by reversal of polarity by changing from light to darkness, or 
vice versa. Measurements were also made with the Dolezalek 
electrometer, and the E.M.F. proved to be from 0-06 to 0:11 
volt in each direction. Tests made with a spectrum showed 
that the orange and red had the most effect, the violet appear- 
ing to have no effect at all. The results differ from those 
obtained bv the late Prof. Minchin with his photo-electric 
cells of selenium and aluminium in methyl-alcohol and acetone 
(“ Phil. Mag.," 5-31, pp. 229-234, 1891), inasmuch as these 
latter gave no current at all unless illuminated. Again, 
as in the writer's experiments both electrodes had approxi- 
mately an equal amount of surface illuminated, the results 
seem to have no connection with those studied by Becquerel, 
who found that in an electrolvtic cell a difference of potential 
can be obtained when one electrode is in darkness and the 
other is illuminated. Moreover, the effect with the selenium 
was found to be hundreds of times more powerful than what 
can be obtained bv merely illuminating one of two similar 
electrodes and keeping the other in darkness. 

The result with the selenium would appear to be consonant 
with the action of the light being to cause the emission from 
the selenium into the electrolyte of negative corpuscles. In 
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any case, the results point to the so-called alteration in the 


resistance of selenium under illumination being in reality due 


to an E.M.F. being generated. 

The writer is much indebted to Mr. A. L. Davis for his skill 
and patience in constructing the cells and for his assistance 
in carrying out the investigations. 


ABSTRACT. 


If two plates—one of zinc and the other of tinned copper coated on 
one surface with selenium and varnished with enamel over the 
remainder of its surface—are immersed in tap-water, the electric 
current through a galvanometer connected to the plates shows that 
in the dark the zinc is electro-positive to the selenium, while the 
result of light falling on the selenium is to increase the effect. 

If, however, instead of zinc, carbon or copper is employed for the 
non-coated plate, the interesting result is obtained that, while the 
selenium proves to be electro-positive to the carbon or copper in the 
dark, it immediately becomes electro-negative to carbon or copper 
the moment it is illuminated, this being easily shown by the deflec- 
tions of the galvanometer in contrary directions as the light is turned 
on and off. 


DISCUSSION. 


Prof. T. MATHER asked if the increase of current produced by the 
illumination was proportional to the E.M.F. which the author had 
detected with the quadrant electrometer. 

Mr. S. D. CHALMERS asked if heat waves would produce the effect. 

Mr. W. DuppELL commented оп the fact that the visible rays were 
most effective while the ultra-violet rays were ineffective, and contrasted 
the result with the recent discovery that selenium is very sensitive to 
X-rays. 


Мг. р. OweEN asked if thé action was instantaneous. If so, by using 


intermittent illumination one should get a strong effect produced in a 
telephone circuit. 

Mr. G. D. West thought that the ineffectiveness of the ultra-violet 
radiation might be due to the absorption of these rays which was bound 
to occur in the electrolyte. 

The AUTHOR, in reply, said that the extreme instability of the cell 
made it impossible to co-ordinate readings of the current and the E.M.F. 
produced by illumination. He did not think heat waves were able to 
produce the effort, as passing the light through a solution of alum did not 
greatly reduce it. The action, he thought, was practically instantaneous, 


He agreed that the absorption of the cell would probably account for the: 


ineffectiveness of the ultra-violet rays. 
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XV. An Investigation of the Photographic Effect of Recoil 
Atoms. Ву А. B. Woop, M.Sc., and А. I. Steven, М.А... 
B.Sc., University of Liverpool. 


RECEIVED JANUARY 13, 1915. 


Introduction. 


MEASUREMENTS of the ranges of a-particles by different 
methods have shown that the ionising, phosphorescent and 
photographic aciions cease after the a-particles have traversed 
the same distance in air, although they still possess nearly 
40 per cent. of their initial energy. It seems reasonable to 
suppose, therefore, that these three properties of the a-rays 
must be ascribed to the same cause. 

Work of Wertenstein* and one of ust has shown that the 
ionisation produced bv a recoil atom is about 10 times greater 
over its range than that produced by the corresponding 
a-particle over the same part of the range. 

It thus appears reasonable to expect that recoil atoms will 
produce phosphorescence and will affect a photographic plate. 
The object of experiments to be described was to investigate 
any photographic action if it occurs. 

In the majority of cases the recoil atom 18 radio-active 
(e.g., recoil atoms from RaA, RaC, ThC, Act.C), hence any 
photographic action due to energy of recoil is masked by the 
subsequent disintegration of the recoiling atom. Polonium is 
the ideal substance for the purpose of the experiments, since 
the atom recoiling trom it, when it expels an a-particle, is 
itself ravless, and consequently any effect produced by it 
must be due entirely to the energv of its recoil. 


ExPERIMENTAL PROCEDURE. 


There still remains the separation of the effects due to the 
a-particles and those due to the recoil atoms. Two methods. 
have been adopted :— 

(A) By “ absorbing " the recoil atoms. 

(B) By deflecting the a-particles in à magnetic field. 


* Wertenstein, ‘‘ Comptes Rendus," 152, p. 1657, 1911. 
t Wood, “ Phil. Mag.," October, 1913. 
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(A.) Absorption Method. 


In this method a very active preparation of polonium, 
‘deposited on a polished platinum surface, was placed at the 
end of a brass “ light-tight ” vessel, which could be evacuated 
to any desired pressure. The rays emitted from this source, 
after passing through two parallel slits 1 mm. wide and 1 cm. 
apart, fell on a sensitive photographic plate, one half of which 
was covered with tinfoil of thickness sufficient to prevent the 
a-rays from striking the film beneath it. The experiment now 
consisted of two distinct parts : (a) The pressure in the chamber 
was adjusted so that the recoil atoms were just prevented from 
reaching the plate. This pressure, a few centimetres, could 
easily be calculated from a knowledge ot the range of recoil 
atoms at atmospheric pressure and the distance apart of the 
polonium source and the photographic plate. By means cf a 
‘shutter arrangement an exposure of any required period could 
be given. 

(b) The pressure was now reduced to about 0-001 mm. by 
means of a Gaede pump, until practically all the recoil atoms 
could reach the plate, the a-rays, of course, reaching it as 
before. Now, the other half of the plate was exposed for the 


same length of time, the part previously exposed being covered 
with tinfoil. 


In this way one half of the plate was affected by a-particles 
only, whilst the other half was affected by both a-particles and 
recoil atoms. On developing the plate a narrow continuous 
band was observed across it, one halt being produced in experi- 
ment (a), the other in (b). In nearly every case, that half of 
the band produced in experiment (b) was slightly darker than 
that produced in experiment (a). | 


It might appear from this that the effect of the a-particles 
and recoil atoms together was greater than the effect produced 
by the a-particles alone, thus showing that the recoil atoms 
have a photographic action. It must be considered, however, 
that in experiment (a), when the pressure in the chamber is 
several centimetres of mercury, fewer a-particles reach the 
plate on account of scattering than in experiment (b), when 
the pressure is extremely low. Consequently, the slight 


difference of intensity observed might be due to this absorp- 


tion or scattering effect alone. Hence it became necessary 


to adopt some other method by which this effect could be 
eliminated. 
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(B.) Magnetic Deflection Method. 


Makower and Evans* have shown in the case of RaB recoil- 
ing from RaA that the deflection of recoil atoms in a magnetic 
field is only half that of the corresponding a-particles.. 
Assuming that this*is the case for other substances emitting 
a- particles, we have here a convenient method of separating 
the two effects. The apparatus used is essentially similar: 
to that employed by Makower and Evansf in the determination 
of “e/m” and “v” for the atoms recoiling from RaA, the 
only difference being that in our experiments the recoil atoms 
were received directly by a photographic plate. А powerful 
electromagnet, giving a field of about 10,000 gauss with рое- 
faces 3-5 cm. x 1 em. and a gap 1 cm., was employed to deflect 
the beam of rays issuing through the slits. Equal exposures 
were made with the field first in one direction, then reversed,. 
the chamber being evacuated to a very low pressure by means 
of a Gaede pump. 

If both a-particles and recoil atoms affect a photographic 
plate, then we should expect to find, on developing the plate, 
four lines, the two outer ones being due to a-particles and the 
two inner ones being the result of the impact of recoil 
atoms. Even with the longest exposures possible, limited 
by the heating of the magnet, only two lines about Imm. 


wide and 0-4 ст. apart (obviously due to a-particles) were 
observed. 


Now, Wertenstein; and one of us$ have shown that the. 
penetrating power of recoil atoms is only about goth that of 
the a-particles, consequently the negative result just mentioned 
might be explained on these grounds—.e., the recoil atoms 
do not penetrate sufficiently deep into the film to produce an 
observable effect. То get over this difficulty, instead of using 
ordinary gelatine-coated plates, Schumann plates (a thin film 
of silver chloride on glass) were emploved ; the recoil atoms 
had thus a greater advantage in affecting the sensitive layer. 
Many experiments were made using these plates, but the 
results were either entirely negative or so uncertain as to be 
quite useless. 


* Makower and Evans, ' Phil. Mag.,” Vol. CXIX., November, 1910,. 
p. 882. 

t Makower and Evans, loc. cit. 

t Wertenstein, loc. cit. 

$ Wood, loc. cit. 
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SUMMARY AND DIscussION or RESULTS. 


An attempt has been made by two distinct methods to 
«demonstrate the photographic action of recoil atoms from 
polonium. The method of separating the-a-particles from the 
recoil atoms by means of a magnetic field is undoubtedly the 
more conclusive of the two methods employed in this investi- 
gation; but, with the sources of polonium at our disposal, 
the results show that the photographic effect, if any, of the 
recoil atoms is too small to be observed. This negative result 
.may possibly be due to either or both of two causes :— 

1. The activity of the polonium source used was not suffi- 
-clently great ; 

2. The recoil atoms do not penetrate sufficiently deep into the 
sensitive layer to produce an appreciable photographic effect. 

By employing a source of very great activity both these 
difficulties might be overcome and a more conclusive result 
obtained. 

It might be mentioned here that one of us has carried out a 
series of experiments on the possibility of recoil atoms pro- 
ducing scintillations on a zinc sulphide screen, but the results 
in these experiments also were inconclusive. 

Our best thanks are due to Prof. Sir Е. Rutherford for the 
loan of the source of polonium, and to Prof. L. R. Wilberforce 
for his kind interest in the experiments. 


ABSTRACT. 


The ionising, phosphorescent and photographic effects of the 
.a-particles from a radio-active substance entirely cease when the 
particle still retains about 40 per cent. of its kinetic energy. It 
appears possible, therefore, that the recoil atoms from a radio- 
active source should be able to affect a photographic plate, for though 
the range of a recoil atom is only about ,jgth of that of the a-particl e 
shot off from it, the ionising effect has been shown by Wertenstein 
and one of the authors to be 10 times as powerful over the corre- 
sponding rar ge as that of the a-particle. 

Attempts have, therefore, been made to demonstrate this action 
in the case of the recoil atom from polonium, this substance being 
chosen on account of the inactive nature of the recoiling atom. Two 
distinct methods were employed: (1) The recoil atom was “ ab- 
sorbed " ; (2) the difference of deflection of the a-particle and the 
recoil atom in а strong magnetic field was utilised in order to attempt 
to separate their effects. “‘ Schumann " plates were used as being 
most easily penetrable, but in all cases the results were negative or 
inconclusive. "This is probably due to the fact that the recoil atoms 
„аге not able to penetrate sufficiently deeply into the sensitive layer 
to render the grains developable. 
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XVI. Magnetic “ Character”? Figures: Antarctic and Inter- 
national. Ву C. СнвеЕ. Sc.D., LL.D., F.R.S. 


RECEIVED FEBRUARY 2, 1915. 


$1. Since January, 1906, an international scheme has 
existed for assigning to individual days magnetic “ character ” 
figures “0” (quiet), “1” (moderately disturbed), “2” (highly 
disturbed). These figures have been assigned independently 
at each co-operating observatory, the observer taking into 
account only the curves of his own station. The results are 
sent in quarterly to the Director of De Bilt Observatory in the 
Netherlands, who undertakes the analysis and publication. 
At the year’s end he issues a list ascribing to each day a “ char- 
acter" figure which represents the mean estimate of the co- 
operating stations, the results being given to 0-1. On these 
figures he bases the selection for each month of five “ quiet ” 
days, which are recommended for the deduction of the regular 
diurnal variation for international purposes. А “day” in 
this connection means a period of 24 hours commencing at 
Greenwich midnight. 

For purposes of my own I have utilised the international 
data for the selection of the five most disturbed days of each 
month, regarded as the days having the largest “ character " 
figures. Occasionally the question arises which of two days 
having equal “ character " figures should occupy the fifth place. 
In such a case preference has been given to a day immediately 
adjacent to a highly disturbed day. 

The impression produced on the mind by а magnetic trace 
depends a good deal on the sensitiveness of the magnetograph. 
With very high sensitiveness, such as 1 mm. = 1у(1 х 1075 C.G.S.) 
disturbances catch the eye which on an insensitive record, such 
аз 1 mm.=10y, seem insignificant. Some stations, again, are 
much more disturbed than others, while different observers 
have different ideals. Thus the standard differs at different 
observatories. What one observer accepts at once as a “2” 
day, another equally readily accepts as a “1”. Further, as 
I have shown elsewhere,* one's estimate of disturbance 1s apt 
to be influenced by the presence or absence of large distur- 
bances about the time. If one maintained an absolutely 
uniform standard, class “ 0 " would be but slightly represented 


* Roy. Soc., '' Phil. Trans.,” A. Vol. 213, p. 245. 
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in a disturbed season, and class “ 2 " in a quiet season. Thus 
even the final international figures do not, 1 think, have an 
exact physical significance, but they do at least discriminate 
with very considerable accuracy between the days of the same 
month. 

The large majority of the stations contributing to the inter- 
national lists lie between 55°N. and 25°N. lat. The extreme 
latitudes represented are 59-7°N. (Pavlovsk) and 31-7°S. (Pilar). 
There are observatories further south than Pilar in British 
territory from which figures would be valuable. 

There is a great difference magnetically between stations in 
moderate and high latitudes. At all stations, so far as I am 
aware, which have been occupied within the Arctic or Antartic 
circle, magnetic disturbances have shown a persistence and 
amplitude unparalleled in temperate or torrid zones. There 
are grounds for believing a connection between magnetic dis- 
turbances and auroras of a rapidly oscillating type. The fre- 
quency of aurora in Europe diminishes rapidly as one moves 
southwards from the auroral belt. Auroras are frequent 
occurrences as far south as Shetland, but very rare in southern 
England. According to Prof. Kr. Birkeland’s* theory, which 
has a good deal to say for itself, auroras and magnetic storms 
are alike due to flights of electric ions discharged from the sun. 
When these ions enter the earth’s magnetic field they describe 
spirals round the lines of force, and none which do not possess 
an exceptionally high velocity, closely approaching that of 
light, can get near the earth, except within a moderate angular 
distance of the magnetic poles. There may thus be an almost 
continuous advent of ions with consequent aurora in high 
latitudes, and but very occasional advent in temperate lati- 
tudes. The disturbance due to the ions present in high lati- 
tudes is, of course, not wholly limited to these latitudes, but 
only faint effects would ordinarily be experienced in remote 
regions. On this view there need be no close connection be- 
tween the prevalence of disturbance im mid-Europe and in high. 
latitudes, especially high southern latitudes. Unless on the 
relatively few occasions when numerous ions of high velocity 
are discharged from the sun, there are also unusually copious 

discharges of the slower moving ions, the presence of a magnetic 
storm in central and southern Europe would not necessarily 


* “ Expédition Norvégienne, 1899-1900." “ Тһе Norwegian Aurora 


Polaris Expedition, 1902-1903," Vol. I., Sects. I. & II. Also numerous- 


Papers in the ‘‘ Comptes Rendus ” of the French Academy since 1908. 
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imply any special disturbance in the Arctic and Antarctic. 
Conversely, the presence of quiet conditions in mid-Europe 
would raise but a slight presumption of quiet conditions in high 
latitudes. Thus theoretical as well as practical considerations 
indicated the desirability of examining the records obtained 
during Captain Scott’s last Antarctic Expedition, to see 
whether there is any marked connection between the magnetic 
“ character " of days in high and moderate latitudes. Ш was 
also investigated whether the so-called 27-day period manifests 
зе in the Antarctic. , 

$2. In previous investigations* of the 27-day period I have 
employed two sets of magnetic data, viz., the absolute daily 
ranges of the magnetic elements and “ character” figures, 
either the international figures published at De Bilt, or figures 
assigned by myself to Kew curves, for years for which no inter- 
national data exist. Absolute daily ranges have been got out 
for the Antarctic curves, but they refer to days in the local 
time of 180° longitude, and the additional labour necessary to 
determine a second set of ranges applicable to days G.M.T. 
hardly seemed justified. Thus I decided to assign and employ 
“ character " figures. 

Thanks to the assiduous care of the Antarctic magnetic 
observers, Dr. G. C. Simpson and Mr. C. S. Wright, there are 
but few gaps in the record extending trom the beginning of 
February, 1911, to near the end of November, 1912. There 
were, however, a few days on which the loss of trace rendered 
it impossible to assign a “ character " figure satisfactorily. А 
few hours’ trace may justify one in assigning a “ 2," but unless 
the day's trace is very nearly complete it is hardly safe to 
assign а “0.” 

Table I. gives the dates of the five most disturbed and the 
five international quiet days of each month, along with the 
corresponding “ character " figures assigned by myself to the 
Antarctic curves. А few days are left blank for the reason 
stated above. The “ character " figures are taken from a list 
including all days for which adequate Antarctic records existed. 
When making the estimate I did not consult the international 
list, so there was no possible prejudice. Before actually 
assigning the figures, I made a general inspection of all the 
Antarctic curves, so as to set myself a standard of disturbance 
likely to discriminate adequately between the days of all the 


* Коу. Soc. “ Trans.” A. Vol. por p. 75; Vol. 213, p. 245; “ Proc." A, 
Vol. 90, p. 583. 
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months. If I had applied such a standard as is applied to Kew 


curves, most of the summer months would have received no 


| 
| «um | 0's and very few Гз. Even as it is, the number of 2's allotted 
m is much greater than at the average station co-operating in the 
Е. | international scheme, 
\ TABLE І -—Anlarctic “ Character ”’ Figures o on I international Disturbed and Quiet Days. 
] BUE Dates, | ‘Antarctic characte r арын 
| | | 
| nmi Bil. Мм 
| 1911. " Disturbed days. Quiet days. | Disturbed days. | Quiet days. | 
Febraaty <2. 192 м 929 ми 12 Is 19 $0|]2 23 22 2:1 bL 10! 
March ....... $0 23] 28 256 3287010 JI d2 17 308]32 2 2 32 2140.9 € ) 9j 
ут sisi 8S $6 1€ 17 80185 13 HM 16 26812 2$ $ 2 210 — 0 1 1| 
" May ioo TR 15 10 81) 7) 4 D 97046129. 2 2 2 210 08 0 2 0] 
TUBE еы & 5 910 1115 175 48 10 20]11 21 21/1090 0 0.0 
hi duly 1252s L1 M 10 9& 20]19 14. 16 16 208 12 2211 10 159 
| Áugust....l190. 28 24 95 9617 8 10 11 20|2 29-2 2 2112-0 19 1| 
pii М September .16 19 20 21 22| 2 3 14 25 2612 1 2 2 2 Peete 
: ua October.) 9 10 IL 19 18|1 в 16 38 9512 2$ 8$2]0 0 31) 
UB EM November. a 0 19 м Ш T7 922 29 29412 2 2 $2 9|1 A3 1 d Xy 
pH Ма December... 6 11 17 26 31/2 9 21 22 у нн qa 
THOU WI, 1912. | 
: Py 1 | January ....'11 12 13 17 22/2 15 16 26 27/1 222 2/1111 0 
ALL EE February ...|12 13 16 17 2165 6 15 2 21,2 112-10 1 1 190 
' March ....... T 8.9 21 he 1T ae de ИЛ S T1010 9 8 6 1 
| Круа в 10 1& 180]1 5 1i 21 ee 322227000 9 9 
Мау. „ены |[$- 58.38 а тот 
о Doc 1 8 9 10 28/5 6 15 19 20/2 22 2 110 1000 
ШЕ" EN JUS oed 2 4-8 2T AL Al 45.35 es $2 1. 110 D O9 6 0 
EU] August ...... & 26. 387 19 224. 8.12 19.20|1 1 * 2 210 9 O € 1 
Я | September .| 4 17 18 23 24/2 15 16 27 2812721200100 
* | October 4«| 1 1L № № 1612 5 1810-91190 2 12 2]1 1 120 1 
‘ | November..|lQ 11 14 16 22 |3 12 21 29 30 |22 - 2 -|1 1 = - - 


A glance at Table І. shows that the association between 

Antarctic disturbances and those in moderate latitudes was 

| very intimate, Of the 107 international highly disturbed days 
| for which Antarctic records existed, 85 got a “ 2,” and not a 
single one a “0.” Only one day which had an international 
“ character ” figure as large as 1-3 failed to get a “ 2,” and it 

was а day on which several hours’ trace was missing, so that 

B Wi allotting it a '* 1,” as I did, was rather a rash proceeding. On 
| i the other hand, 57 of the 106 international “ quiet " days got 

E UI a “0” and only four got a “2.” Of these, three occurred in 
| December, 1911, a month to which I allotted sixteen 2's and only 
one 0. Moreover, all three were essentially quiet except for a 
lew hours near midnight, and the disturbance was so moderate 
that it was open to doubt whether a “1” ога“ 2” was fairer. 
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The fourth international quiet day which got a “2” was also 


close to the border line between ‘‘1” and ‘‘ 2.” 


In only one 


of the four cases was there any suggestion from the interna- 
tional data that there had been a disturbance peculiar to high 


latitudes. 


On that occasion a “1” had been allotted at Pilar, 


the most southern station, and at Sitka, one of the most 
northern, every other station with one exception assigning 


a “0.” 


§ 3. Various other interesting conclusions could be derived 
from Table I., but they are more readily recognised in Table II., 


which analyses the data from the different months. 


The 


Antarctic selected disturbed and quiet day data for November, 
1912, were derived from only three disturbed and two quiet 
days, and only 15 days were available altogether, so the results 


for that month are somewhat uncertain. 


TaBLE П.— Меап Monthly and Annual “Character” Figures. 


| 1911. | 1912. 

| — International. Antarctic. | International. Antarctic. 

| Dist. All. m. Dist. | All. Quiet! Dist. | All. | Quiet. Dist. All. ' Quiet. 
| January .... eee а bem [oes dus [098 [0-42 | 002 | 18 130 08 
' February 1-46 idi 0:36 2:0 11:54. 0-8 ,102/0:419 | 012] 1-5 11:00 | 0-6 
‚ March ....... ‚1:48 0-78, 0-08 20,126, 02 [1.08 |045 0-02 | 1:2 083 0-2 
April ......... l-48 0-76 0-14 | 2.0 1128 | 0-5 [1-12 10-45 | 0-08 | 20 ,0-73 ' 0-0 
о | 1.28 0.7 | 0-16 | 2:0 |1:23 | 0-2 11:18 0-47 | 0-10 | 18 10:77 | 0-4 
| JUNC ......... ‘1.12 0-53 | 0:04 1411-00 | 02 [0:98 [0-47 | 0:08 | 18 10-86 | 0-2 
July coe 11-26 0-61! 012, 18 1:32 | 0-6 |106 |0-41 | 0-02 | 1-4 1070 0-0 
August ...... | 1-30 0-53 ; 0-10 | 20 L06 , 0-6 [112 [0-49 | 0-02 | 1-6 1103 02 
September . 130 0-50 | 0-06 1-8 0-97 | 0-6 11-22 [0-47 | 0-02 | L6 |097 0-2 
October .... L30 0.59 | 006 | 20 1:26 | 08 |120 5046 | 002 | 1:8 |123 08 
November..., 1-42 ,0:49 | 0-04 | 20 | 1:47 | 1-0 [590 0-45 | 0:00 | 20 11.53 10 
December .|L30 0-45 | 008, 20 0148 | 14 | s J | || 
Mcans ....... [134 ver on D11 (Tài [18 | 068 [100 jo (946 | 004 [1 1-68 0-99 | 0-40 


As already indicated, the necessity of discriminating ade- 
quately between the different days of the same month tends 
to variation in the international standard, of such a nature as 


to minimise the difference between different vears. 


The fall 


in disturbance, however, between 1911 and 1912 was so large 
that it is readily recognised in the international figures in 
Table IT., whether one regards the disturbed day, the quiet day, 


or the all-day results. 


decline in the Antarctic “ character " figures. 


There is also, it will be seen, a marked 
Thus in this 


case, at least, the fall in disturbance was common to high and 


P2 
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temperate latitudes. According to statistics advanced by 

some authorities, auroras have been more numerous at stations 

to the north of the Arctic aurora belt during years in which they 

have been less numerous at stations to the south of it. Thus 

it would not have been safe to assume a priori that disturbances 

near a magnetic pole and those in temperate latitudes wax and 

wane together. : 
Another phenomenon clearly visible in Table IT. seems pecu- [^ 

liar to the Antarctic. In temperate latitudes disturbance is * 

most prominent towards the equinoxes. In the Antarctic the 

equinoctial months, while decidedly more disturbed than the 3 

winter months, are less disturbed than the summer months. 

This phenomenon was also clearly shown by the magnetic 

curves obtained in 1902 and 1903 by the first Scott Antarctic 

Expedition. 


TABLE ITI.—Antarctic ‘‘ Character ” Figures. Sums on Selected and Associated Days. 


|n-2 licct! n DE Pre” 5 n4+26|n+27] n+ 28 n429 pet 
| EEE HOE EE АН: (Ae RESUME So MER MAGIA MIRO nc. MEM 
Disturbed and | | | 
i 


44 49 | 9| 


Total (104 days) .... 109 


| | | | к. 
° associated days: | | | | T G 
1911 (55 days) ...... 55 76 | 106) 98 | 88 j 63 7 | 83 |9 вт. 
1019 (49. 4. ) caos 44 | 58| 81 72 | 63, 48 | 55 | 64 | 57 | 56 | 8| . 
Total (104 days) и 99 | 134 | 187 | 170 | 141 | 111 | 127 | 147 | м7 ја Bl fa 
Quiet and Asso- | | | | | | а 
‚ ciated days : | | | x 
1911 (55 days) ...... 67 | 54| 35, 46| 06) 65 | 50 | 47 | ба | 67 | Uir 
1019 449 4. Testes 42| 35| 16| 311 44| 37 | 41 | 41 | 
| 


——  - ——— 


Disturbed and asso- 
ciated, less quiet | 


and associated: 


1911 (55 days) ME —12 14-22 |471 |+52 (4-22 zi +22 (436 +36 |+18 

1012. [40- зы |+ 2 +23 |+ 65 Tn i+ 9 EM +14 |+23 13 + 7 7 
иара ——_——| * в 

Total (104 вуз)... -—10 +45 |+ 1364-93 | +31 3149 "ne. |+36 |+59 +49 [+5 | 


$4. In order to ascertain whether the 27-day period is 
recognisable in the Antarctic, the “ character” figures which 
had been assigned were entered in tables of which Table III. 
constitutes a summary, in columns headed n—2 to n+-2 and 
п--25 to n+30. Here n stands for a representative selected 
day, whether one of the five disturbed or one of the five inter- 
national quiet days of the month, n—1 and n+ 1 represent the 
days immediately preceding and succeeding, n+25 the day 25 
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days later,andsoon. Noneofthe selected days for November, 
1912, appeared in column n because there were no correspond- 
ing data for columns 4-25 to n4-30. What appears in Table - 
III. is the sum ofthe “ character " figures, allowance being made 
for one or more days missing in some of the columns. For 
instance, in 1912, in the case of the disturbed and associated 
days, only 48 days’ “ character " figures were really available 
for column »--2. Their sum 52 was brought up to 53, as the 
integer nearest to (49/48) x 52. 

The 27-day period is clearly shown in the case alike of the 
disturbed and the quiet days, and still more clearly in the 
difference figures, obtained by substracting the totals for the 
quiet and associated days from the corresponding totals for the 
disturbed and associated davs 

A similar procedure was applied to days that were from 30 
to 25 days earlier than the selected disturbed and quet days. 
In this case the selected days of February, 1911, could not be 
utilised. Table IV. gives the results obtained for the columns 
n—30 to n—25. The results for the columns n—2 to n4-2 
differed so little from the analogous results in Table Ш. that it 
seemed unnecessary to givethem. While Table III. suggests a 
period distinctly longer than 27 days, Table IV. would make the 
period more nearly 26 days. This is not improbably connected 
with the lack of symmetry which Table ILI. discloses in the 
primary pulse. The “character” sum in column m-F1 is 
greater for disturbed and less for quiet davs than the corre- 
sponding “ character " sum in column n—1. Thus the centre 
of the primary pulse would seem to fall well after the middle of 
the representative selected day. 


TABLE IV.—Antarctic '' САО " Ри ИЕ Sums on Associated di 


t 


n— -30 |n n—-29 п—28 |п— 27 п—96 n—93 


К аг сас Ареса 
Disturbed associated days: 
| 1911 (30 days)... erre 49 | 51 | 67 | 79 | 84 | 80 
' 1912 (55 po ) а... 6L | 56 | 55 | 67 | 70 | 67 
Total (105 days)... | 110 | 107 |122 | 146 | 154 | 147 
Quiet associated days: | 
1911 (50 days) |... eene 04 | 60 | 51 | 48 | 47 | bl 
‚1912 (55) e | 67 | 51 | 47 | 49 | 49 | 47 
| Total (105 days)... eee | 121 |ui 201 | 97 | 96 | 98 | 


—ÀÓÁ—— АА. M P — a—  —— M — a — I 


Disturbe d associated less quiet ! | 
| associated (105 days).......... —и |= 4 21 [+49 |458 |4-49 
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Table У. employs the same data as Table ПТ., but arranges 
them under three seasons, viz., winter (May to August), summer 
(November to February) and equinox (the remaining four 
months). The 27-day period is apparent in cach season, but 
is less well marked in summer than in winter or equinox, This 
is partly explained by the smaller number of davs available m 

. summer, and partly bv the fact that disturbances at that 
season were so large and numerous that the number of ""char- 
acter " O's allotted was hardly sufficient to discriminate ade- 
quately between the days of the same month. 

The sun, it should be remarked, was continuously above the 
horizon almost the whole of summer, and continuously below 
the horizon almost the whole of winter. Its being below the 
horizon during the latter season seems not to have militated in 
any wav against the 27-dav period. 

TaBLE V.—A Mare i ОС ie Е Sums on Босс ana Associated Раз yo 


-= -— — — - L —- 


— 
———s D — —— ÓÓ—  ——— a — Е 


Winter, fDist,&e.| 37| 30; 69 64! SL’ 40 49 Y 51. 51 5 | 4 
40 days Quiet, &с.| 34 25, 12, 23 31 34 26 | 25 34 | 37 39 
Excess of dist'bd, &c.-- 3 |+25 457 +41 420 +6 423 !432 423 “414 +2 

AUC MN ATIUM EN Seah NE A ee 
Equinox, f Dist, &c.| 36 | 50! 72. 04! 37 /| 45 48 | m»? 239 | OL | 5 
40days Quiet, &c|. 42] 34| 10 25; 42! 40 | 39 | 39 42 | 5l | 5 


——À— | MÀ — Á— MÀ —— e 


Excess of dist’bd, &c.|— 6 |--10 1-56 +39 


———————————Ó—Ó———— —————  ——————  — — ——— — €— ———————— 


"uper. Dist., &c. 27 35 47 
E days Ñ Quiet, &c| 34 31 | 
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$5. The mean of the Antarctic “ character” figures, not- 
withstanding the much higher standard of disturbance em- 
ployed, was much in excess of the corresponding international 
mean. Thus it appeared desirable for purposes of comparison 
to express the results as percentages of some standard value. | 
Two quantities suggested themselves as standards, 1? the mean | 
‘character ” figure from all days of the year, and 2° the ampli- 
tude of the primary pulse, t.e., the excess of the “ character ” | 
figure of the representative disturbed dav over that of the 
representative quiet day of the year. Both have been used. 
The Antarctic data referred to both standards are given in 
Table VI. The international data referred to the two standards 
appear separately in Tables УП. and VIII. These two last 
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tables are not confined to 1911 and 1912, but include all the 
vears for which international data have been published. 

To explain the figures, consider the Antarctic results for 1911 
in Table VI. The mean “character” figure for 1911 was 1-26, 
There were 55 selected disturbed and 55 selected quiet davs. 
The sum of the “ character” figures for 55 average days is 
52x 1.26 or 69.3. Tha sums for the 55 selected days were 
respectively : disturbed 106, quiet 35. The difference of 
these sums—or amplitude of the primary pulse—71, ex- 
pressed as a percentage of 69-3, is to the nearest integer 102. 
The sums for the 55 days which followed 27 days after the 
selected days were respectively : associated disturbed days 
83, associated quiet days 47, and again to the nearest integer 
100 (83—47)/69-3=52. 

The figures in the second line of Table VI. were got in an 
exactly similar way, using as standard 0:99, the mean 
“ character ” figure for 1912. 


TaABLE VI.—Antarctie “ Character” Figures. Differences Disturbal and Associated Days less 
Quiet and Associated Days as percentages. 


As percent- (1011. —17 pe “4102 +75 432 — 3 | 432! 452 | 452 | 426 +3 
ages of mean 1912 +4 +47 +134 +85 |+19 +23 | +29 | +47 | 427/414 —10 
| 


' ure for year Mean — 7 +40 +118 +80 +25 +10 


—— —— —————— ——— ——— à ——— | — a —— M — M € À— I a 


As percent- | | | | 
aces of differ | 1911 :—17 +31 +100 +73 (+31. — 3 , 31 | +51 | +51 | +25; + 3 
‚ encedist.less4 1912 + 3 +35 +100 +63 +14 417] +21; +35 | +20 +1 | - 8 
^ quiet on day | ——— ——— —— —— ——— ——— pe PED MM ВЕРНЫ ЕВ 
n Mean — 7 +33 +100 +08 Р г. ‚+26 ‚ +43 | +35 | +18 —3 


ТавгЕ VIL —Znternational “ Character " Figures. Differences Disturbed and Associated 
Days less Quiet and Associated Days as percentages of Mean “ Character”? Figure 


| 1910: 21 | 83 | 161 ' 80 | 18 5 | 37 | 56 
| i911; 10 | 86 | 189! 93 | 16 | 26 | 65 | 89 
| | о | 98 | 233 ' 109 |—18 17 | 48 | 69 
| 52 1131 | 228 | 118 | 40 || 59 | 88 


- Gey о-о — m ne co wate oe 


for Year. 

‚ Year. | п— 2! n—1 п | n+1 | n42 |п+25 n+26|n+27| n sal i n430 
1906 | 22 | 92 | 179 | 96 | 15 6:37 | 47 | 24 —16 | 
1907 | 17 | 96 | 179 | 83 9 8 | 31 | 31 17 is 29 
1908 14 | 94 | 175 | 98 | 17 27 | 60 | 57 | 44 | 15 |-2 | 
1999| 99 | 94 | 195 ' юз | 25 |—18 | 0 | 37 | 41 | 35 | a7 

47 | 32 6 
21 9 


| Mean | 20-6 | 96-7 | 1925| 97.5 | 145 | 16-7 | 45-7 | 60-4 


~~ 


| 
| 


| 


| 


Ll 
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| | 1 | TABLE VIII.—Jnternational '' Character ? Figures. Differences Disturbed and Associated 
IM mI Days less Quiet and Associated Days as percentages of Difference on Day n. 
(Hh | | Year. | n—2 | n—1, n n+l | n+2 |п-+-25 | n--26 n4-27 | n--28 | n--29 п- 30 
EN SENS "pU. Men UMP NOTIONE SIDA SSE RII PEAY Vedere ба 
na | 1906 | 12 | 51 | 100 | 54 | 9 | 4 | 20°) æ | м | 4 —9 
| a 1907 10 53 100 46 1 4 17 17 10 10 | 16 
"WP" d Bo&| 8 [| 5$ | 100] 56 | 90 | 65| 34 | 98 | 25 | вый 
| | | 1909 15 48 100 53 13 |—7 | 0 19 21 18 9 
| IT. | 1910 13 52 100 49 H fi . 9 23 34 29 13 4 
Bun Dij &]|-46|230]49]| 9| M 35] 49 | Beh H | 1 | 
: BE El 1912| 0 | 42 | 100 | 47 |- 8 | 7 | 21 | 30 8-6 —7 
Pn DI 1913 | 23 | 57 | 100 | 52 | 18 | 26 | 39 | 43 | 27 | 20 | 15 
TAE PIANI GEE аганын SENE aper EER T ETT ИРЖИ 
| | | Mean | 10-7 | 50-4 100 | 50-8 | 77 | 82 | 23-6 31-1 | 21-2 | 99 , 35 | 
Е RUPEE ee E EA S SSE — — 
| aM TI 
У | | As regards the second set of percentages in Table VI., we have 
| l (u 
ME Li was 106—35, or 71. In column n4-27, for example, for 1911 


we have 100(83—47)/71—51 to the nearest integer. The 
percentage figures for the individual years in Tables VI., VII. 
| | | and VIII. were all calculated to one figure beyond that recorded, 
Ta | and these more exact figures were employed in deducing the 
1 final means given in the tables. 

| Fig. 1 shows separately the primary and secondary pulses 


1 | already seen that the amplitude of the primary pulse for 1911 
| 


the numerical data represented being the percentages whose 
difference appears in the last line of Table VII. 

Fig. 2 shows the primary and secondary difference pulses 
derived from the Antarctic data in the last line of Table VI. and 


| | for disturbed and associated and for quiet and associated days, 


Ü n trom international “ character" data in Table VIII. "Phe 
MI | sunspot maximum group of years 1906, 1907 and 1908 had a 
EB Ll ul mean sunspot frequency of 53°8, while the sunspot minimum 
group 1911, 1912 and 1913 had a frequency of 3-5. 

The numerals attached to the observational points in both 
| figures denote the number of days from the crest (marked 0) 
Nu of the primary pulse, time previous being measured to the left 
гата and time subsequent to the right. In Fig. 2 each crest 0 is at 
| the same height above its zero line, and corresponding primary 
aor and secondary pulses and their common zero line are repre- 

|| sented by a common type of line. 
| | Tables УП. and VIII. show that even when data from a large 
M - number of stations are combined, the prominence of the 27-day 
| period varies a good deal from year to year. Data from a sin gle 
| station are naturally exposed to greater uncertainties, but it 
seems a pretty safe inference from Table VI. and Fig. 2, that 
| the 27-day period is as prominent in the Antarctic as elsewhere, 
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Either set of results in Table VI. makes the 27-day period more 
prominent in 1911 than in 1912, agreeing in this with the inter- 
national figures. This is one of the reasons for including other 
years in Tables VIT. and VIII. In the absence of evidence to the 


contrary, the lesser development of the 27-day period in 1912 
220 : 
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Fic. 1.—27-pay PERIOD IN INTERNATIONAL “CHARACTER” FIGURES 
DISTURBED AND QUIET Day PULSES. 


might have been ascribed to the fact that that year was near 
sunspot minimum. On Prof. Birkeland's* theory this would 
seem a very natural inference. It appears, however, from 
Tables VII. and VIII. that the period was more developed in 


* In some of his writings on the subject Prof. Birkeland seems to identify 
sunspots with the sources of the electrical discharges to which he ascribes 
magnetic storms. In others, e.g., “ The Norwegian Aurora Polaris Expedi- 
tion, 1902-1903,” Vol. I., Sect. II., р. 525, he seems to go no further than the 
conclusion '' that sun spots and magnetic storms are both of them manifes- 


tations of the same primary cause." 
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1912 than in either 1907 or 1909, the former а year of sunspot 
maximum, while less developed than in 1913 which had even 
fewer sunspots. It is also more prominent in the curve for 
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Fia. 2.—Tug* 27.рлу” PentoD.. Can acrERn " Васкез (DIFFERENCES): 


sunspot minimum years than in that for sunspot maximum 
years in Fig. 2. 
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$6. The question seemed of sufficient interest to call for a 
further investigation, the results of which appear in Table IX. 
This gives the number of occasions on which a 27-day interval 
intervened between selected days, disturbed and quiet. The 
last column gives Wolfor’s sunspot frequency. The frequency 
assigned to 1913 is still only “ provisional," but Wolfer's pro- 
Visional values seldom differ much from his final values.* 

Antecedents to selected days in January, 1906, fell outside 
the range of international figures, thus 95 months only were 
available. If-five random days had been selected from each 
month the probable number of sequences of any one species 
would have been 78, or roughly 10 а уеаг. Thus the number 
of disturb2d-disturbed sequences (i.e., the number of occasions 
0n which an interval of 27 days presented itself between two 
selected disturbed days) is nearly double the mathematical 
expectation. While these sequences are well represented in 

1907, the year of sunspot maximum, they are even more 
numerous in 1911 and 1913 when sunspots were nearly absent. 

The quiet-quiet day sequences exceed the disturbed-dis- 

turbed in four years out of the eight, but on the whole are dis- 
tinctly less numerous. They are especially prominent in 1906 
and 1910, years neither of sunspot maximum nor minimum. 
erir aggregate is no less than three times that of the disturbed- 
luet sequences. The disturbed-qviet and quiet-disturbed 
quences агг practically equal in number. 
Table IX. agrees with Tables VII. and VIII. in showing no 
хс а] development of the 27-day period in years of many 


“UNS pots 
TABLE IX.—Number of 27-day Sequences. 


ee Е c Ute E 
, First day...... 'Disturbed.! Quiet. Disturbed. Quiet. | Wolfer's 
Se a a SU Ot 
—_ Ота day... Disturbed. Quiet. | Quict. | Disturbed. frequency. 
‘Year. 
1906 13 25 6 4 | 63-8 
1907 | 19 10 9 4 62-0 
1908 17 18 4 2 48.5 | 
| 1909 15 17 8 11 43-9 
1910 17 21 5 5 18-6 | 
|o Im 55 18 | 5 5 57 | 
1912 18 8 | 5 9 3.6 
1913 8 | 15 2 3 r2 | 
м 
‘Totals ....... ' 152 132 | 44 43. 0 | 


_* Since this was written Wolfer's final value has been published. This 
entails the substitution of 1-4 for 1-2 in the value for 1913 in Table IX., and 


of 3-6 for 3-5 in the mean value for the sunspot minimum years 1911, 1912 
and 1913. 
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ABSTRACT. 


The Paper makes use of magnetic “‘ character ” figures “ 0 ” (quiet 
day), “ 1 " (moderately disturbed day), * 2" (highly disturbed day) 
to investigate whether the incidence of disturbance at the base 
station of the Scott Antarctic Expedition, 1911-1912, did or did not 
accord with the incidence of disturbance in temperate latitudes ; 
also whether the “27-day period " could be recognised in the Ant- 
arctic data. 


А very complete set of magnetic curves was obtained by the physi- 
cal observers of the Antarctie Expedition, Dr. G. C. Simpson and 
Mr. С. 5. Wright, extending from February, 1911, to November, 1912. 
* Character " figures were assigned to each day's records by the 
author, and a comparison was made with the corresponding inter- 
national figures published annually at De Bilt, Netherlands. 

The incidence of disturbance in the Antarctie was found to agree 
closely with that shown by the international lists, in spite of the fact 
that the disturbances in the Antarctic were much larger and more 
persistent than at any of the stations co-operating in the inter- 
national scheme. 


The “ 27-day period " was clearly visible in the Antarctic records 
both in summer and winter, being as well developed there as else- 
where. 


DISCUSSION. 


Mr. DuppELL thought the Paper very interesting. It was only by 
patient investigation of this kind that we should get any пеатег а com- 
prehensive theory of terrestrial magnetism, 

Мг. Е. E. 5міТН remarked that it was described as “clearly 
visible " from Table II. that the disturbances were more pronounced in 
temperate latitudes during the equinoctial periods than in the intervening 
months. This was hardly obvious to the casual observer. 

Prof. J. W. Nricnorsow said that Dr. Chree’s Paper made the position 
of Birkeland's theory more curious than ever. Leaving out of considera- 
tion, as indisputable, the mathematical difficulties of the theory which 
Dr. Chree had referred to, he would like to indicate one point in which 
the theory had some support. If we were receiving particles from the 
sun, some might come from the corona, and might show themselves 
in the coronal spectrum and, later, in that of the aurora. There was, 
in fact, a strong correspondence between these spectra in some important 
particulars, and it does seem probable that we receive such particles. 
It is possible that the corona actually consists of the particles which are 
being shot from the sun and which we receive. But the spectra of sun- 
spots are not in accordance with the view that we receive an unusual 
number from the spots. 

Prof. О. W. RICHARDSON thought that in the case of particles streaming 
through the corona the auroral spectrum would be that of the atmosphere, 
and not that of the exciting particles. Only electrons should really be 
eflective in reaching the earth under the proper conditions for the aurora. 

Prof. NICHOLSON said that the correspondence in spectra would only be 
expected if the emitted particles were the corona itself, and not merely 
something passing through it. We do seem, as far as the evidence 
is trustworthy —the auroral spectrum being somewhat unreliable—to be 
receiving particles heavier than electrons, whether these are really 
responsible for the aurora or not. ‘ 

Dr. A. RvssELL said that in the Antarctic the disturbances seemed 
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less violent in winter than in summer, and it would be of interest to 
know if a similar relation held in the Arctic. 

Dr. С. CHREE, in reply, said that it should be remembered that in the 
Antarctic the midsummer months were December, January and Feb- 
Tuary. The values for these months stand out more highly. Birkeland 
13 not definite on the question as to whether sunspots are the origin of the 
lons or not. Опе reason for associating them with sunspots is that in 
sunspot minima the magnetic disturbances are not pronounced, but what 
One fails to find is an equivalent exccss of disturbance during sunspot 
Maxima. 
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XVII. The Electrification of Surfaces as Affected by Heat. By 
Р. Е. Suaw, D.Sc. 


RECEIVED JANUARY 20, 1915. 


Introductory. 


THE uncertainty, as to sign, of the charg? produced on unlike 
solids when rubbed together has long been known. Thus, it is 
possible to select three glass rods of different materials, A, B, C. 
A rubbed with B becomes +, but when rubbed with C 
becomes —. Again, most kinds of glass are — to flannel, but 
some агг +. Such different action is attributable to different 
surface-hardness and to composition. Faraday knew of such 
anomalies and mentioned some in his researches. 

The particular irregularity with which this Paper deals is 
that produced if the surfaces about to be rubbed are heated. 
Thus, when smooth glass is rubbed with silk we have, as shown 
by the action of the gold-leaf electroscope, glass-- /silk —. Call 
this the normal action. 

If the glass be passed to and fro in a flame for a few seconds 
we find on rubbing glass —/silk +-. Call this the abnormal 
action. After finding this effect, I searched in several text- 
books and treatises (including French and German), but found 
mention of the phenomenon in one book only—viz., Hadley’s 
“ Magnetism and Electricity," p. 119 (MacMillan). The sug- 
gestion is thrown out there that it may be “ due to the removal 
by the flame of the film of air condensed on the surface of the 
glass." There seems no definite reason for adopting this 
theory of the action, and the following experiments appear to 
disprove it. It is also mentioned in the above passage that 
the anomalous effect may be removed by allowing the glass 
to cool and then warming it again in a sand oven. I have tried 
this method of obliteration, and have found it fail both when 
the glass is resting on the hot sand and when it is buried in the 
sand. See also Experiment (9) below. But it may answer 
for one kind of glass and not for others. Two methods I have 
found unfailing to bring the glass back to normal: (1) Long 
continued rubbing with silk or cotton ; (2) passing the rod of 
glass through the hand or a sheet of indiarubber. This is much 
quicker in action than (1). 

И a systematic examination of the common hard solids and 
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rubbing materials be made the abnormal effect will be found 
universal, though in varying degree. . 
The electrification series may be written :— 


E» 

(Vitreous silica) | (Vulcanised fibre) | Metals Sealing wax 
Catskin (Mica) | (Slate) Resin 
Flannel Cotton | (Brown paper) Sulphur 

Ivory Silk (Gas carbon) Gutta-percha 
Rock-crystal The hand | (Ebonite) (Celluloid) 
Glass Wood |! Indiarubber — 


The general order is taken from Ganot’s “ Physics," but the 
materials inserted in brackets are my addition. This is the 
normal series, but it must be understood that varying hardness 
and composition will cause changes in the order. 


Experiments. 


Commence with the pair glass/silk, and be careful to use 
throughout the same specimen of each :— 

1. Having obtained the normal relation glass +/silk —, 
place the former in (a) a clear bunsen flame. We then find 
glass —/silk +. Render the glass normal (see above) and 
repeat the experience for (b) à smoky bunsen flame, (c) an 
alcohol flame, (d) а benzene flame. Since all the flames 
operate equally well, the effect cannot be attributed to chemical 
peculiarity, such as, for instance, a trace of sulphur in (a) or 
unoxidised carbon in (b). The effect increases up to a limit 
with time exposure in the flame. 

2. After the glass has been in the flame there is a sticky 
feeling about it which may be due to moisture, but does not 
seem like it. The abnormal effect is greater when the sticki- 
ness js greater. But nothing is visible on the surface of the 
glass under a high power microscope. 

3. In one instance the abnormal glass was put aside fur 12 
days. It remained abnormal at the end of the time. 

4. Dip the abnormal surface in water and let the latter dry 
ой. The abnormal state remains. 

5. Instead of letting the water evaporate off the rod wipe it 
off with a cotton duster. If the duster be dry we have glass 
+/cotton—, but if damp we have glass —/cotton +. The 
latter effect will pass away in time, as friction continues, 
leaving the rod normal. 

6. After abnormal glass has been excited for some time by 
silk we get glass +/silk—-. Now remove the charge from the 
glass (over, not in, a flame) and again excite with silk ; we often 
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find glass —/silk +. This after effect is weak and is soon 
removed. | 

7. Prepare a small electric furnace. A test tube of vitreous 
silica is surrounded by a heating coil and the whole packed in 
slag wool. Now place a rod of normal glass in the furnace by 
the side of a platinum thermometer. Raise the temperature 
to 650 deg., which is just short of the melting point of the glass 
used. Remove the glass and allow it to cool quickly, or, leaving 
it in the furnace, shut off the current and let it cool slowly. 
In either case the glass becomes abnormal when cold. Next 
raise the glass to 720 deg. and melt it. The result is as before. 

8. Raise the furnace to 800 deg. Place the normal glass 
rod in it and remove after two seconds. When cold the glass is 
abnormal to silk. 

9. Ten seconds exposure of the glass rod in the furnace will 
discharge it whether it is normal and charged + or abnormal 
and charged —. But it always emerges abnormal. 

10. Exposure of the glass in the blowpipe flame for one 
second renders it as abnormal as 20 seconds in the furnace. 
In the first case the surface is barely warm, in the second it is 
very hot. 

11. Place normal or abnormal glass in а blowpipe flame 
and melt the glass and allow to cool quickly, When cool it is 
always abnormal. 

12. Place normal glass in the cold furnace. Raise the tem- 
perature slowly to 700 deg. Then stop the current and let 
whole cool very slowly, thus annealing the glass. When cold 
the glass is abnormal. But the effect 13 so slight that we here 
have confirmation of the theory that the abnormal effect is 
due to strain. 

13. Excite normal glass with indiarubber. It becomes --. 
Pass it through a flame and excite again. It is feebly —. 
Excite with silk it is strongly —. Thus glass, which normally 
is 5th in the series, comes when abnormal below indiarubber, 
which is 15th in the series. 

The foregoing experiments show that (a) glass when heated 
has its surface so transformed that it descends in the series 
from its usual high place to one at l»ast below indiarubber. 
(b) The effect is superficial, being found after fusion of the 
material аз & whole and also after the glass is warmed slightly 
in а flame; though, no doubt, in the latter case, the surface 
layers are subject to high temperature and great strain. — (c) 
The effect does not pass away bv immersion in water or if the 
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surface is breathed on, or (d) by contact with the air for a 
week or two. | 
Next proceed to test solids other than glass. 


Vitreous Silica/ Silk. 

1. Pass a normal silica rod through the flame. It is now 
abnormal. It holds its state while it is rubbed with silk 15 
times. If glass be treated in the same way it requires only 
five rubs to make it normal. Thus silica shows the effect 
better and retains 1t better than glass. 

2. Raise silica to the highest attainable temperature, sav 
1 200 deg., in the blowpipe flame, or bring it to 900 deg. in the 
special furnace. Whether cooled slowly or quickly it is 
abnormal in each case when cool. 

3. The after effect observed in glass (see 6) is more рго- 
nounced in silica. This after effect is, perhaps, due to some 
molecules on the surface acting normally and some abnormally 
at the same time. The explanation of the after effect would 
then be as follows :— 

When the abnormal glass surface is rubbed suttciently a 
majority of the surface particles become normal in action, 
but these would at first be in a transition state. They would 
be unstable, readily becoming abnormal. The + charge 
produced on the glass is removed by the free ions above the 
flame, but the slight heat experienced by the surface layers 
when over the flame may suffice to bring these unstable 
particles back to abnormality. This unstable effect would 
then be analogous to that sometimes found in a group of 
many neighbouring equispaced magnets (as in Sir J. A. 
Ewing's models) when influenced by a transitory field. 

In all the following pairs the substance placed first becomes 
abnormal after passing through the flame :— 

Ivory /silk. 
Wood /indiarubber. 
Copper /indiarubber. 
Copper/brown paper. 
Steel /indiarubber. 
Lead /indiarubber. 
Brown paper/sealing wax. 
Gas carbon /indiarubber. 
Slate /indiarubber. 
Vulcanised fibre /silk. 
Ebonite /indiarubber. 
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Of some 18 pairs tested only one fails to give the abnormai 
effect. This is indiarubber/sealing wax. But rubber is the 
softest substance uscd, and the general law is that hard sub- 
stances show the effect well and soft ones ill. Probably the 
effect occurs in rubber, but can only be observed by more 
delicate means. 

All substances when abnormal stand below indiarubber in 
the electrification series. 

In making these observations some И precautions are 
to be observed : (а) Many of the substances conduct more or 
less well. These must be mounted for a short length in a tube 
of glass or silica to avoid conduction and induction of the hand. 
(b) When the abnormal effect is slight, care is required to 
observe whether a downward movement of the gold leaf is 
due to charge on the rubbed body or is merely an induction 
effect by it. When in doubt the leaf is used discharged. (с) 
In many cases the charges are only producible by lightly brush- 
ing one solid by the other. Thus the — charge, when abnormal 
metal is excited by rubber, can only be produced in this way. 


Review. 

As to the cause of the abnormal effect. It cannot be 
attributed to any organic substance deposited by a flame, 
since the effect is producible without flame. It cannot be due 
to the removal of a layer of condensed water vapour, since 
after immersion in water the effect remains on the surface. 
Nor is it due to the deposition by flame of water on the cold 
surface, since flame is not necessary. Again, it seems unlikely 
to be caused by removal by heat of the air film, since it remains 
on the surface 12 days or more after the time of production, 


the solid being in the air during the whole time. If, then, the - 


effect is not due to a layer on the surface of the solid, we must 
regard the surface layers of the solid as the seat of the action. 
Whether in producing the effect the solid be surrounded by air 
in a furnace or by flame, there must be sudden great agitation 
and subsequent strain imposed on the surface layers of mole- 
cules. Under these circumstances the surface readily pro- 
duces — when excited. The process of rubbing, especially 
in the case of soft bodies, would relieve the state of strain and 
the surface would be restored to normal. Any closer con- 
jecture would seem out of place at present. 

One or two tests were applied as to the surface action. (а) 
The orientation of surface atoms in the magnetisation of steel 
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might have some relation to the strain effect we are con- 
sidering. А strong magnetic field was applied to a steel bar 
both when normal and abnormal. The bar was also subject 
to repeated reversals of field. But no change seemed to occur 
in any case. (6) It was thought that sudden lowering (like 
sudden raising) of temperature might have an effect on the 
surface layers, causing the body to rise or fall in the clec- 
trification series. The lowest available temperature was that 
of freshly-prepared liquid air. This seemed. to have no 
influence on silica, glass, brass or sealing wax, whether these 
were normal or abnormal. But this lowering of 200 deg. is 
small cf with the rise, 1,600 deg. in the case of a bunsen flame, 
so the negative result here may merely indicate that the shock 
is not severe enough. One objection to cooling the solid is 
that water vapour soon condenses from the air on the surface, 
and this freezes and thus alters the conditions for rubbing. 

There аге few recent researches directly bearing on the point 
raiscd in this Paper. Two may be mentioned :— 

W. Jamieson (“ Nature," 83, р. 189, April 14, 1910) found 
that the convex side of a bent strip of celluloid or mica is + to 
the hand, whereas the concave side is —. I have not suc- 
ceeded in reproducing this effect. If it exists, we sce that the 
surface under tension gives +, whereas that under com- 
pression gives —. 

Sir J. J. Thomson (Camb. Phil. Soc. “ Proc.,” 14, р. 105, 
March 6, 1907) found that salts heated to 300°C. give off 
charges. Some salts produce +, others —. The sign of the 
charge remaining in the salt is always the same as that pro- 
duced by friction. The salts appear to be covered by a double 
layer of electrification, and it is suggested that a double layer 
occurs on the surface of all solids. When electrification by 
friction takes place one or both of these layers are rubbed away. 

The subject of frictional electrification has so far been 
handled qualitatively only; hence our present ignorance on 
the subject. But there should be a fruitful field of research 
in treating it quantitatively. Something useful might be dis- 
covered by frictional work in vacuo. 


RECEIVED FEBRUARY 8, 1915. 


A glass rod was raised in temperature slowly to dull rcdness 
and slowly cooled (say in two hours) to ordinary temperature. 
It was then found to be abnormal. The annealing here 
attempted may be imperfect, but if the best possible annealing 
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leaves the substance “abnormal” we shall have to reverse 
the terms normal and abnormal as used above, since the 
annealed state must surely be the normal one and the state 
attained after rubbing would be abnormal or strained. 

With a view to removing the surface layers, hydrofluoric 
acid was applied to an abnormal glass год. After washing in 
water and wiping, the glass surface was slightly abnormal. 
From this it might seem that the layers of glass under the sur- 
face are always abnormal. This we should expect from the 
experiment immediately preceding. But the result appears 
nugatorv for two reasons : (1) A foreign substance which acts 
chemically on the surface upsets all the conditions ; (2) the 
acid etches and roughens the glass surface, and it is well known 
that ' rough " glass is in general negative to silk. 

As a further test on the after effect mentioned above, a glass 
rod was made abnormal, then thoroughly.normal—z.e., it was 
not possible to get any after effect in the usual way. It was 
then put aside for several days. It was then found to be 
normal still. Hence we see that the normal and abnormal 
states are both stable if well established, but that there 15 an 
uncertain intermediate state. 

As one result of these experiments we obtain a rule for dis- 
charging charged surfaces :— 

Place the charged surface some distance, say 15 cm., above 
or at the side of a flame, never in the flame, and keep it there 
for a few seconds only at a time. If the body be kept in the 
flame for & second or two, or be kept over the flame for a 


minute or two, it will be discharged, but it will also be abnormal., 


ABSTRACT. 


Г. The Paper deals with the anomalous electrical behaviour of 
various substances when subjected to heat. For example, a glass rod 
rubbed with silk is normally left positively electrified, but if the rod 
be passed through a bumsen flame, or hested in an electrie furnace, 
and then allowed to cool, it will be found on again rubbing with the silk 
that the glass becomes negatively electrified. The reversal in sign. here 
called abnormal, can be produced (a) in a clear or smoky bunsen flame, 
(5) in a blowpipe flame, (c) in a benzene flame or an alcohol flame, (d) 
over any flame if enough time is allowed, (e) in an electric furnace, where 
heat reaches the surface affected by radiation through air. 

IL. Discharge of any charge + or — which may be on the surface 
in every one of the above cases precedes the production of the abnormal 
state. 

ПІ. The abnormal state can be removed from the surface by con- 
tinued rubbing with silk, cotton, &c., or, better, by rubbing the surface 
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with the hand. It is not removed by melting (in the case of glass) or by 
annealing. or by the action of water or by lapse of time. 

IV. It is a surface effect only. 

V. An unstable intermeliate condition is found after the surface has 
been rubbel for some time. In this condition the surface may act 
normally when rubbed in one way, abnormally when rubbed otherwise. 
This state does not last. 

VI. All solids which will stand the action of a flame for a second or 
two anpear to act, as does glass, in the above ways. The action is seen 
best in vitreous silica and less well in wool, metals, slate, paner, ebonite, 
«с. ln all cases the substance rubbed is, when normal, above india- 
rubber the ordinary frictional list, but below it wher abnormal. 


DISCUSSION. 

Prof. Васнакозох said he had thought the effeet might have something 
to do with the emission of ions when the rod was heated, but the details 
slid not fit in with this. It probably resulted from some mechanical ог 
chemical change in the surface molecules. 

Мг. Е. Е. SMITH said it was a familiar fact to teachers of physics that 
glass would sometimes behave in unexpected ways in frictional experi- 
ments, It had always been his habit before rubbing the glass to pass it 

through a flame, but the glass was usually positive after rubbing with 

silk which had been treated with amalgam. Possibly the amalgam was 
responsible for the absence of any abnormaletfect. Tt seemed ; significant 
that the abnormal effect could be destroyed by passing through the hand. 
The moisture of the hand was alkaline, as was also the moisture usually 
found condensed on substances, and which the flame would naturally 
remove. He suggested pouring mercury through funnels of different 
materials as a means of exciting clectrification. This would eliminate 
uncertain effects in one member of the pairs and might simplify the 
investigations. 

Dr. C. CHREE asked if the whole of the surface was found to be in one 
state either normal or abnormal at the same time. 

Prof. Howe asked whether, if a flame were played against one side of a 
glass plate, the plate would act normally on one side and abnormally on 
the other. 

Prof. S. W. J. SurrH thought that devitrification of the glass or silica 
on heating might have something to do with the ph-nom^non, though the 
eflect of an action of this kind would not, of course, be destroyed hy the 
simple expedients found to be effective by the author. 

Mr. G. L. ADDENBROKE mentioned some experiments of his, in which 
the effect of moisture on leakage of condensers had to be investigated. 

Usually the surface of glass was comparatively conducting. and was 
made much more so by warming to about 30°C. If, however, № were 
dried by heating, then. so long as the glass was ke pt slightly warmer than 
the air—1?^C. was enough—condensation seemed to be arrested and the 
glass remained dry. The glass should invariably be washed with dis- 
tilled water, or the condition of its surface was quite uncertain. 

Dr. Sua w, in reply, said that Mr. Smith's suggestion of running mercury 
over the surface under test had not been tried by him. It should prove easy 
and useful. As to Mr. Smith's suggestion that. the alkaline surface of glass 
and the acidic surface of silica might influence the effect, he would group that 
with Dr. Smith’s idea of devitrification as possibly having some force in the 
cases of glass and silica, but not for the vast variety of other solids for which 
the effect has been found. Mr. Addenbrooke's remark as to thoroughly 
washing the glass would also seem to bear on some only of the substances 
used ; but one would expect that in any case the normal state of the surface 
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as to covering layers would return in a week, which is not so. Dr. Chree had 
considered the possibility that the surface might be normal or abnormal in 
patches, but there was no evidence at hand. If the effect was attributable 
to strain it might be possible to get one effect on the convex side and the 
contrary on the concave side of a bent glass plate. Dr. Shaw had tried this 
effect, but had failed to observe any difference, though he was aware tension 
and compression were supposed to produce contrary effects. The subject 
raised in this Paper raised great theoretical possibilities, and should next be 
taken up quantitatively and the surfaces treated in vacuo. 
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XVIII. Electromagnetic Inertia and Atomic Weight. By J.W. 
NicHOLSON, М.А., D.Sc., Professor of Mathematics in the 
University of London. 


Ir is generally believed that the experiments of Kaufmann 
and Bucherer have finally demonstrated that the mass of a 
swift f particle, and, therefore, of any electron, is purely of 
electromagnetic origin, and in accordance with the formula of 
Lorentz. This mass is accordingly, on the supposition that a 
slowly-moving electron is spherical, of the form ae?/ac?, where 
а is з numerical factor, quoted usually as 2, and e and a are 
the charge and radius of the electron, c being the velocity cf 
light in free aether. Modern theories of the nature of positive 
electricity in an atom—theories to which we are led inevitably 
by many converging lines of experiment—demand also a 
discrete structure for positive electricity. It must exist in 
portions equal to e or multiples of e, and ot a size not greater 
than that of the electron, but of much greater mass. The 
similarity of these porions to electrons suggests that their 
mass is also purely electromagnetic, and if so, it should be sub- 
ject to the same formula, which, as dependent on velocity, 
unfortunately cannot be tested, by virtue of the difficulty of 
giving a sufficiently high velocity to such comparatively heavy 
bodies as a-particles. 

Rutherford's model of the hydrogen atom contains only a 
single electron and a single positive electron. But a hydrogen 
atom has the mass of 1,835 electrons, according to the best 
estimates, and therefore the positive electron: is equivalent on 
this view, in spite of the identity of charge, to 1,834 electrons in 
mass. Since the radius of the electron is of order 10-13 cm., 
that of the positive electron is of order 410-16 cm., and 
this greater concentration is responsible for the increase of 
mass. 

Most of the properties of the hydrogen atom, and, in fact, 
all that are explicable on this basis, would, however, remain 
unchanged if the nucleus of the atom were not a positive elec- - 
tron, but an aggregate of nuclei and electrons whose total 
charge amounts to +e. There are many indications that this 
13 а more correct view, and some of them may be reviewed 
briefly. In the first place, there is the modern chemical 
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theory of isotopic elements, introduced by Fajans, Soddy,* 
and Fleck, apparently supported by the system which it intro- 
duces into the arrangement of the products of radioactive 
elements in the periodic table, and by the probable existence of 
two varieties of neon with nearly the same atomic weight, dis- 
covered originally by Sir J. J. Thomson, and further investi- 
gated by Aston.[ The position of an element in the periodic 
table, in this theory, depends not on its atomic weight, but 
on its atomic number, which, if not identical with, is certainly 
closely related to the charge on the atomic nucleus. Elements 
whose nuclei contain quite different aggregates ot positive and 
negative electrons, and, therefore, different masses, are for all 
practical purposes identical if the aggregate in the two cases 
have the same resultant positive charge That these atomic 
numbers have a real significance is proved conclusively by the 
work of Moseley.{ If this theory be accepted, we may inquire 
at what point in the periodic table this nuclear structure may 
b» supposed to start. The existence of neon and metaneon, 
if they are actually isotopes, as seems necessary, shows that it 
has commenced long before the elements recognised as radio- 
active are reached. A favourite supposition is that it com- 
mences after helium, for all known a-particles appear to be 
nuclei of the helium atom. Such particles might, therefore, 
be the simple units which go to the making of a compound 
nucleus. But the existence of hydrogen, a simpler element, 
precludes the possibility that the helium nucleus is the simplest 
which can enter into such structures, and although suggestions 
have not been lacking that the nuclei of all elements are com- 
posed of hydrogen and helium nuclei, no experimental evi- 
dence of the existence of these hydrogen nuclei has been 
derived hitherto from the phenomena of radio-activity. In 
any case, helium nuclei cannot be the simplest forms of positive 
electricity, and we are tempted to suppose that complexity of 
structure extends throughout the nuclei of the terrestrial 
elements, and probably even to hydrogen. For the experi- 
ments of MM. Buisson and Fabry§ have shown that the 
secondary spectrum of hydrogen is largely due to atoms, and 
even by Bohr's method || we cannot explain the existence of 


* “ The Radio- Elements and the Periodic Law," Longmans, Green & Co., 
1914. 

T British Assoc. Report, Birmingham, 1913. 

t “ Phil. Mag.," 1913, VI., 26, р. 1024, Royal Society Discussion, 1914. 

$ ** Journal de Physique," June, 1912. 

l“ Phil. Mag.," July and Nov., 1913. 
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so rich а spectrum without a more complicated model atom, 
even if the complication does not extend bevond the confines 
of the nucleus. 


The charge oa the nucleus of an atom is roughly, but in the 
case of the lighter elements only very roughly, proportional to 
the atomic weight. If these elementary nuclei were simple 
charges and not structures, some law of a simple character 
should connect these two quantities. It 13 precisely in the 
simplest elements that no such law can be found, even approxi- 
mately. It seems necessary to believe that their nuclei are 
aggregates of charges, for which each individual member 
follows a simple law of mass which is hidden by the varying 
numbers of them in the aggregates. In heavier elements with 
verv complex aggregates, the mass becomes proportional 
very closely to the number of charges in the aggregate, and 
follows another simple law which hides the first. 


It is now almost certain that this conception represents the 
facts. Рог Nicholson* has shown that the spectra of unknown 
origin in the nebule and solar corona can be interpreted with 
great accuracy bv the vibrations of atoms of th» Saturnian 
tvpe containing 3, 4, 5, and 6 electrons rotating round simple 
or non-structural nuclei of charges Зе, 4e, 5e and бе. The 
masses of these nucl?i are at the same time determined from the 
spectra, in terms of the mass of the electron, and the ensuing 
atomic weights of the substances are, as expected, not those of 
known elements. For example, the nucleus бе leads to an 
atomic we ght 2-9, and MM. Bourget, Bu'sson and Fabrv,t bv 
applving their interference method to some of its lines in the 
nebular spectrum, have verified this value, showing at the same 
time, by accurate interference measurements of the lines, that 
they are found in the spectrum of no known element, and must 
be accredited to а new опе The dissimilaritv between the 
representations of these spectra bv formule and the corre- 
sponding representations for the spectra of terrestrial ele- 
ments points to an extreme degree of simplicity in these 
elements, although some are heavier than hydrogen But the 
most significant fact is that their calculated nuclear masses 
d a simple law very accurately. They are proportional to 

? where me is the charge on the nucleus, and this is a natural 
pe to expect—if they are really single portions of positive 


* Monthly notices of Royal Astron. Soc., 1913-1915. 
+’ Journal de Physique,” May, 1914. 
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electricity, concentrated into spheres of the same size—as the 
ordinary formula for mass indicates. 

Now, according to this theory, the mass of a positive electron 
of charge e is only 2-9/6?, or 0-081 of that of a hydrogen nucleus. 
Its radius is therefore 1/(1,835 0-081), or about 1/150 of that 
of an electron—or 13 times Rutherford’s estimate. To 
obtain the mass of any simple positive charge ne, we use the 
expression 0-081n?, which rapidly becomes large as n increascs. 
І n=7, we already have an atom as heavy as that of helium, 
and if n—14, as heavy as that of oxygen. But the atom of 
hydrogen must have a complex nucleus, and even its atomic. 
weight is not that of a single particle of positive electricity. 

Recent work on radio-activity, and on the effects of atoms in 
scattering a-and f-particles has also led to the conclusion that 
a-and f-particles come from ihe nucleus of the atom, which 
is accordingly complex. The older theory that f-particles 
came from an inner ring of electrons in orbital motion 
has been shown to be untenable on the theoretical side,* for 
such rings cannot exist in this type of atom, whether the 
atom is subject to ordinary dynamics, or the type of analysis 
used by Bohr f in his theory of the hydrogen spectrum. We 
must conclude, therefore, that, on all counts, the nuclei of the 
elementary atoms are structures of positive and negative 
electrons packed tightly together. 

The tightness of this packing is instanced by the fact that 
one deduction made by Rutherford from his experiments, and 
from the analysis of Darwin, is that the law of action from the 
nucleus is still that of the inverse square at distances com- 
parable with 107!? cm., or with 10 times the radius of an elec- 
tron. Ап assemblage of particles, each individually exerting 
this law of force, would give a different law on the whole unless 
their distances apart were small compared even with 10-12 cm. 
The distances apart are, therefore, of the order of the radius of 
an electron, and in the case of positive electrons, probably still 
smaller. In these circumstances, an important question 
arises, for we know from general considerations alone that the 
joint mass of two charges close together cannot be quite the 
sum of the individual masses, if all mass is really electre- 
magnetic. The interaction of their fields must be taken into 
account ; some mode of calculation of the mass of a compound. 
nucleus is required. In the next section this problem is treated 


* Nicholson, “ Phil. Mag.," April and July, 1914. 
t Loc. cit. 
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mathematically. The mass is derived in the usual way by 
setting the charges into motion with a small velocity, and 
working out the magnetic energy of their field. Forsimplicity, 
they are made to move in their common line with equal velo- 
cities. | 
Mass-formula for Two Charges. 

If a small charge e moves along the axis of z in a co-ordinate 
svstem, the components of magnetic force (a, B, y) which it 
produces at a point in external space are 


280) iti sn 


where u is its velocity. The charg? is at the origin at the 
instant considered, and (а, В, у) is the magnetic force at a point 
(x, y, 2) at distance r. 

It the charge is at the point (o, o, c) on the z axis, the magnetic 
forces at an external point (z, y, z) are 


where 2—12 y*-- (2—с)?. 
If there are two such charges on the axis of 2, each moving 
along it with velocity u, 


Exe o fi a) RE a 22) = 
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where r, and r, are the distances from (=, y, z) to the two 
charges. The resultant magnetic force is H, where 


2_ Ч? [ер ез MS 
Н (ras) ten п ж 9. 09) 
and the magnetic energy is 


ff < dedy dz = zal {| (At a) (z2-- y? )dzdydz, (4) 


the integrations extending throughout the space external to 
both charges. This is to be identified in the usual manner 


with 4mu?, where m is the mass of the pair of charges. Тһе 
mass of the first charge moving alone is 
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if a, is its radius, by a well-known calculation. Similarly 


ial | [^ dedy- 26 ... (6) 


gac. 


if a, is the radius of the second charge. But the mass of the 
pair is 
276, es" IHE > Us 
edes dxdygdz. | . . (à 
Ge а, ле | rors е u) 
The last integral is not zero, and it represents the mutual 
effect of their fields. Its value must now be calculated, and it 
will be referred to as the “ mutual mass ` of the two charges. 
Consider now the order of magnitude of the integral when 
taken throughout one of the charges, the distance between 
their centres being å, as in the figure. * Then r, lies betweer: the 


values 42-a,, and the integral between the values 
ese, | Uu que 
ae MI Uy adil: 
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which becomes when transformed to spherical polar co-ordi- 
nates of origin 0,, 
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or. on reduction, 


For two equal charges actuallv in contact, this contribution 
would be as important as the mass of each individual charge. 
But its relative importance is determined bv the ratio (a Ni 
and if å is even so small аз 5a,, а formula which neglects it 
would be correct within about 1 per cent. 

In а complex nucleus, we тзу suppose, for reasons to be 
given later, that the distances between the various c-particles 
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must be nearly of this order, and we may then regard this 
integral as negligible. In other words, instead of taking the 
integral in (7) over all space external to both charges, we may 
take it over all space, eitherexternal or internal. The work of 
calculation is thereby greatly simplified. But if the charges 
are closer together this procedure cannot be justified. 

Tet, then, 2 be the distance between the charges, and let 
r,=r. І ме take 0, in the figure as the origin of polar co-ordi- 
nates (г, 9, 9) of any point in space, 


==ү24|- 12 — 274 cos 0, 
dadydz=r? sin 0dodOdr, r*+ y? —r? sin?0, 
and the mutual mass 1з 
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NC Г Г rsin?0drd0. — 
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The double -— is entirely numerical, so that the mutual 


mass is of the form ae,e,/2, where а is а pure number, and 4 is 
the distance between the centres of the charges. 


Now, 
Г К vdv NM . vdv Е guis | vdv | 
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In the first of these integrals, write 
и—и=(1— è} tan 9, 
where ọ ranges from 0 to sin-! и, and in the second, 
y—p=(A—p?) tan y, 
where y_ ranges from 0 to л/2, and we obtain 
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These integrals are easily evaluated, becoming respectively 
w+ V1—p? and 1— y l— p’, and accordingly 
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The mass of two charges er e, of s ау, Ay, at distance 4 
apart is therefore 
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and the proximity of electrical charges destrovs the conserva- 
tion of mass, The mass is increased if two charges of like sign 
are brought closer, but decreases if they are of opposite sign. 
When they are very close together, this formula ceascs to be 
applicable, but it can be used so long аз 4 is not greater than 
about five of their radii. 

We can at once extend the result to any number of charges 
in proximity to one another. If e, and e are two of them at 
distance 4,, apart, the total mass is 


5616, 
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Consider, for example, an atom whose nucleus consists of a 
simple positive charge of amount ne, and a positive charge, 
also simple, of amount 2e—the form assumed by Rutherford 
for the a-particles—together also with two electrons. Such an 
elementarv atom would have perfect isotopy with a simpler 
element whose nucleus consisted only of a positive charge, ne. 
It could change into this simpler element by the emission of one 
a-particle and two f-particles. Such cases, in which an ele- 
ment returns, after two or perhaps three op2rations, to the 
same place in the periodic table, are of frequent occurrence in 
radioactivity, according to the theory of isotopes. The atomic 
mass of the element before these emissions is made up of (1), 
the mass m of tbe external electrons, n in number, renderirg 
the atom neutral, (2) the mass m, of the nucleus ne, (3) the 
masses т; and 2m, of the a-particle and the two nuclear elec- 
trons taken individually, and (4) the mutual masses of (3) and 
(2. After the emissions there are left only (2) and (1). 
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The radio-active change has, therefore, decreased the mass 
of the atom by m,+2m,, together with the mutual masses. 
We may neglect the individual masses of a small number of 
electrons like 2, as is ordinarily done in calculations. The 
mutual masses of the combination become, if 4 is the mean 
distance е the centres of the io 


2)+1}=— 


independent i n. The first term is the m mass of nucleus 
and a-particle, the second of nucleus and each electron, the 
third of a-particle and electrons, and the fourth of the two 
electrons. 


NO | бе? 
The loss of mass by the emissions is therefore т.— --„, and 
| : дс 


not mg, the mass of a helium atom, as ordinarily assumed. The 
magnitude of the correction is 9ma/4, where m and a are the 
mass and radius of an electron, and this is only comparable 
with the mass of a single electron. 

Atomic weight calculations for radioactive products are not 
therefore seriously affected if the element ultimatelv ends as 
an isotope of its first form. But if it changes its position in the 
table the case is different. For example, the total passage 
from radium to lead involves а change of 10 in the atomic 
number, so that, on the whole, an amount 20e of positive 
electricity has left the nucleus in the form of 5 a-particles. In 
the radium atom the total mass is that of the lead nucleus and 
its attendant external electrons, of the five individual a-par- 
' ticles, and the mutual masses of the members of this group. 
Neglecting a few electrons, and also mutual masses involving 
the distant external electrons, we find that the absolute mass 
of a radium atom should exceed that of a lead atom Бу 


5(5—1) 2 2 
POSEE 2 () 2 = 
à zele) + 10ne? , 


where А is the mass of a helium atom, л is the atomic number 
of lead—about 103—and å is the average distance apart of the 
components in a radium nucleus. The factor 5(5— 1)/2 ex- 
presses the nuniber of ways of grouping the a-particles in pairs 
and the last term is the mutual mass of the lead nucleus and 
the a-particles. The expression becomes 
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If a is the radius of an electron, the mass of a hydrogen atom 
2 
is : X 1835. The decrease of atomic weight in passing from 
radium to lead would, therefore, be, since 3-994 is the atomic 
weight of helium, 
2040 Ja a 
5(3-9t e LOT a RET. 
5(-994)--, s 1299165, 
The atomic weight of lead derived from radium should, 
therefore, be, if we use Hónigschmid's determination of the 
atomic weight of radium (225-95), 


205.98— 1.67, 


where Å is a rough mean of the distances between a-particles 
in the atom, and ais the radius of the electron. 

We can make a similar calculation for lead derived from 
thorium, taking n=116, and allowing for 6 a-particles instead 
of 5. The result is, if 4 is the same as before, and if the atomic 
weight of thorium is 232-4, 


208-4— 2407. 


The accepted value for the atomic weight of ordinary lead is 
201-10, and it is regarded as a mixture of leads from both 
sources. Actinium аз a source is relatively unimportant. И 
we suppose the mixture to be in equal proportions, then on 
taking the mean, 

207-10—207-19—2:25, 
Or, À 


295, 


a 


so that the average distance between the components of a 
nucleus is about 24 times the radius of an electron. As we are 
uncertain about the proportions, however, this calculation 1s 
unconvincing. 

But Soddy has just given* a careful determination of the 
atomic weight of thorite lead, of which a large quantity has 
been isolated. The value is 207-64, and we may suppose that 


* Vide, e.g., '' Nature,” Feb. 4, 1915. 
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lead from radium is here absent. Applying the formula, 
therefore, 
208-40—2-407 = 207-64, 


9n 48, 


almost exactly. This value therefore compels the average 
distance between the a-particles to be of the same order as the 
radius of an electron. Under this condition, the formula we 
have developed ceases to give the mutual mass of an electron 
and a positive charge. But it would still remain valid fcr 
positive charges, on account of their smaller size, and since 
in the passage from thorium to lead, positive charges are 
mainly in question, some reliance can be placed on the result. 
We have reached the conclusion, therefore, that if the atomic 
weight of thorite lead has the value found by Soddy, and if the 
higher value is not due to an unsuspected impurity, the a-particles 
in a thorium atom have a mean distance apart comparable with 
the radius of an electron. The importance of this conclusion in 
connection with atomic structure is evident, and on the supposi- 
tion that all mass is electromagnetic, it is impossible to evade it. 

In particular, it is a valuable indication that the nucleus of 
the atom is actually of very small dimensions and perhaps 
not very much greater than the radius of an electron. But 
it must be decidedly larger than Rutherford's estimate. 

At the same time, these results appear to preclude any con- 
nection between the chains of development of uranium and 
thorium. For the atomic weight of lead from radium should 
be about 205-43, different from that of thorite lead by 2-21. 
If the chains are connected, they can only differ in their final 
products, the two leads, by about a multiple of 4 in atomic 
weight, unless we admit the existence of à new type of a-par- 
ticle. The effect of mutual mass is not significant enough, in 
the case of isotopes, аз we have seen, to alter this number 4. 
Thus, if lead is the ultimate product of radium, all the a-par- 
ticles have been observed experimentally. On the supposition 
that ordinary lead has its origin in thorium and in radium, we 
can work out, from its atomic weight, the proportions of the 
two components. Thus, if there are х parts of thorium lead 
to one of radium lead, 

207-6424 205-43 = (x-|- 1)(207-10), 
or z—3. 
VOL. XXVII. R 
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Thus, 3 of the lead should arise from thorium. This is a 
point which could be tested on the basis of the present terres- 
trial distribution of thorium and uranium. 

Many other questions are suggested by the calculation of the 
mutual mass of two charges. If, for example, charges really 
existed in the atom, closer ta the nucleus than the outer ring 
of radius 1078 cm., the mutual mass would make an important 
difference in their equations of motion, and would show its 
effect on the numerical constants of their spectra. Such an 
effect must be brought into any theory which involves charges 
moving in а small radius. But at а radius 1078, the effect is 
not appreciable with the order of accuracy which can be 
attained. 

Apart from the deduction of the formula, which is the main 
object of the Paper, and the emphasis which must be laid on 
this question of mutual mass, almost completely overlooked 
hitherto in all theoretical discussion of the data of radio- 
activity, this Paper will have served its purpose if it succeeds 
in drawing attention to the great contributions to our know- 
ledge of atomic structure, and more particularly nuclear 

structure, which can be given by some simple experiments, 
such as the precise determination of the atomic weights of 
lead from different sources, and by as many methods as pos- 
sible. The actual conclusions in the last section are admittedly 
dependent on controversial points, for they involve the not 
generally accepted doctrine that the atomic weights of thorite 
lead and ordinary lead are different. Again, they involve the 
conclusion of Rutherford and Darwin that the law of force 
even at a distance of 10-1? ст. from the centre of а nucleus is 
still that of the inverse square. This conclusion, like the 
calculations in the Paper, would be overthrown if it could be 
proved that appreciable magnetic forces had their seat in the 
nucleus of an atom, as one school of physicists maintains. But 
the present calculations are the logical outcome of the supposi- 
tions just mentioned. Sir Ernest Rutherford, in the discus- 
sion on the structure of the atom at the Australian meeting of 
the British. Association, proposed to leave nuclear structure 
to the next generation. It seems, on the other hand, to be 
vital to any further progress in our knowledge of atoms. The 
results already attained in the Paper are strongly in accord 
with the nucleus theory, since “ mutual mass " is, on thia 
theory, apparently capable of explaining the discrepancies 
which are observed ш atomic weights. 
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ABSTRACT. 


The Paper contains a mathematical deduction of a simple formula 
for the combined mass of two electrical charges when in proximity 
to each other. This mass is not the sum of their individual masses 
when far apart, if it be supposed that all mass of positive electricity, 
like that of electrons, is of electromagnetic origin. Applications are 
made of the formula to questions of atomic constitution and of radio- 
activity. A discussion is given of the evidence leading to the con- 
clusion that the nuclei or cores of positive electricity in atoms are 
complex structures of electrons and even smaller positive nuclei. 
On this basis, emission of an a-particle by an atom does not decrease 
its atomic mass by 4, a correction being necessary for the “ mutual 
mass "' of the a-particle and the rest of the core. Estimates of tho 
magnitude of this correction, in the case of radium and thorium 
passing into lead by the emission of particles, are given. From the 
value. given by Soddy for the atomic weight of thorite lead we can 
deduce the average distance apart of the components in a radium 
nucleus. It is of the same order as the radius of an electron. Sug- 
gestions of further interesting applications of the precise formula 
for mutual mass are also contained in the Paper. 


DISCUSSION. 


Dr. H. S. ALLEN said that, in the model suggested by Sir Е. Ruther- 
ford, the atom consists of а concentrated positive charge of extremely 
minute size surrounded by electrons revolving at different distances from 
the nucleus. In earlier Papers Prof. Nicholson has shown that this is 
mathematically impossible, and that all the external electrons must 
either form а single ring or rings in parallel planes. The Rutherford 
atom is then reduced to such extreme simplicity that it becomes incapable 
of explaining the complex facts of physics and chemistry. It cannot, 
for example. give an explanation of the complicated series of lines 
actually observed in the spectra of elements other than hydrogen, or of 
the secondary spectrum of hydrogen itself. Again, such an atom should 
have a magnetic moment simply proportional to the number of electrons 
in the ring, for the nucleus is too small to produce by rotation, or other- 
wise, anv appreciable magnetic moment. The results of the present 
Paper appear to prove that the nucleus of an ordinary atom cannot have 
the small dimensions previously assigned to it. It seems certain that the 
nucleus cannot be so minute if we assume that there exist in it a and В 
particles as such. ‘The only reason for assigning an extremely small 
diameter to the nucleus of a heavy atom is to account for the wide-angle 
scattering of a particles, but in the discussion of this question no attention 
was paid to the possible action of magnetic forces on the moving particle. 
If these exist the trajectories become complicated, but it is probable that 
the scattering could then be accounted for without necessitating such a 
near approach to the centre of the atom. We are thus led to the view 
that the central portion of the atom may contain a and В particles in 
orbital motion which would set up a magnetic field. But as the velocities 
must presumably be less than that of light, the radius of such a magnetic 
core must be considerably greater than that of the simple nucleus of 

Autherford, 
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XIX. The Estimation of High Temperatures by the Method of 
Colour Identity. Ву Сілғғовр С. Paterson and B. Р. 
Duppine, A.R.C.Sc. (From the National Physical 
Laboratory.) 

Synopsis. 

1. Preliminary experiments are described on the method of 
“colour identity " adapted to the estimation of the tempera- 
ture of incandescent substances such as metal or carbon 
radiating in the open; by this method the “true " temperature 
. of certain bodies as distinct from their “ black body " tem- 

peratures can be arrived at with a very fair degree of accuracy. 

2. By the colour identity method the total luminous radia- 
tion (white light) from a black body is made identical in 
colour with that from the incandescent metal underexamination 
by adjusting the temperature of the black body until there is 
colour identity in the field of a Lummer Brodhun photometer. 

3. Comparisons are made of the results so obtained with 
those obtained by other methods, and the colour identity 
method is shown to give the correct result for melting platinum. 

4. Formule are deduced, based on the fundamental theories 
of energy radiation and the sensitivity of the eye, connecting 
the temperature of carbon and tungsten filaments with their 
lumens per watt, and it is shown that these expressions hold 
from the lowest to the highest values of lumens per watt. 

5. It is shown that the colour identity method of deter- 
mining filament temperatures is practically independent of the 
cooling at the ends of the filaments of ordinary lamps. 

6. An explanation is given of the principal factors and 
limitations of the colour identity method in which it is shown 
that accurate results should be obtained so long as the bodies 
under consideration act as “grey” bodies throughout the 
visible spectrum, and that there will be a tendency to error to 
the extent that they depart from the grey body condition in 
the visible spectrum. 

7. The colour of the radiation from melting platinum is 
shown to be the same as that from a carbon filament lamp 
operating at 2-6; lumens per watt, or 4-75 watts per mean 
spherical candle, or approximately 3-8 watts per mean hori- 
zontal candle. 


The work described in this Paper is not in the nature of a 
complete investigation of the subject. It had for its original 
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object the determination of the colour of the light from molten 
platinum under the open radiation conditions which prevail in 
the realisation of the Violle standard of light A good primary 
standard of light must not only be constant and accurately 
reproducible, but the colour of its light sheuld approximate to 
that of the sources which are ordinarily used in practice, so 
that large colour differences will not be involved in the photo- 
metric measurements for which such a standard is used. The 
object for which the investigation was started was completed 
over two years ago, but the progress of the work indicated some 
unexpected phenomena which it was intended to investigate 
further. Pressure of other work has up to now prevented this 
being done, and the authors desire at this stage to publish this 
preliminary note on the subject. The accuracy of the work is 
the accuracy of preliminary experiments in which all reason- 
able precautions have been taken. Values given for tempera- 
ture certainly have not an absolute accuracy of more than 1 or 
2 per cent., but the methods described are capable of a higher 
precision, and this will undoubtedly be attained in the fuller 
investigation which it is intended to undertake. 


General Discussion. 


Optical pyrometry is almost exclusively concerned with the 
intensity of the light emitted by a luminous body in any given 
wave-length. The colour of the light thus dealt with is fixed 
by the wave-length or wave-lengths chosen for the measure- 
ments, and colour differences do not occur. 

In ordinary photometry the sum of the intensities of the light 
emitted by a source in all wave-lengths over the visible spec- 
trum is compared against the sum of the intensities of the 
light emitted by another source. The radiation from each 
source has thus a composite colour whose characteristics will 
depend on the relative intensity of the light in each wave- 
length. Although both sources may radiate according to the 
law of a black body, if there should be a difference of tem- 
perature between them the composite colour or hue of the 
‘radiations from the two bodies will differ, and it becomes 
necessary to compare intensities which are not of the same 
colour. For most solid radiators the colour of the light is a 
perfectly definite quality, and forms a criterion of the state of 
incandescence of such bodies. Most bodies are more or less 
selective in their radiation, but there is a certain group, con- 
sisting mainly of metallic substances, which although appa- 
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rently selective in favour of the visible spectrum as a whole, 
emit light throughout that spectrum without апу appre- 
ciable deviation from the distribution to be found in the visible 
spectrum of a black body.* For instance, consider a tungsten 
filament adjusted te a suitable temperature, and comparcd 
spectrophotometrically against a carbon filament. The one 
is mainly selective in favour of the visible spectrum as a whole, 
and the other acts in this respect as a black body. `The 
spectrophotometer, dealing only with the visible spectrum, 
cannot detect any relative difference between the two at 
different wave-lengths throughout the portion of the spectrum 
with which it deals, and thus a comparison of the total visible 
radiation is possible with an ordinary photometer, exact identity 
of colour being obtainable. That is to say, these substances virt- 
ually radiate as “ grey " bodies, as far at least as the visible 
spectrum 18 concerned, and it is this close approximation to 
grey body radiation in the visible spectrum which lies at the 
root of the method discussed in this Paper. Hence, identity of 
colour can be obtained not only when comparing one tungsten 
lamp against another, but also when comparing a tungsten 
lamp against a black body. If the temperature of these 
bodies is pushed to an схіт2те value a very slight difference of 
colour is perceptible at the point where the colour balance is 
closest, but such differences are too small to prevent an obser- 
ver obtaining consistent results in judging the colour balance 
between two radiations. 

A comparison of colour is made similarly to photometric 
comparisons of intensity. The current in the comparison 
lamp is varied so that the colour of the light fluctuates on both 
sides of the mean, first inclining to be redder and then to be 
bluer than the light from the test source. The current in the 
lamp is then readily determined at which the observer judges 
the colour balance to occur. It must be remembered that in 
these comparisons it is the hue of so-called white light which is 
under consideration, and not that of spectral or other colours. 

The colour identity method depends on the combined effects 
of the light emitted in all wave-lengths in the visible region. 
If the intensity is relatively greater at the red end than at the 
blue end, the hue of the resulting radiation will tend to be red, 
and vice versa. The radiation from a black body at 1,750°C. 


* Coblentz, “ Radiation Constants of Metals," “ Bull.” B.S.. Vol У. 
р. 359. Hyde, “Selective Emission of Incandescent Lamps," '' 'Trans.,” 
Ill. Eng. Soc., 1909. 
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has a definite hue depending on the relative proportions of the 
energy in the red, green and blue regions, and any other radiator 
emitting light in the same relative proportions will have the 
same hue of radiation, no matter what the absolute intensity 
of the radiations. "Thus, it is that the radiation from a grey 
body will be identical in hue with that of а black body, and 
compared on the colour identity basis the grey body will be 
given its true temperature. The optical pvrometer, on the 
other hand, only takes account of the relative intensities of the 
light from the black and grey bodies, and, therefore, estimates 
the temperature of the grey body at a value far below its true 
temperature. It follows, therefore, that the measure of the 
accuracv of the colour identity method is the extent to 
which bodies radiate as grey (or black) bodies throughout the 
visible spectrum. 

Throughout this Paper the usual conception of a grey body 
is adopted—z.e., one which, at any temperature, does not 
radiate as much energy in the various wave-lengths as a black 
body at the same temperature, but in any wave-length the 
intensity per unit area of the surface 1s a constant fraction of 
that of the black body in the same wave-length. 

By a selective body is meant one in which the amounts of 
energy radiated in the various wave-lengths throughout the 
whole spectrum do not bear a constant proportion to those in 
the same wave-lengths for а black body at the same tem- 
perature. 


Section 1 of this note deals with the establishment of electric 
sub-standards of colour, which are intended to serve for 
defining the colour of the radiation from any incandescent 
bodies compared against them, and so to fix the temperature 
of such bodies in terms of the temperature of a black body 
whose radiation is identical with theirs ш colour. 

Section 2 gives the determination of “ colour identity ” 
temperatures of carbon and tungsten glow lamps when burning 
at different efficiencies, and contains expressions for such 
efficiencies in terms of temperature based on Wien’s equation 
for intensity of energy distribution and Nutting’s equation 
for the sensitivity of the human eye. 

Section 3 discusses the accuracy of such determinations, and 
deals with the “ colour identity " temperature of platinum at 
the melting point, showing that even for a sclective radiator 
such as platinum this temperature is a measure of the true 
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B temperature of the platinum filament, although it is glowing 

M: under open radiation conditions. Filament temperatures for 

| Lin carbon and tungsten (vacuum and gas-filled) are also discussed. 

| | Section 4 deals with the colour of the radiation from molten 

| platinum in relation to the practical usefulness of the Violle 
standard of light. 


' 1. Electric Sub-standards о] Colour for the Determination of 
1 \ | Temperature. 
| | In spite of the fact that the device of colour comparison by 
means of a Lummer Brodhun photometer has been used for 
| many years by various observers for obtaining equality of 
efficiency of glow lamps of the same type, it is not generally 
realised how easily and with what precision such colour com- 


Fic. 1.—DIAGRAM SHOWING ARRANGEMENT OF APPARATUS USED TO OBTAIN 

THE RELATION BETWEEN THE CURRENT IN CARBON AND TUNGSTEN 

| FILAMENT LAMPS, AND THE TEMPERATURE OF A BLACK Вору АТ 
EQUALITY OF HUE OF THEIR RADIATIONS. 


parisons can be made. Morris,* Stroud and Ellis employed 
this method in 1907, and extensive use has been made of it for 
investigating selectivity and other properties of radiating 
substances by Е. P. Hyde,T with whom Cady and Middlekauff 
have sometimes collaborated. Hyde, in discussing the ques- 
| tion of colour identity and temperature (p. 40, loc. cit.), showed 
that a colour match with a black body might be regarded as 
indicating that the temperature of the black body was at 


* Morris, Stroud and Ellis, “ The Electrician," Vol. LIX., p. 584. 

T Hyde, Cady and Middlekauff, ‘‘ Selective Emission of Incandescent 
Lamps,” Ш. Eng. Soc., New York, Vol. IV., 1909, p. 334. Hyde, ‘‘ Physical 
Characteristics of Luminous Sources," Lectures, John Hopkins University, 
1910. Hyde, ‘‘ Radiation Laws for Metals,” ‘‘ Astrophys. Journ.,” Vol. 
XXXVI., 1912, p. 89. 

$ Hyde, “ The Physical Production of Light," “ Journ." Franklin Inst., 
Vol. CLXX., 1910. 
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least as high or higher than that of the body compared against 
it, but he expressed the opinion (p. 39) that under the condi- 
tion of colour identity two different radiators although with 
continuous spectra would not be at the same temperature. 

A black body furnace electrically heated and capable of 
being raised to a temperature of 2,200°C., with a clear internal 
atmosphere, was kindly put at the disposal of the authors by 
Dr. J. A. Harker, F.R.S. The very excellent arrangements of 
this furnace need not be explained in detail here. The appa- 
ratus is shown diagrammatically in Fig. 1. A is a black body 
kept clear of fumes by a stream of nitrogen admitted at K. 
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Current in Amperes. 


Fia. 2.—CARBON (A) AND TUNGSTEN (В) COLOUR STANDARDS. 


Curves connecting the current in the lamps with the temperature of the 
black body whose radiation is identical in colour with that of the lamps. 


B is a diaphragm with glass window, which permits only light 
from the centre of the incandescent surface to pass down the 
photometer bench, and J are screens to cut off extraneous 
light. C is a carefully seasoned electric lamp, the current 
through whose filament can be accurately measured by means 
of ammeter D. Between the two at E is a Lummer Brodhun 
photometer head. This photometer is not used to compare 
the intensities of the two sources of light A and C, but to deter- 
mine when the hue of their radiations is identical. Two optical 
pyrometers were used of the Siemens and Féry types, by means 
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of which the temperature of the black body was determined 
before and after each colour determination by the photometer. 
Complete determinations were made on two separa:e occasions 
and the mean result taken—every photometer and pyrometer 
setting being made on each occasion by two observers. The 
furnace was first run at a relatively low temperature, and the 
electric heating adjustcd so that it would remain at a constant 
temperature sufficiently long for both photometric and pyro- 
metric readings to be taken. The hue of the light from the 
electric lamp С was varied by means of rheostat H until there 
was »xact identity of colour in the photometer. In doing this 
it 1s, of course, necessary to place the photometer so that there 
is also equality of brightness. 

T'wo or three settings were made by each observer before and 
after which the pyrometers were read. The same process was 
followed in a series of increasing temperatures up to about 
2,200°C.--the maximum temperature to which the furnace 
was carried in these experiments. Two electric lamps were 
calibrated in this way, one having a carbon and the other a 
tungsten filament. These two lamps calibrated in the above 
manner form intermediate standards of colour against which 
any glow lamp can be matched, and the temperature of the 
black body fixed to which the colour of its light corresponds. 
The temperatures so determined are on the opticalscale, using 
pyrometers for which the dominant wave length is 1=0-650. 

Fig. 1 shows the curve connecting current in the lamps and 
the temperature of the black body for colouridentity in the case 
ofeach of these lamps. It was found that the sensitivity of the 
process of colour matching is more than equal to that of tem- 
perature measurement by optical pyrometers. 

Duplicates of these two lamps were then made for use in 
experiments where their continued employment at the higher 
efficiencies might affect their constancy. 


2. " Colour Identity " Temperatures Corresponding with 
Different Efficiencies. 


It is common for the specific consumption of glow lamps to 
be stated in terms of the watts per mean horizontal candle. The 
only rigorous way, however, is to state it in terms of watts per 
mean spherical candle or in lumens per watt. Throughout 
this Paper the latter designation is used, representing as it does 
the true measure of the ratio of the total light emitted to the 
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power supplied. In the table of results the approximate watts 
per mean horizontal candle of the glow lamps is also given, 
since this is the more familiar designation, but it is not rigorous 
on account of the varying ratios of mean horizontal to mean 
spherical candle-power to be found in different lamps. It is 
to be noted that in the determination of the total light 
emitted from the glow lamps the light which is obscured by 
the cap of the lamp is counted as being radiated and not ab- 
sorbed, but in any case this light is less than 1 per cent. of the 
total for filaments of ordinary form. 

The objects of the measurements are :— 

(a) to find the relation between the various values of lumens 
per watt for tungsten and carbon filament lamps and the cor- 
responding temperatures of а black bodv on the basis of 
colour identity ; 

(b) to ascertain to what extent the temperature so measured 
represents those of the principal parts of the glowmg filaments, 
having regard to the cooling effect of the filament supports ; 

(c) to find laws connecting lumens per watt and corres- 
ponding "colour identitv " temperature for tungsten and 
carbon filaments. 

Evidence is given later in the Paper to show that there 
seems to be justification for the assumption that the colour 
identity method at any rate in certain cases gives within narrow 
limits a measure of the true filament temperature. This 
assumption is, therefore, made in what immediately follows 
here, and it will be seen that the results which follow from this 
assumption whilst not proving its validity, are in agreement 
with those of Forsythe, who determined temperatures by more 
orthodox methods. 


(a) A number of carbon and tungsten filament lamps were 
selected for the measurements. The carbon lamps had both 
flashed and unflashed filaments. The tungsten lamps had 
squirted and drawn filaments of different diameters and 
lengths, so that the effect of the cooling of the ends by the lead- 
ing-in wires if appreciable might be observed. 

All the lamps were measured for lumens per watt at different 
voltages up to the highest they were capable of standing 
without deterioration. They were then compared for identity 
of colour against the colour standards, and in this way the 
temperatures of а black body were determined which corre- 
sponded with the various values of lumens per watt. The 
results are given in Table I., and plotted in Fig. 3. 
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TABLE I. 
(Reduction factor=Mean spherical candle-power divided by mean horizontal 
candle-power. ) 


| | Temperature Temperature 
TAR Lumens of black body Miete Lumens (оё black body | 
Volta. , Ро“. 28 per аё identity of, Volts. | PET. MCAT | per аб identity of. 
| pir watt. colour (Cent. oe watt. | colour (Cent. 
| se | absolute). | aes absolute). 


Carbon Filament Lamp (flashed) No. 1. 


| Carbon Filament Lamp (flashed) No. 2. | 
100 volts, 16 candles. | 


100 volts, 16 candles. 


5 


Reduction Factor —0-85,. 


49-2. lll. 
59-50, 38°, 
72-7 | 13: 
82-70 | 7-9, 
92-5, 550, 
1030 3-7, 
110-0 | 25, 
1300 | 15, 
1350 | L3 
140-0 | 13, 


1,515 
1,640 
1,755 
1,865 
1,960 
2,055 
2,120 
2,250 
2,300 
2,325 


Carbon Filament Lamp (flashed) No. 


100 volts, 16 candles. 
Reduction factor —0-85. 


65 | 19. 
70 5 18: 
75 10°, 
80 | 7-6, 
85 6-0, 
90 4:8, 

100 | 33, 

105 2-7 

107 2-6 

115 2-0, 

120 1:8, 

130 1-4, 

135 1-2, 


Tungsten Filament Lamp (Drawn) No. 
115 volts, 30 watts. 


Reduction factor —0-79. 


38:2 21:1 
47-4 | ll, 
57-8 | 63, 
8-7 4:0, 
93-2 1-9, 
el dd 


Tungsten Filament Lamp (Squirted) No. 7. 
105 volts, 32 watts. 


Reduction factor =0-79. 


38:8 15: 
45-2 9-34 
51-2 5:4, 
67-0 3:5 
90-5 1-7, 
117-0 i 1:0; 


0:55 


0:46 


0-63 
1-06 
1-84 
2-78 
5-66 
9-54 


1,720 
1,775 


Reduction Factor —0-89. 


1,715 
1,775 
1,835 
1,890 
1,935 
1,980 
2,075 
2,120 
2,135 


Carbon Filament Lamp (flashed) No. 


140 
150 
160 
180 
200 
210 
220 


Carbon Filament Lamp (unflashed) No. 
200 ; 


200 volts, 16 candles. 
Reduction factor —0-86,. 


18, 

12-, 
9-0o 
5:2, 
3-2. 
2-65 
2-9, 


Reduction factor —0-82.. 


22:, 
15:, 
10: 
61, 
3°78 
3:04 


2-5, 


0-60 


6 ca 


0°47 
0-68 
0:95 
1-68 
2.74 
3:36 
4:08 


0-72 
0.85 
1-26 
1-62 
2.10 
2.61 
3°28 
3:81 
4-47 
5:21 
6-65 


1,710 
1,770 
1,835 
1,955 
2,070 
2,120 
2,165 


| 


| 


T'ungsten Filament Lamp (Squirted) No. 8. 
| 105 volts, 30 watts. 


Reduction factor =0-78;. 
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TABLE I.—Continued. 


Temperature] Temperature 
айе Lumens iof black body е Lumens (оѓ black body 
Volts. Lo Bondi per аё identity ой| Volts. a rizontal| Per № identity of 


candle; watt. ,colour (Cent. watt. | colour (Cent. 


absolute). candle. 


absolute ). 


105 volts, 60 watte. 
Reduction factor —0-'18;. 


100 volts, 15 watts. 
Reduction factor —:0-18,. 


і 
40 12+, 0-77; 1,710 | 45 | 860 117 1,800 
45 9-8, 1-01 1,775 50 | 6-15 1-59 1,860 
| 50 73, 1.35 1,835 55 , 4-80 2.05 1,915 
| 55 5-7, 1-74 1,880 60 | 38. 2-55 1,960 
‚ 60 4-5, 9.18 1,920 65 ' 32, | 3-09 2,015 
65 3-7, 2:67 1,970 | 70 2-6, 3-71 2,055 
70 3-1. 3-17 2,015 | 75 22, 4-36 2,105 
75 2-65 3-73 |. 2,055 80 1-9, 5-10 2,140 
80 2-2, 4-37 2,100 | 90 15, | 6-75 2,225 
90 1-7, 5-70 2,175 100 1-2, 8-13 2,290 
100 1-39 7-12 2,245 105 11, | 902 2,325 
105 1-2; 8-06 2,280 110 1-0, 9-88 2,360 
110 1-1, 8-66 2,315 115 0-91, | 10-8, 2,400 
115 1-0, 9-51 2,340 120 0-83, 11:8, 2,430 
120 0-94; 10-4, 2,375 | 125 , 0-77, 12-76 2,455 
125 | 0.88; | 11-2 2,395 | 130 0-72, | 13-7, 9,485 
‹ 130 0-82, | 12-1 2,435 | 135 0-66, | 14-8, 2,505 
| 135 | 0-76) | 13-0 2460 | | 
| Tungsten Filament Lamp (Drawn) No. 11. | Tungsten Filament Lamp (Drawn) No. 12. 
200 volts, 20 watts. | 230 volts, 60 watts. 
| Reduction factor =0-785. ! Reduction factor -- 0-18;. 
| 80 13-5 0-73 1,720 100 95, | 1-04 1,770 
90 9-7, 1-02 1,770 110 T3, 1:34 1,825 
100 7:9; 1-36 1,835 120 5-7, 1-74 1,870 
110 5-5, 1.80 1,885  , 130 4-5, 2.17 1,915 
120 4-4, 2.23 1.935 140 3-8, 2-40 1,960 
‚ 130 3-5, 9-75 1,970 150 3-1, 3-10 2.000 
140 3-0, 3-28 2,020 160 2-7, 3-60 2,040 
150 2.5; 3:87 2,060 170 2-35 4-19 2,080 
160 2.1, 4-4, 2,105 180 2-0; 4-8, 2,110 
180 177, 5-8, 2,170 190 1-8, 5-46 2,145 
200 1-3a 7.2. 2,245 210 1:4; 6-7 2.210 
210 1-2, 7-9, 2,270 | 230 1-2. 8-0, 2,270 
220 1-1, 8-6, 2,320 | 210 11, 8-7, 2,305 
200 0.90. | 10-2 | 2,360 


In obtaming the higher temperature values for plotting on 
Fig. 3, it is very useful to make use ofa “ watt-temperature ” 
curve. The carbon lamp, for instance, cannot with safety be 
run for long periods at temperatures in the region of 2,000°C. 
If the watts be plotted against temperatures obtained by the 
identity of colour method the resulting curve will be found to 
be a logarithmic, and no deviation whatever can be detected 


240 MESSRS. PATERSON AND DUDDING ON 


from such logarithmic over the range between the highest and 
the lowest observed values. This is illustrated in Fig. 4, in 
which the logs of temperature and watts have been plotted for 
both carbon and tungsten lamps Nos. 3, 5, 6, 8 and 12. Ив 
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Fic. 3.—ORDINARY 100 лхр 200.уогт CARBON (CURVE А) AND TUNGSTEN 
(CURVE B) FILAMENT VACUUM LAMPS. 


Curves connecting lumens per watt of the lamps with the temperature of a 
black body whose radiation is identical in colour with that of the lamps. 


safe from a knowledge of the watts in any lamp to deduce 
intermediate temperature values from such a curve, so that 
the actual number of colour comparisons may be a minimum, 
and the burning period of the colour standard reduced. 
The watt-temperature relation is given, for carbon filament 
lamps, by | 
Wor’, 


and for tungsten filament lamps by 
Weer, 


Diaitized by N.JV7NX 7S TR 


Е. 


а 
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Considering again Fig. 3, the first point to notice is that no 
difference can be detected between the various carbon lamps 
tested or between the different tungsten lamps. Whether the 
carbon filaments are flashed or unflashed, and the tungsten 
filaments squirted or drawn, appears to leave unaffected the 
relation between lumens per watt and the corresponding “ colour 
identity " temperature of a black body for either of these types. 

It will, therefore, be seen that all the results may be taken as 
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Curves connecting watts consumed by carbon and tungsten filament 
lamps, and the temperature of the black body whose radiation matches in 


colour that of the lamps. 
А is for Lamp No. 5. (Carbon filament.) 
B | 


99 7? No. 3. ( »9 , 
сз » №. 12. (Tungsten  ,, ) 
D ,„ » Хоз. бапа 8. ( КА " ) 


lving on two curves, one representing the carbon group and the 
other the tungsten group, and so closely do the points keep to 
the curves that very few observations lie more than 1 per cent. 
in temperature from the mean curve. 

This implies that in all ordinary lamps of the same character 
(vacuum tungsten or carbon) the colour of the radiation from 
the whole filament, including the cooled ends, is the same for 
the same value of lumens per watt. "Therefore, to considerable 
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accuracy it may be said, that a knowledge of the lumens per 
watt of a lamp implies a knowledge of the temperature of a 
black body whose radiation is the same in hue as that of the 
lamp. 


(b) The following considerations show to what extent a 
temperature, determined as above, may be regarded as the 
temperatures of the main glowing part of the filament. If 
there were no cooling at the ends of a filament it would be 
equally bright for the whole of its length. The cooling, how- 
ever, аз shown by Hyde, Cady and Worthing* is appreciable, 
but it must be remembered tha? the colour of the light is 
governed by the part of the filament giving off most light. The 
ends of the filament give off actually very little hght because 
the amount emitted falls off according to a very high power of 
the temperature (T!? to T??). Hence the effect of the dulled 
ends of the filament on the colour of the total light from it, is 
exceedingly small. In an actual caset the total light emitted 
below the point where the filament began to become measur- 
ably dull was only 5 per cent. of the whole, and a large рег- 
centage of this amount diflers only very slightly in colour from 
the light emitted by the remainder of the filament. 

The following measurements, Table II., were made of the 
total effect on the m-asured temperature due to end cooling 
by determining the “colour identity " temperature of the 
central portion of the filament only and comparing it against 
that of the whole filament, including the cooled ends. 


'lTABLE II. 


Temperature of black body for 
colour identity. 


| 
ЗЫ ВИК 
Whole filament. Centre of filament. | 
| 200 9.945 | 2.255 | 
110 1.885 1,898 
54 1,556 1,570 
105 926 | 2,290 | 
60 1.920 | 1.930 
40 1,710 | 1,722 
— M —HÓ——— a — — | 
Motor headlight. | en ne 
16 volts, 50 watts | 9:240 | 2:285 | 


* Amer. Ill. Eng. Soc. “ Trans." 6, рр. 238-257. 
1 See Hyde, Cady and Worthing. Lr. cit. 
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Lump №. 11 was an ordinary 200 volt, 20 watt tungsten 
lamp, and No.9 was rated for 100 volts, 55 watts; the differ- 
ence of filament diameter and distance between supports were, 
therefore, as large as is usually met with in practice. The 
motor headlight filament was for 16 volts and 50 watts, and, 
therefore, represented an extreme case. 

It will be seen from this that unless a very thick, short 
filament be taken with abnormal end cooling, the measured 
colour identity temperature will be that of the central bright 
portion of the filament, within about 1 per cent. Whilst in 
the extreme case of the headlight lamp it is of the order of 2 
per cent. It is obvious that the cooling effect for carbon 
filament lamps 15 considerably less than for tungsten, and is, 
in fact, quite inappreciable. 

It is thus clear that the colour identity method gives results 
which depend very closely on the temperature of the central 
portion of the filament. Ifit may be assumed that the method 
also gives the true temperature of lamp filaments, the figures 
in Table I. and Fig. 3 indicate the appreciable difference of 
efficiency existing between the carbon and tungsten iamps for 
the same temperature, and, therefore, establish the selectivity 
of the tungsten filament in favour of the shorter wave-lengths, 
a subject upon which much has been written, and which has 
been thoroughlv investigated bv Dr. E. P. Hyde.* This 
difference in efficiency. would, if anything, be very slightly 
increased by taking into account the end cooling of the fila- 
ments, the tendency of which is to act in favour of the carbon 
lamp. Also, if the carbon filament is “ greyer” than the 
tungsten filament in the visible region the apparent difference 
of efficiency will be increased. 


(c) Referring to the curves shown in Fig. 3 and bearing in mind 
what has been said in the foregoing remarks, it becomes of 
interest to know if a relation connecting lumens per watt and 
temperature can be deduced from our knowledge of the pheno- 
mena involved, and especially to ascertain how nearly the 
experimental observations conform to such a relation deduced 
from theoretical considerations. 

We have to consider, therefore, how the rate of dissipation 
of energy by a lamp filament, i.é., the watts,t increases with a 


* See Hyde. Lor. cit. 
+ The rate at which energy is radiated is power and is spoken of hercafter 
as radiant power. 
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rise in temperature, and also how the eye estimates the rate at 
which this energy is radiated. 

The eye is only sensitive to а small portion of this energy, 
i.e., that emitted in wave-lengths lying approximately between 
0-34 and 0-85. Further, the eye does not appreciate the in- 
tensity of the energy radiation in any wave-length over this 
limited range in direct proportion to the amount radiated, but 
weights it according to its own peculiar sensitivity to energy of 
that wave-length. This appreciation of power by the eye is 
expressed in lumens which may be defined as the measure of 
the appreciation of the eye for radiant power. 

Àn expression must, therefore, be found connecting lumens 
and the temperature of the radiating body both in terms of the 
power distribution throughout the visible spectrum and of the 


Sensitivity characteristics of the eye. 


The theoretical investigation of the problem thus sub- 
divides itself naturally into three distinct parts :— 

(a) The rate of energy dissipation of the radiator at any 
temperature. | 

(6) The quantitative distribution of this radiant power 
throughout the spectrum at any temperature, with special 
reference to that range of the spectrum over which the energy 
stimulates the sense of vision. 

(c) The relative capacity of equal amounts of radiant power 
in different wave-lengths for stimulating vision, this being 
necessarily referred to the average or normal human eye. 


(a) Relation Between Watts and Temperature.—Attention has 
been already drawn to curves showing the relation between the 
rate of dissipation of energy by a lamp and its temperature as 
measured by the colour identity method. Many lamps of or- 
dinary dimensions have been examined, and in all cases the 
results can be expressed by an equation of the form 

watts oc T" or (log W=log D--mlog T) . . . (1) 
m being 4:5 to 4, for carbon lamps and 5-0, to 5-, for tungsten 
lamps. | 

In no case has any appreciable deviation been observed from 
this logarithmic relationship for temperatures ranging from 
1,700 deg. to 2,300 deg. abs. 

This relationship is at once recognised as being identical in 
form with that ascribed to Stefan and Boltzman connecting 


the temperature and radiant watts of the ideal black bodv, 
m in the latter case being 4. 
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(b) Distribution of Radiant Power throughout the Visible Spec- 
trum.—In the case of the ideal black body, the radiant power 
in any wave-length of the visible spectrum at any temperature 
below 3,000°C. can be expressed according to the well-known 
law of Wien 


Са 
E CU "e RE us dem. а а ox (2) 
E being the radiant power of wave-length å at temperature T, 
C, and C, being constants, n—5 (for a black body). 

Seeing "that | in the experiments described in the following 
section (3), in which the colour of the radiation of melting 
platinum was found to be identical with that of а black Body 
operating at the same temperature, it is reasonable to assume 
that the power distribution, at least over the range о] the visible 
spectrum, can be expressed by a formula of the above form. 
Lummer and Pringsheim found this condition to be closely 
fulfilled by radiators having the characteristics of platinum. 

When the visible spectrum only is under consideration the 
values of C,, C, and л can vary considerably without affecting 
the shape of the curve by an amount corresponding to a 
difference of temperature of 10?C. in the region of 2,000?C. 

(c) Sensitivity of the Eye to Energy о] Different Wave-lengths. 
By examining a large number of persons, Nutting* has 
obtained data connecting the wave-lengths of radiant energy 
and the luminous sensation produced per unit of power in that 
wave-length. К 

He expresses his results in the form 


Wave), ..... 9 


where V,is the photometric value of a unit of power in the 
wave-length of maximum sensitivity Åm, а is a constant, e is the 
base of Napierian logarithms. 

For the luminous intensities ordinarily employed in ists 
metry he gives a—181 апа 4,,—0-55y. 

Combining the expression for Power distribution and the 
sensitivity curve for the eye (equations 2 and 3), we obtain for 
the photometric value of radiant power of wave-length 
4, E,V , and for the photometric value of the whole of the 
radiant power 


] Y. оочень © 


ERE * Bulletin " of the Bureau of Standards, Vol. V., p. 261, and Vol. УТ., 
р. 
S2 
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If the power distribution can be represented by 


Q 
Barr ye ge we wo В 


Nutting* shows that the above expression for the photo- 
metric value of radiant power reduces to 


L-A(147) а gs, eel en Se 


where the photometric value of the total radiant power in 
lumens at a given temperature, T, is represented by L, 


A=PV m4 ие" (2,)-* Го., 


Q 
umm. 
p—n4-a— 1. 


16 follows from what has been said above that the lumens 
radiated by carbon or tungsten filaments should be capable of 
being represented by an expression of the form of equation (6). 
Combining with this expression that for the watt-temperature 
relationship for the filament under consideration (equation 1), 
we get for the equation connecting lumens per watt and 
temperature 


or expressed for convenience in the logarithmic form 
L B 
Log w^C-m log T— log (1+7). Т 1€) 


From the measured values of lumens/watt and temperature, 
which are plotted in Fig. 3, the following values of the constants 
in the foregoing equation are found. 

For carbon filaments 


Š 
Logio № =21-51—4.58 logio T— 185 logy» (F (8) 


and for tungsten filaments 


| 155 
Logo -72331,—51 logio T—185 109,0 (1+ T < (9) 


* Loc. cit. 
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The curves drawn in Fig. 3 are those derived from these 
equations, and it will be seen at once how nearly the observa- 
tions fall on the curves ; in tact, iè would hardly be possible 
to find а form of curve which would fit the observations better. 
The error in temperature rarely exceeds 2 per cent. and in most 
cases is considerably less than 1 рег cent.—v2.e., within the 
possible error of the experiments. Further, it is shown later 
that a very large extrapolation of the tungsten curve by this 
formula indicates а value for the melting point of tungsten 
which is not inconsistent with that found by other observers. 
The formula indicate that the maximum attainable efficiency 
would occur in the region of 6,000°C., which is quite in accord 
with accepted theories. 

The origin of the constants in equations 7, 8 and 9 should be 
particularly noted. The watts-temperature relationship for 
a lamp has been found to be of the form W œ T^" (equation 1), 
m being a constant which appears in equation (7). The con- 
stant р of equation (7) is equal to n+a—1, where “ —n” is 
the index of 4 in equation (2) of the “ Wien " form, which is 
assumed to give the power distribution curve for the filament, 
throughout the visible part of the spectrum, and where “а” 
13 derived from Nutting's equation for the sensitivity of the 
eye and has the value ot 181. B=; (see equation 6), where 

m 
Q is the other constant in the assumed Wein equation for 
power distribution, “а” has the value as before of 181, and 
Am 18 the wave-length of the energy to which the eye is most 
sensitive, t.e., 0-55u. Hence —— For a true black or ` 
grey body т=4, n—5, p—185—14,500, and B—145-0 approxi- 
mately. 

Before leaving the consideration of these equations connect- 
ing lumens per watt and temperature, it 1s desirable to discuss 
one or two points which at first sight may appear to have an 
important bearing on the deductions that can be made from 
the foregoing results. 

Firstly as regards “‘ n " in equation (5) and “т” m equa- 
tion (7). For a black body the value of “2” m equation (5) 
is 2, and it will also be 5 Юга true grey bodv whose radiation 
in all wave-lengths bears a definite proportion to that of a black 
body. It will not necessarily be 5, however, for selective 
bodies, although, as in the selective bodies under consideration, 
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they appear to radiate very much like grey bodies over the 
visible spectrum. 

In equation (7) the constant “т,” which is derived directly 
from equation (1), can only be regarded as connected with 
“п” (n=m-+1) in equation (5) if the latter represents the dis- 
tribution of power throughout the whole spectrum, and not 
merely in the visible spectrum. This latter is the assumption 
made in using equation (5) in this investigation, and the extent 
of the work described here does not justify the wider applica- 
tion of equation (5) to the whole spectrum for substances which 
do not behave as true black or grey bodies. 

Lummer and Pringsheim*, investigating platinum, state 
that the distribution of power throughout the whole spectrum 
for platinum is given by the following equation :— 


_ 15,600 
ae uu x. xou I) 
corresponding to the form for an ideal black body of 
154500 , 
ECcO,.Se X, 2. 4 € 10) 


If this assumption were justifiable, the authors values for 
tungsten work out very nearly the same as those given by 
Lummer and Pringsheim for platinum ; but, for the reasons 
just stated, too much significance must not be attached to this 
agreement. 

Coblentzf expresses the opinion, based on an investigation 
of several metals, that “ n " in equation (5) is not a constant, 
but is а function of wave-length and temperature. 

There is nothing in the results discussed above which is in- 
consistent with either Lummer and Pringsheim's or Coblentz's 
suggestions. 

Throughout this work the practical case has been dealt with 
of filaments mounted in exhausted globes in which there is 
undoubtedly some loss of watts and efficiency due to the 
cooling effect of the leading-in wires. If conclusions of а 
fundamental nature are to be drawn from the results obtained, 
it is necessary to know to what extent this cooling is likely to 
affect the constants given in equations (8) and (9). 

In the work already referred to by Hyde and Cady, figures 
are given for the loss of watts by conduction at the ends of 

* Lummer and Pringsheim, “ Verhandlungen der Deutschen Phys. Gesell.,’ 
pp. 23-25, 1899. 

+“ Bulletin ” B.S., Vol. V., pp. 338-379, 1908-1909. 
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filaments, and columns I. to IV. of the following Table are from 
this Paper. | 


TABLE III. 
| II. HI. | IV. V. VI. 
Я .. Watts — Watt | Effi- Lumens! T 

mean horizontal аб. ciency | ee 
ahde: 033. loss. Watt. Abs. 

Carbon 116 volts ..., 3-1 2095 495 3:4, 2,085 
р n» e 18-0 395 5% | 0-5, | 1,730 
Tungsten 116 volts, 1-25 495 7% 8:0 2,280 

60 watts 

T n 114 895 16% 0-9, 1,745 


These losses are calculated for different efficiencies as a percentage of the 
watts which would be required to maintain the filament throughout its whole 
length at the temperature of its midpoint, assuming no loss by conduction. 


In columns V. and VI. are tabulated the values of lumens 
per watt calculated from Column Ц. using average values for 
the reduction factors of the types of lamp under consideration, 
and the corresponding temperatures taken from the curves in 
Fig. 3. 

The difference between the temperature corresponding to 
the colour of the light radiated from the centre of the filament 
of any lamp of the above types, and that radiated from the 
whole filament are given in Table II. ‘The following results are 
obtained by using the values in Tables П. and III. for ascer- 
taining what would be the behaviour of the filaments used in 
this investigation had there been no cooling. 


Carbon Lamps. | 
In ordinary lamps the watts and temperature are connected 
by the relation | 
Log,,W=C,+4-58 logu T. . . . . . (12) 


Allowing for the watt loss as per column LHI., Table II., due to 
conduction, the watt-temperature relation for a filament kept 
at uniform temperature throughout its length and having no 
conduction losses is : 


Log, W,—C,—0-191--4-63, log T... . (13) 


Likewise for ordinary lamps the relation between lumens per 
watt and temperature is expressed by 


Log qj C,— 458 log T— 152 loto (12-5). . (44) 
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Allowing in a similar manner for the efficiency losses (column 
IV., Table III.), the lumens per watt and temperature relation 
for the ideal filament is given by 


L 155 Е 
Log ^ —C,-1-0-199—4-63, log T— 185 log (1+ = ) (15) 
W T 
Tungsten Lamps. 
Similarly the equations for tungsten filaments are changed 
when cooling is allowed for, from 


and Log W=(€,+5-llogT,. . . . . . . . . (25) 


Log qc =C.—5:1 log T— 185 log (1-57) 2. QM) 


to 
and Log W=C,—0-700+5:3 logT, . . . . . . (25) 


los p - CH -0 T0353 log T—185 log (1229) (26) 
and the same phenomenon is observable аз for the carbon 
filament lamps. 

By comparing equations (13) and (15) and (25) and (26) 
respectively and remembering that (13) and (25) deal only 
with the watt relationship, omitting lumens altogether, it 
will be seen that practically all the change produced by 
coolng is in the watts. That means that the loss of 
lumens at the ends of a filament is virtually equal to the gain 
in lumens due to the centre of the filament (as shown in Table 
II.) being at a slightly higher temperature than that ascribed 
by the colour identity method to the filament as a whole. 

The fact that temperatures based on the colour identity 
method and covering so wide a range are thys found to fit in 
so well with fundamental theory seems to afford presumptive 
evidence that the colour identity method gives values of tem- 
perature which are accurate at least from the relative point of 
view, and affords further experimental support for the con- 
clusions which are arrived at on page 233 as a result of a general 
consideration of the phenomena underlying colour identity. 


3. Temperature of Lamp Filaments and of Melting 
Platinum. 


The foregoing experiments assum? that a temperature 
ascribed to a filament by comparing the hue of its total radia- 
tion with that of a black body of known temperature approxi- 
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mates to the true temperature of the filament although the 
latter is glowing under open radiation conditions. lf this 
approximation can be shown to be a very close one, tbe method 
might be of considerable use in certain branches of practical 
pyrometry. In what follows enough evidence is given of the 
correctness of the temperatures determined by the colour 
identity method, to justify the assumption for certain sub- 
stances and to warrant a more complete investigation of the 
subject. 

Аз regards the determination of filament temperature bv 
previous observers, only three sets of determinations, those of 
Forsythe,* Von Pirani and Meyerf and Langmuir! are given 
in comparable form. 

In some other determinations no mention is made of the 
watts per candle or lumens рег watt of the lamps tested. Ш 
others “ black body " temperatures and not true temperatures 
are given of the filaments radiating in the open.§ 

In Table IV. the results obtained by the authors are com- 
pared with those of the above-mentioned observers. Both 
Forsythe and Von Pirani only measured the mean horizontal 
candle-power of their lamps, and a reduction factor of 0-85 for 
carbon and 0-79 for tungsten has been assumed in both cases 
т ae It will be seen that the authors’ results 
agree very closely with those of Forsythe, and it should further 
be noted that whilst agreeing with Forsvthe, who used the 
usual optical methods, in the case of comparatively non- 
selective carbon filaments, they also virtually agree with his 
results for tungsten, although the latter is admittedly selective. 

Von Pirani and Meyer found values of true temperature 
which are appreciably higher than Forsythe's and, therefore, 
also higher than by the colour identity method given here. 
They are given in column IV. of Table IV., the values being 
taken off a curve through Von Pirani and Meyer's values and 


for the ratio 


* “ Phys. Rev.” Vol. XXXIV., May, 1912. 

f '" E.T.Z.," 1912, May 2, р. 457 and July 11, p. 725. 

f " Proc." of Amer. Inst. of Elect. Engineers. Vol. XXXII., p. 1895. 

$ Dr. H. Lux, “ E.T.Z.," May 28, 1914, gives tables connecting tempera- 
ture and watts per mean spherical candle of tungsten lamps. The 
values given in the table would appear to approximate to true temperatures, 
but the method described for determining the temperatures is that ordin- 
arily used for obtaining black body temperature. Without further infor- 
mation of the methods used by Dr. Lux for the determination of true tem- 
perature, & useful comparison with readings of other observers is difficnlt to 
make. 
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reduced to the same basis of lumens per watt. A considerable 
amount of this difference appears to be accounted for by the 
use by Von Pirani of a temperature scale which gives the 
melting point of platinum at 1,790°C. 


TABLE IV. 


| | True Temperature of Filament °C. 


Type of Lumens RECS UE ИИ 
lamp. ‚ рег watt. | А Рігапі апа | The 
| Forsythe: Meyer. ' Authors. 
Tungsten... 89, 1,980 2,069 2,010 
"A 8-1, 1,982 2,072 2,014 
M renis 8-4, 2,008 2084 | 2,027 
HM. — 28s 8-8, | 2,020 2,100 | 2,41 
в: ii 9-0, 2,025 2,109 2,051 
C" de 88, — ' 2,035 2,101 2,044 | 
Bi а 9-3, 2,040 2,121 | 2,063 
Carbon ......... 3:5, | 1,820 1,935 1,818 
"ms 3-9, 1,847 1,966 | 1,846 
с 3-9, 1,843 1965 | 1,845 


"The lumens p watt are obtained from the values given by the authors of 
watts per candle, by assuming ratios of 0-79 and 0-85 respectively for the 
M.S.C.P. 


The value of 0-9 ^ E the ratio of the Hefner to the British unite of 
candle-power. 

Both Von Pirani and Forsythe determined black body tem- 
peratures and added an amount depending on certain assump- 
tions in order to get true temperatures. It is not possible to 
correct Von Pirani and Meyer's figures to make them com- 
parable with those based on a temperature scale which gives 
the more usually accepted melting point for platinum, but it 
is clear that if this could be done Von Pirani and Meyer’s figures 
would agree much more closely with Forsythe's. Langmuir does 
not give details of how he obtained his temperature values, 
since his Paper was not directly concerned with the measure- 
ment of temperature. His results differ by about 2 percent.from 
the authors' values obtained by extrapolating the curve shown 
in Fig. 3of this Paper, using the formula given on page 246. 

In order to ascertain if the colour identity method is correct 
for substances other than carbon it is necessary to know the 
true temperature ої some glowing filament. The melting point 
of platinum is now very generally accepted as (1750-1-20)?C.* 
If а filament of platinum could be gradually raised to the 
melting point by an electric current and compared at its 


reduction factors ) for tungsten and carbon lampe. 


* Burgess-Le Chatelier. ‘‘ Measurement of High Temperatures," р. 492. 


ESTIMATION OF HIGH TEMPERATURES. 253 


melting point against one of the colour standards, the “ colour 
identity " temperature of the platinum could be fixed at the 
melting point and compared with the known melting point of 
platinum. Platinum is admittedly a selective body. In 
addition, when radiating in the open its black body tempera- 
ture determined Бу the ordinary optical methods (A=0-650,) 
is some 200°C. luwer than the true temperature, and as the 
colour comparison would be made under open radiation con- 
ditions, the experiment should be a crucial one for proving if 
the colour identity method gives true temperatures. 

The only precaution necessary is to take a fair length of 
platinum wire and use only the central portion so that the 
cooling of the ends of the wire by the leading-in terminals 
shall not influence the determination. Lengths of No. 25 
gauge wire were used, 13 cm. long, of which all but the centre 
5 cm. was screened off. Simultaneous comparisons were made 
with both carbon and tungsten colour standards. The current 
in the platinum wire was slowly raised and that in the colour 
standards increased so that identity of colour was always main- 
tained in the photometer up to the melting point of the plati- 
num. The colour standards were arranged each with a photo- 
m2ter head on either side of the platinum wire, and no difficult v 
was found in maintaining colour identity to the point at which 
the platinum melted. 

Table V. gives the results of all the 15 determinations. 


TABLE V. 


Temperature of platinum at melting point by colour 
identity method °С. 


Experiment. ||———— ————- - — 
With carbon filament With tungsten filament 
colour standard. colour standard. 

1 1,752°С. 1,765°С. 
2. 1,746?C. 1,770?C. 
3 1,727?C. 1,751?C. 
4 1,737?C. 1,765?C. 
5 — 1,747?C. 
6 1,761?C. 1,784?C. 
1 1,769?C. 1,779°С. 
8 1,755°С. 1,784?C. 
9 1,763°С. 1,782°C. 
10 1,759°С. 1,782?C. 
П 1121-6; 1,765°С. 
12 1,737?C. 1,759?C. 
13 1,747°C. 1,782?C. 
14 1,764?C. 1,789?C. 
15 1,757°С. 1,789°С. 
Mean 1,773°C. 


——— M 


1,750°С. 
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The mean result gives the melting ar of platinum as 
1,750°C. by the carbon filament lamp and 1,770°C. by the 
Tungsten lamp, a result so near to the accepted value of 
1,750°C.* as to afford strong evidence of the reliability of the 
colour identity method. It is intended later to repeat this 
experiment with other metals such as nickel, iridium ог 
rhodium, using à neutral acmosphere to surround the incan- 
descent wires. The difference of 1 per cent. in the tempera- 
tures given respectively by the carbon and the tungsten 
colour standards must not be assigned too much weight. 
Although the method is capable of a greater accuracy than 
this,it is not claimed that the determinations described here 
are correct to 1 per cent. 


Comparing again the usual optical methods and the colour 
identity method of estimating temperature, it is worth while to 
see what is the explanation of the phenomenon which has 
been described in this Paper. The factor of chief interest is, 
that if a black body at 1,750°C. radiates towards one side of a 
photometer and platinum at the melting point (1,750°С.) 
towards the other, there will be identity of hue on the two 
sides of the photometer, even though the platinum is operating 
under open radiation conditions. The hue of the total radia- 
tion of the platinum 1s, therefore, a measure of its true tem- 
perature. 

If, on the other hand, а pvrometer be used to measure the 
temperature, first, of the black body and then of the melting 
platinum, it will give a value of 1,750?C. for the black bodv and 
about 1,550°С. for the platinum. The latter temperature will 
depend on the wave-length in which the measurements are 
made, but whatever the wave-length used the temperature 
given will be very much lower than the true temperature of the 
platinum. 

Waidner and Burgess have given tho melting point tem- 
peratures of platinum (black bodv) determined in three wave- 
lengths as follows :— 


TABLE VI. 

Colour. Wave-length. Melting point. 
Bed ^ ues О ООба: ен 1,534?C. 
Green .................6... Ü OE. членения 1,578°С. 
Ве аә (004024. не 1,610°С. 


Examining the cases oi a grey body and then oi platinum, 
fur which most data are available, it is possible to see from what 


* Burgess- Le Chatelier, " Measurement of High Temperature,” p. 492. 
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follows how closely the colour identity method will tend in 
practice to give the true temperature. 

Curve A (Fig. 5*) shows the power distribution of a black 
body at 1,750°C. over the visible spectrum calculated from the 
Wien equation. Curve С is a curve for a ртеу body with a 
certain emissivity at the same true temperature. If the tem- 
perature of this grey body be measured with an optical pyro- 
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Energy intensity curves in the visible spectrum for :— 
А. Black body at 1,750°С. 
B. ý » atl 578°C. 
С. А grey ,, atl, 160°C. 
D. Platinum under, open radiation conditions plotted from values 
given by Waidner and Burgess. 


meter, in the green (4—0-5474) it will be given a value of 
1,578°C. This particular grey body curve has been taken in 
order that it may be comparable with Waidner and Burgess's 
platinum curve, in which the black body temperature of the 
platinum melting point at 4=0-547 и, is given as 1,578°C. 
Curve B is the true black body curve for a temperature of 


* Hyde, “ Journ." Franklin Inst., loc, cit., shows curves very similar to 
these to illustrate points connected with his investigations on selectivity. 
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1,578°C., and has been drawn in order to show the difference 
between the black body and grey body power curves referrcd 
to the same intensity of radiation in the green. 

The ordinates are relatively so small at the shorter wave- 
lengths that the crossing of curves B and С at /=0-547 u 
cannot be distinguished. They do, however, actually cross. 
It is well to notice from curves B and C what a difference in 
light distribution at different wave lengths exists between the 
black body and grey body at the same apparent temperature 
(measured optically). It is this difference of relative distri- 
bution which results, bv the colour identity method, in the 
grey body (curve С) being given a temperature of 1,750°C. 
and the black body (curve B) a temperature of 1,578°C. 

Now, the curve for platinum at its melting point lies close to 
curve C for a grey body. Waidner and Burgess’s platinum 
melting point determinations for the three wave-lengths 
given in Table VI. are plotted in curve D. If the figures pub- 
lished by Waidner and Burgess may be depended on to give 
the relative intensities т the three wave-lengths, curve D 
indicates that the colour identitv method should have given a 
value for the melting point of platinum above 1,750°C., since, 
as сотратса with the grey Боду, Waidner and Burgess show 
relatively more radiation from platinum at the blue than at 
the red end of the spectrum. Before definite conclusions can be 
drawn it would be desirable to have measurements in other 
than the three wave-lengths corsidered and information as to 
the monochromatism of the light m each of the wave-lengths 
for which the intensities are plotted in curve D. The figures 
for the melting point of platinum, shown in Table V., indicate, 
it is true, а tendencv to fall in the direction to be expected 
from Waidner and Burgess's values plotted in the diagram, but 
not, however, as much as line D indicates. The opinion, 
theretore, expressed by Hyde that the colour identity method 
will err in ascribing temperatures which are, if anything, 
shghtly too high, is supported so long as the bodies in question 
are selective in the visible spectrum in favour of the shorter 
wave-lengths. If thev are selective in favour of the red end. 
the temperature ascribed will tend to be low whilst if they are 
true grey bodies the method will be accurate. 

It should, howevcr, be recalkd that compared with other 
substances platinum is regarded as a relatively selective body 
in the visible spectrum, and if this is so, the differences indi- 
cated in Fig. 6 are for a fairly extreme case, 
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Little is actually known as yet regarding the departure of 
metallic bodies from the characteristics of grey bodies in the 
region of the visible spectrum. Any deviation which there is 
would seem to be small in amount and insufficient to invalidate 
estimations of the temperature by the colour identity method, 
intelligently used. It is suggested that the method should be 
specially useful forassisting in the determination of tempera- 
tures and melting points of some of the more refractory sub- 
stances whose true temperatures by the usual optical methods 
and assumptions are admittcdly open to doubt. 


It is of interest now to see what are the temperatures of 
filaments in gas-filled lamps determined by the colour identity 
method of measurement.* 

In estimating the temperature of the filament in a lamp 
bulb containing gas it must be remembered that the relation 
between lumens/watt and temperature cannot be the same as 
in the ordinary vacuum lamp because of the considerable 
number of watts carried away from the filament by convection 
in the gas. Further, the proportion of watts convected 
depends considerably on the diameter of the wire and on the 
density of the gas in the bulb. 

Six gas-filled lamps have been compared against an ordinary 
vacuum tungsten lamp in order to determine the difference of 
efficiency expressed in watts per mean spherical candle or 
lumens per watt between the two types of lamps when the 
colour of their radiations is identical, and therefore, when, to a 
close approximation their temperatures are the same. 

Comparisons were made up to an efficiency of about 0-75 
watts /mean spherical candle for the vacuum lamp, or about 
0-9 watts/mean spherical candle for the gas-filled lamp. The 
results are shown in Fig. 5, where watts/mean spherical candle 
for the vacuum lamp is plotted as ordinate and watts/mean 
spherical candle for the gas-filled lamp as abscissa. The con- 
siderable difference between these curves must be ascribed to 
differences in the amount of gas in the bulbs and to varying 
diameters of filaments and spirals. 

The curves have been extrapolated to pass through the zero 
of the diagram, and it will be seen that all the points lie on a 
straight line which passes through the origin except at the 
comparatively low values of efficiency. 


* See Langmuir, “ Proc.” Amer. Inst. of Elect. Eng., Vol. XXXII., р. 
895. 
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The ordinary working efficiency of gas-filled lamps is at the 
present time about 0-7 watts/mean spherical candle, corre- 
sponding in identitv of colour of radiation with the vacuum 
lamp at 0-5 watts/mean spherical candle—i.e., 25 lumens рег 
watt approximately. 

From the equation to the curve shown on Fig. 3 this gives a 
temperature of 2,300°С. abs. for the ordinary working 
temperature of tungsten in gas-filled lamps. 
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Fic. 6.—GaAS-FILLED LAMPS. 


Curves showing for various gas-filled tungsten filament lamps А to E, the 
relation between the actual watts per mean spherical candle and the watts 
per mean spherical candle of a vacuum lamp filament at the same tempera- 
ture. 


If the half-watt lamps are overrun they will be found to 
burn for a short time satisfactorily at 0-40 watts /mean spherical 
candle, corresponding io a vacuum lamp at 0-32 watts/mean 
spherical candle, or approxima‘ely 40 lumens/watt. Using 
the same formula this value of lumens/watt corresponds with a 
temperature of 3,100°С. abs. (2,830?C.) It is clear, then, 


Digitized by Google 


ESTIMATION OF HIGH TEMPERATURES. 259 


that the melting point of tungsten would be above this ‘value, 
but it cannot be said with certainty how much higher. The 
comparison lamps used in the determination were of the vacuum 
tvpe and themselves had tungsten filaments. At 3,000°C. 
abs. the blackening of the bulbs of such lamps is rapid and 
liable to lead to error if the temperature of the filament is 
pushed up to the melting point. The determination of the 
melting point of tungsten, therefore, by this method could 
only be undertaken if precautions were taken against errors 
due to blackening of the bulb. The experiment will be more 
successful when gas-filled colour standards are made by com- 
parison direct against the black body. Burgess and Le Chate- 
lier* give the melting point of tungsten as (3,000+100)°C., a 
value with which the authors’ observations by the colour 
identity method are not inconsistent at the highest tempera- 
ture at which they could safely make measurements. 


4. The Colour of Radiation from the Violle Standard. 


At the beginning of this Paper the importance was ex- 
plained of giving proper consideration to the colour of the 
radiation from any proposed standard of light. The increas- 
ing efficiencies of modern sources of light owe these increases 
mainly to higher running temperatures, and hence the light 
emitted tends to consist of a relatively larger proportion of 
shorter waves. The light from the Hefner lamp has been 
found by the authors to correspond in colour with that from a 
black body at 1,540°C. That from the Pentane lamp to 
1,610°C. 

The Violle standard consisting as it does of platinum at the 
melting point (1,750°C.) has a radiation which corresponds 
with the colour of a carbon filament glow lamp running at an 
efficiency of 2:65 lumens per watt, or 4-75 watts per mean 
spherical candle (see Fig. 3). Assuming a reduction factor 
of 0-85 this is equivalent to an ordinary carbon filament lamp 
with a specific consumption of 3-8 watts per mean horizontal 
candle. 


The authors wish to express their acknowledgment in con- 
nection with this work to Dr. К. T. Glazebrook, C.B., F.R.S., 
Director of the National Physical Laboratory, and also to 
Dr. J. A. Harker, F.R.S., for facilities afforded in the use of the 
black body furnace referred to at the beginning of the Paper. 


А * Гос. cit., р. 492. 
VOL. XXVII. T 
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DISCUSSION. 


Prof. 8. P. THoMPsoN thought something must be wrong with the 
English language when *‘ white ” light had to be defined as that radiated 
by a “black” body. The term ‘‘grey’’ body seemed indefinite. There 
were many shades of grey, and it would be interesting to know how 
many bodies were really ‘“‘ grey " according to the precise definition of 
the authors. He thought that in plotting lumens per watt against tem- 
perature it would have accorded better with custom to have plotted 
temperatures as abscisse instead of as ordinates. 

Mr. A. P. TRoTTER (communicated remarks): If this Paper had preceded 
the introduction of the optical pyrometer, that instrument would not per- 
haps have gained such a footing. Notwithstanding the apparent advantage 
that the intensity of light for any given wave-length varied as the fifth power 
of the temperature, while that of the whole light varied as the fourth power, 
the principle of colour identity seemed clearly to be the right one for measur- 
ing high temperatures, and the use of an arbitrary coloured screen, the wrong 
one. The estimation of high temperatures by observing the colour of an 
incandescent body was perhaps practised by Tubal Cain in judging forging 
and welding heat. What the blacksmith calls '' just red at the back of the 
forge ” is about 400°C., and “ cherry red " is about 1,650?C., but it has re- 
mained for the authors to convert it from a matter of judgment to one of 
accurate measurement. The method directs attention to small colour differ- 
ences which in ordinary photometry are deliberately and sometimes with 
difficulty ignored. This difficulty drives some observers to the flicker photo- 
meter. The difficulty is reduced by experience. Possibly some eyes are 
more sensitive to differences of brilliance and others to ditferences of hue. 
The authors are justified in the use of the expression “ grey body." The 
ideal black body which absorbs all radiations and reflects none, and for any 
temperature radiates more than any other body, is rather repulsive to some 
people, for it is inseparably connected in their minds with the complicated 
laws of Stefan, Planck and Wien. The opposite of this would be а body 
which absorbs no radiations, is a perfect retlector. does not emit any radia- 
tion when at a high temperature and entails no mathematics. No such body 
is known. Intermediate bodies are of two classes, and in their radiant 
properties they may be called selective and grey, just as bodies between the 
extreme hues of black and white are coloured and grey. There is an inde- 
finitely large number, several thousands, of perceptibly different shades of 
grey, and the degree of greyness of a radiant body is merely the factor by 
which the ordinates of such & curve as C, Fig. 5, must be multiplied to fit 
curve А. If it does not fit, but cuts it, it is not grey but selective. The 
authors do not seem to be justified in stating that white light means light of 
впу colour emitted by a black body, Ш is generally recognised that there 
can be no detinite standard of white light, but there are many substances 
such as magnesia, snow, or even paper, which are white, and white light is 
best represented by sunlight reflected from such a substance. But the con- 
-vention із that it must be our sun, not the hotter Sirius, or the cooler Antares. 
A grey body also reflects pure white light, but not so much as а white body. 
In сбн tests as made in chemical and physiological laboratories it is 
found that two tints may appear to one observer to be of identical hue, 
while to another they differ. This occurs when the two hues differ spectro- 
scopically, and when the eyes of the observers differ in colour sensitivity. 
In the present method of colour identity, so long as the hues are in general of 
‘similar spectroscopic character this difficulty would not arise. When a piece 
of white porcelain with a dark pattern is heated red hot, the pattern becomes 
brighter than the background. An optical pyrometer would indicate that 
the dark pattern was at a higher temperature. But the author’s method 
would reduce the brilliance of the pattern to that of the ground, would show 
that the hues are identical, and would indicate equality of temperature. 
The weak point of the ordinary optical pyrometer with a screen as mono: 
chromatic as is practicable is that it is applicable only to bodies which approxi- 
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mate to the conditions of the ideal black body. It is interesting that so 

useful a side issue should have arisen from the investigation of the Violle 

standard of light which seems lees likely to become a practical one since the 
‚ publication of Dr. Petavel’s work than it did before. 

Dr. J. A. HARKER said that to one accustomed to look at the physics of 
optical pyromctry in the ordinary way it is difficult at first sight to see why 
platinum at its melting point should emit the same colour of radiation as a 
black body at the same temperature. In fact one’s predisposition would be 
to the opinion that this is quite unlikely. The accuracy with which the 
authors by their method determined the value for the melting point of 
platinum was very surprising, and the considerations the authors bring 
forward put a new complexion on one’s conceptions. With regard to the 
" black body ” used by the authors, it was extremely difficult to obtain a 
furnace at these high temperatures without a cloudy atmosphere, but after 
distilling the impurities out of the carbon—which was the only suitable 
substance to use—he had found it possible to obtain a high temperature 
furnace with a perfectly clear atmosphere. With the ordinary optical 
pyrometer it was impossible by means of the coloured glass supplied to get 
sufficiently perfect monochromatism to give great accuracy. If a strip of 
platinum be used instead of a wire it is possible to maintain it within a degree 
or two of its melting point for some time. 

Mr. A. CAMPBELL asked how the optical pyrometer was calibrated at high 
temperatures. In the case of the Violle standard, was it essential actually 
to melt the standard strip ? Would it not be more satisfactory to use a 
tungsten strip heated up until asmali speck of (e.4.), quartz on it began to 
melt rather than to melt the strip which was under observation ? 

Mr. J. S. Dow doubted if metal filament lamps could be regarded as 
strictly grey through their visible spectrum. Не recalled a series of articles 
by W. Coblentz in the ''Illuminating Engineer," in 1910, showing how 
metals in general had a low emissivity in the infra-red, and this suggests 
irregularity in the emissivity of a polished metal surface, even in the visible 
spectrum. The methods the authors proposed seemed to require less mani- 
pulative skill than most pyrometers. For example, one observer had dis- 

covered an interference etfect that might give rise to considerable errors in 
ihe case of instrumenta involving the inspection of a bright filament against 
a luminous background. Measurements with a photometer would be free 
from this source of error. The authors had found that half-watt lamps could 
be run for a short time at 0-4 watt per mean spherical candle. Could they, 
by extrapolation, state the approximate limiting theoretical efficiency of a 
tungsten filament ? Dr. Lux had recently estimated that the melting point 
of tungsten would be approached at 0:3 watt per candle. 

Mr. A. W. BEUTTELL suggested that any difference in the colour sensations 
of the observer from the normal would affect the results obtained by the 
method. 

Dr. C. CHREE asked which of the values, 1,750°С. or 1,770?C., the 
authors considered most nearly correct. 

Mr. E. H. Rayner thought it might add to the sensitiveness of the 
method if, when the colour match had been obtained, coloured glasses— 
say, first a red and then a blue glass—were put in front of the eye. Any 
inexactness in the match might be increased and shown up in this way. 

Мг. J. GUILD (communicated remarks): The auxiliary adjustment for 
equality of brightness mentioned by the authors on page 236 is an import- 
ant one, inasmuch as, on account of the change in the sensitivity curve of the 
eye with change in brightness of the incident light, it is only when both 
sources produce the same illumination at the eye that identity in the colour 
perceived involves identity in their energy distribution curves over the 
visible spectrum. If, for example, one adjusted two sources to give identity 
of hue but neglected to equalise the brightness at the photometer the source 
producing the weaker light would require to be at a lower temperature, #.е., 
to have more red in its spectrum than the other, since, for the weaker light, 
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the red-sensitivity of the eye bears a smaller ratio to the total sensitivity than 
for the stronger. In what way does the accuracy of the colour-identity 
method vary with temperature ? To the casual observer the colour of a 
furnace appears to vary much more rapidly with temperature at low red and 
orange heats than at higher temperatures, and one would expect considerable 
precision at, say, 700°C. or 800°C., and a progressive falling off of sensitive- 
ness as the temperature is increased. This could be calculated from the 
radiation laws and the chromatic properties of the eye, but a series of test 
experiments over a wide temperature range would be more convincing. 

Мг. PATERSON thanked the speakers for their remarks. In answer to Prof. 
Thompson, Мг. Trotter’s contention regarding ‘‘ grey " bodies seems to 
explain the matter clearly. The convention of restricting the term “ grey ” 
body to one which radiated in the way shown in curve C, Fig. 5, is a very 
usual one. There could be an indefinite number of such curves, but each 
had the property that some one multiplier would make all its ordinates 
coincide with a black body curve at the same true temperature as the grey 
bodies in question. A body whose curve would not conform with this 
requirement would be spoken of as a ''selective " body rather than as a 
" grey " body. The question is mainly one of nomenclature and definition. 
In the American literature the above convention is generally accepted. 
According to Prof. Thompson and Mr. Trotter the authors may be wrong in 
suggesting that white light is the light emitted by a black body at any tem- 
perature. Mr. Trotter prefers to restrict it to light radiated by thesun. He 
was still of opinion that '' white light " was a good term to use, since it con- 
veys the impression of a mixture of all wave-lengths in definite proportions. 
If ‘‘ white light "" were to be regarded as the light emitted by the sun, it 
would be very indefinite owing to atmospheric absorption.* In reply to Mr. 
Campbell, no effort has been made by the authors to use platinum strip as a 
standard of light, but experiments had been made by others on these lines 
without much success. In reply to Mr. Dow, several experimenters had come 
to the conclusion from the evidence at their disposal that these materials 
were mainly selective in favour of the visible spectrum as a whole. The 
authors had now shown experimentally that platinum had the same relative 
distribution of light as & black body at the same temperature, and this ap- 
pears to the authors important ev idence to justify the last statement, that 
is to say, that they approximate to '' grey " bodies in the visible spectrum. 
The authors had compared a tungsten filament with а carbon filament over 
the visible spectrum with a spectrophotometer, and to the accuracy to which 
the instrument could be used no ditference in selectivity could be detected. 
Over the infra-red portion of the spectrum it is well known that a largo 
difference exists. An answer to tho question regarding the limiting efficiency 
of half. watt lamps is given in the Paper. In reply to Mr. Beutell, a person 
with defective colour sight should only be less sensitive than one with normal 
vision, but on the average should not obtain different results. In reply to 
Dr. Chree, the melting point of platinum is usually given as 1,750°C. + or 
—20°C. The present experiments were carried out not to determine the 
melting point of platinum but to show from the melting point values obtained 
the accuracy of the method of colour identity. Мг. Rayner’s suggestion is 
certainly worth trying and ought to yield very interesting results. In reply 
to Mr. Guild, it is impossible to obtain identity of colour with accuracy unless 
illuminations at the two sidesof the photometer are the same. There is a 
slight difference in sensitiveness of the colour identity method at different 
temperatures, for instance, a definite change of colour which is caused by 
] per cent. in temperature at 2,000 deg. abs. is caused by 1:6 per cent. at 
2,800 deg. abs. Regarding Dr. Harker's remarks, the authors hope to take 
advantage of the offer made by him to use one of his black body furnaces up 
to higher temperatures. In doing so they would add to the obligation they 
are already under to Dr. Harker in connection with the furnaces used in the 
present work. 


* See‘ Modern Illuminants." Gaster апа Dow. Р. 181. 
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XX.—The Unit of Candle-power in White Light.* By 
CLIFFORD C. PATERSON and В. P. Duppine, A.R.C.Sc. 
(From the National Physical Laboratory.) 


Synopsis. 


1. The differences in the colour of the light radiated from 
different sources of white light causes uncertainties in photo- 
metric determinations. The Paper describes the methods used 
at the National Phvsical Laboratory to minimise this well- 
known difficulty by the use of the cascade principle. 


2. The six sets of electric substandards of candle-power are 
described, which vary in the colour of the light radiated, from 
that of the pentane lamp (red) to that of a tungsten vacuum 
lamp operating at 1-5 watts per candle. 


J. The differences between the values obtained by different 
observers in the process of stepping from one colour to the 
next are discussed and compared with those obtained by the 
direct comparison of the first and last sets of substandards. 


4. The probable errors of the determination are discussed and 
shown to be of the order of 0-2, per cent. 


5. The ubsolate value of the unit of candle-power has been 
re-determined from the pentane lamp, and found to agree with 
the determination made by one of the authors 10 years ago to 
within less than 0-1 per cent. 


6. The corrections to the pentane lamp for humidity and 
barometric changes were also redetermined, and found to agree 
within narrow limits with those previously found by one of the 
authors. 


T. The relation. between the humidity and temperature 
corrections for the pentane lamp is discussed, and the fact 
that these two effects may act together is suggested as the 
reason for a discrepancy which has been noticed between the 
humidity constants of the lamp as determined in London and 
Washington. 


* The work dealt with in the various sections of this Paper has entailed во 
many thousands of measurements and candle-power determinations of 
individual lamps, that to give them in detail would greatly overweight the 
Paper with tabular matter. The authors have, therefore, felt obliged to 
limit themselves to summaries of results and sometimes to hare statements 
of the results obtained, computed from their manuscript tables. 
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General Discussion. 

The principal object of this Paper is to describe and discuss 
the methods which have been used at the National Physical 
Laboratory, and the results obtained in the standardisation 
of high efficiency metal filament lamps in terms of the unit 
given by the 10-candle pentane lamp. Such a standardisation 
entails the comparison of two sources whose radiation in the 
visible spectrum, though continuous, differs appreciably in hue. 
The amount of this difference may be gauged by remembering 
that if the voltage on an ordinary carbon filament lamp is 
lowered until the hue of its light matches that from the pentane 
lamp, the carbon lamp will be found to be burning at a rate of 
consumption of about 7-7 watts per mean horizontal candle. 
The ordinary consumption of carbon filament lamps is in the 
neighbourhood of 4 watts per mean horizontal candle, and of 
tungsten lamps between 1-0 and 1-5 watts per mean horizontal 
candle. If the Hefner lamp were matched on the same basis 
the specific consumption would be still higher, viz., at the rate 
of about 11-0 watts per candle. | 

In approaching this question some criterion is wanted in 
terms of which differences in the hue of light may be expressed. 
In this Paper, spectral colours are not being dealt with, but only 
so called white light—that is to say, light whose spectral 
distribution is continuous and not very different from that 
radiated by a black or grey body. The most common way of 
defining the hue of white light is to state the specific consump- 
tion in watts per candle of an incandescent lamp, the hue of 
whose radiation is identical with it. This value of specific 
consumption, however, will not be the same for a carbon as for 
a tungsten lamp, both of whose radiations have the same hue. 
A reason for the difference is the tendency for the tungsten 
lamp to radiate selectively in favour of those wave lengths 
lving within the visible spectrum. It is necessary, therefore, 
if this basis of comparison is used, to say if the watts per candle 
are on the carbon or tungsten basis, and hence it will be seen 
that although the values of watts per candle of incandescent 
lamps are convenient as a general guide to colour, this basis of 
measurement is arbitrary, and not very satisfactory for 
precise definition. 

A series of comparisons was therefore carried out in order to 
express the hue of radiation from electric glow lamps in terms 
of the temperature of a black body whose radiation was 
identical in colour with that of the glow lamps in question. 16 
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* Assuming a ratio of ees of 0-85 and 0-79 for carbon and tungsten 
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flament s respectively, the approximate watts per candle are obtained for 
пу value of lumens per watt by dividing the latter into 10-7 for carbon 
ment lamps, and 10-0 for tungsten filament lamps. 
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has long been recognised that such colour comparisons can be 
made very accurately with a Lummer Brodhun photometer.* 
The methods used are those described in another Paper by the 
authors.t which should be referred to for further details. 

In Fig. 1 are reproduced curves from this Paper in which the 
ordinates are temperatures and lumens per watt abscisse. 
Curve A shows the lumens per watt of a carbon lamp corres- 
ponding with the temperature of a black body whose radiation 
is identical in colour with that from the lamp. Curve B gives 
the same relationship for tungsten extrapolated according to 
the equation found to express this relationship, the extra- 
polated portion of the curve being shown by a dotted line. 
Temperatures are on the optical scale, using a dominant wave- 
length of A=0-6504 giving the melting point of platinum as 
about 1,750°C. 

From this diagram (line 1) it will be seen that a carbon lamp, 
the hue of whose radiation matches that from the pentane lamp, 
has the same coloured radiation as a black body at 1,610°C., 
whilst a tungsten lamp at 1-5 watts per mean horizontal candle 
(line 6) matches a black body at 1,950°C. Now, between these 
extremes there exists a considerable colour difference, and this 
has to be bridged photometrically when defining the candle- 
power of the tungsten lamp in terms of the pentane unit. If, 
in order to certify them, tungsten filament sub-standards were 
compared on every occasion against the pentane lamp, or sub- 
standards of the same colour, the large colour difference wculd 
be a constant source of trouble and uncertainty. То obviate 
this difficulty, a set of metal filament sub-standards running 
at 1-5 watts per mean horizontal candle has been standardised, 
by the cascade method and values of candle-power in terms of 
the pentane unit have been assigned to them once for all. 
The method used and results obtained in standardising these 
tungsten lamps are the principal subjects of this Paper. 


The Cascade Method. 


Briefly, the course followed has been to interpose between 
the pentane lamp and the high-efficieney sub-standards four 


* Hyde, Cady and Middlekauff, “ Selective Emission of Incandescent 
Lamps." Ш. Eng. Soc. New York. Vol. IV., 1909. 

f Paterson and Dudding, '' The Estimation of High Temperatures by the 
Method of Colour Identity." “ Proc." Phys. Soc., London. Vol. XXV II., 
p. 230. 
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additional sets of lamps, each varying from the next in effi- 
ciency (or operating temperature) by such an amount that the 
difference in the hue of their radiations constitutes a regular 
colour gradation in approximately even steps from the pentane 
colour up to that of the 1-5 watts per candle tungsten filament 
standards. These steps are marked respectively by the hori- 
zontal lines 2, 3, 4 and 5 on Fig. 1.* If, now, each such set of 
sub-standards is standardised against the set below it—that is 
to say, the set whose light is one stage redder than its own— 
it is possible to arrive at a value for the final set bv a series 
of photometric comparisons, in each of which the colour 
difference, although perceptible, is too small seriously to 
trouble an observer with normal sight. 

It should be said at once that this svstem does not eliminate 
the personal error in colour photometry. It merely divides a 
large colour step into a number of small ones. It is known, 
however, that with scarcely perceptible colour differences 
the photometric agreement between different observers with 
normal sight is exceedingly close and the measurements can be 
made to а high accuracy. Оп the other hand, photometry 
with large colour differences, although possible in commercial 
work, gives rise to erratic and inconsistent readings when 
judged from the standpoint of the higher precision required | 
for standardisation. 

It is assumed in what follows that in the measurements of 
lights of different colours the true basis of comparison is the 
perception of the average normal eye. It is for the use of the 
human eye that artificial illumination is chiefly required, and 
it is suggested that two lights should be considered equally 
intense when the illuminations produced by them appear to be 
equal to a person with average normal sight. 

The nearest approximation which 13 was possible to make to 
normal sight was to take the average of six different observers. 
Each one of these carried out the complete series of com- 
parisons, and none of them had abnormal colour vision. The 
results of the investigation show that only very small errors 
can be introduced by assuming that the mean result will 
represent the average of a much larger number of persons. 

The photometric work involved has been laborious. In 
order to eliminate any uncertainties of individual lamps and to 


“ж Set 3 will be found to differ from its neighbours by smaller amounts than 
the other sets. It was included in the series because it corresponded in 
colour with the ordinary carbon filament standard lamps. 
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reduce the probable error, each of the six sets of lamps con- 
sisted of 10 or 12 individual lamps, and each set was compared. 
with the next one, in order of colour, some six or eight times by 
each observer. This entailed in all between 2,000 and 3,000 
standardisations, or between 10,000 and 15,000 observations. 
The work was started several years ago, but the difficulty ex- 
perienced at first in obtaining metal filament standards which 
were sufficiently constant caused much delay in the early 
stages. 

Fig. 2 indicates graphically the scheme of the cascade. 
comparison, and the relation of each group of standards to the. 
remainder. 

Set 1 represents a series of 11 sub-standards whose radiation 
matches in hue that of the pentane lamp, or the radiation from 
a black body at 1,610°C. Set 2 indicates a series of 11 Fleming- 
Ediswan sub-standards operating at an equivalent temperature 
of 1,700°C. Set 2 was compared against set 1 by the usual 
substitution method of photometry, using a Lummer-Brodhun 
photometer, and a comparison lamp, the colour of whose 
radiation lay midway between that of sets 1 and 2. In a 
similar way, set 3, with an equivalent temperature of about 
1,750°C., was compared against 2 through another comparison 
lamp, which also divided the colour difference, and so on to 
set 6. It will thus be seen that by such a substitution method 
as this the colour difference between sets 1 and 6 is divided into 
10 approximately equal steps—that is to say, at any one 
measurement there is only a colour difference of one-tenth that 
of the difference between sets 1 and 6. The difference of colour 
in the photometer throughout the investigation was, therefore, 
never greater than that resulting from a difference of tem- 
perature of about 45°C. All the measurements were made 
with an illumination at the photometer screen of 10 metre- 
candles. Finally, having by this means, and for each observer, 
assigned candle-power values to each of the lamps in set 6, the 
latter were compared in one step with set 1. 


It is of interest to note that the colour of the radiation from 
melting platinum is the same as that of set 3, marked by line 3 
in Fig. 1.* 

Before passing to the details of the work the authors desire 
to point out one of the advantages of the cascade system as 


* Loc. cit. 
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applied to electric sub-standards. The possession at a stan- 
dardising laboratory of a regular gradation of sub-standards 
ranging from the lowest to the highest efficiencies, enables a 
set of standards of suitable colour to be chosen for whatever 
test has to be undertaken. As gas-filled lamps develop and 
come more into use there would seem to be no reason why the 
system should not be extended to very high efficiencies with 
sub-standards eventually covering a range of from 1,600°C. 
to about 2,700°C. The authors are at present experimenting 
with gas-filled standard lamps with the intention of carrving 
the work a stage further should thev prove satisfactory. 

It is found that four more steps are required to connect up the 
existing set 6, with the standards required for the testing of 
present-day gas-filled lamps. These are indicated by hori- 
zontal dotted lines in Fig. 1, marked 7, 8, 9 and 10. 


Lamps Used in the Investigation. 


The types of lamps used in the investigation are shown in 
Fig. 3. Some of them, such as the Fleming-Ediswan iamps 
(set 2) date back from 1902, and are the type of carbon filament 
standards due to Dr. J. A. Fleming, F.R.S., which have been 
used at the Laboratory since then for maintaining the unit of 
candle-power. Set 4 are “ gem " lamps with so-called metal- 
lised carbon filaments, and were the best lamps which could be 
found at the time they were installed, for giving constant results 
at approximately 3-5 watts per mean horizontal candle. The 
remaining lamps have tungsten filaments and have been 
specially made for the Laboratorv by the Osram Lamp Works 
and presented at different times by the General Electric Co. 
Reliable tungsten standards which can be depended on for 
constancy when operated at high efficiencies are not easy to 
obtain. Many tungsten lamps are liable to small erratic 
fluctuations of candle-power, the reason for which is obscure. 
Such fluctuations being small, do not affect the lamps for 
ordinary lighting purposes, but are a serious drawback for 
standard work. Each set of lamps, therefore, required careful 
preliminary testing, and many had to be discarded in the pro- 
cess. In the early davs of the tungsten lamp several complete 
sets of standards had to be discarded after their seasoning was 
finished and standardisation work had begun, due to the 
appearance of small changes of candle-power. 
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The details of the various sets of lamps are given in Table I. 


TABLE I. 
Approx. | Temp. of 

watts No. of black body Approx. a ae 

per lamps. | forcolour | c.p. Description. 
M.H.C. match. 

7-7 11 1,610°С. 15 Six tungsten hairpin filaments suspended in 
(Carbon grid form in one plane. Height of fila- 
| basis) ments 120mm. Volts 105. Matches the 

colour of the 10 candle pentane lamp. 

4-8 11 1,700?C. 15 Single carbon loop filament in one plane. 
(Carbon Height of filament 110 mm. Volts 100. 

basis) 

3-9 10 1,750°C. 32 Five tungsten hairpin filaments suspended in 
(Carbon grid form in one plane. Height of fila- 

basis) ments 120 mm. Volts 109. 

3-3 10 1,790?C. 15 Gem coiled metallised carbon filaments (usual 
(Carbon pattern) Volts 100. 

basis) 

1.9 13 1,870°С. 12 Four tungsten hairpin filaments suspended 
(Tungsten in grid form in one plane. Height of fila- 

basis) ments 70 mm. Volts 95. 

1-5 10 1,950°С. 18 Four tungsten hairpin filaments suspended 
(Tungsten in grid form in one plane. Height of fila- 

basis) ments 70 mm. Volts 105. 


Absolute Value of the Unit of Candle-power. 
The foregoing description deals with the method used to 
determine the ratio of the average value of one set of sub- 
standards in terms of another, and, therefore, deals only with 


relative values. 


The absolute values of candle-power of sets 


1 and 2 have been assigned to them respectively by two inde- 
pendent comparisons with the Harcourt 10 candle standard lamp. 
Set No. 2 (consisting of Fleming-Ediswan lamps) was com- 
pared against the pentane lamp in 1904-6. It will be seen 
from Table I. that the light from set 2 was somewhat whiter 
than that from the pentane lamp. At the time, however, 
that the determination was made their colour formed а suitable 
intermediate step between that of the pentane lamp and the 
usual light sources which had to be tested. After eight years’ 
use of these lamps, and in view of some small une xplained differ- 
ences between the N.P.L. unit and that determined in other 
quarters, it was considered desirable to realise the unit anew. 
Set No. 1 of the sub-standards was, therefore, prepared, whose 
light was identical in colour with that from the pentane lamp. 
These lamps were compared against the pentane standard in 
the usual way overa period of about two years (1912-14). The 
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results were analysed by the method of least squares in order 
to determine the true value of the sub-standards when the 
pentane lamp was burning under standard atmospheric con- 
ditions. It is satisfactory to find from the subsequent inter- 
comparison of sets 1 and 2 that the unit of candle-power 
realised on these two different occasions separated by a period 
of eight years agreed with each other to within less than 1 part 
in 1,000 (0:0; per cent.) The value of the unit originally 
realised in set 2 is that which formed the subject of agreement 
between the laboratories of this country, France and the 
United States in 1908. The value obtained in the original 
-determination has, therefore, now been fully substantiated by 
the new determination, and set 1 of the sub-standards becomes 
‚а fundamental set whose constancy is well assured, and the 
determination of whose candle-power values is independent of 
any colour difference. Incidentally, it has been possible to 
redetermine the constants of the pentane lamp affecting its 
changes with varying atmospheric conditions. These results 
„are discussed in detail later. 

It must be admitted that it is to some extent a matter of 
good fortune that the two independent determinations of the 
unit have agreed to within such close limits, since the first 
determination was made by one observer only, and since there 
existed a small colour difference his readings might well have 
differed from the average by a few parts in 1,000. It во hap- 
pens, however, that his difference from the mean was in this 
instance negligible, and the magnitude of the unit as deter- 
mined 10 years ago remains unchanged. . 


The following points of general interest arising from these 

and allied measurements will now be discussed. 

1. The order of agreement between different observers in the 
final candle-power value obtained for the high efficiency lamps 
(set 6). 

(а) By the cascade method ; 
(b) By comparison in one step. 

2. The accuracy to which photometric readings of this 

description are repeated by any observer and the probable 
.errors of the results. 


3. The order of agreement with other National Laboratories 
in the values assigned to high efficiency glow lamps which 
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differ in the hue of their radiation from the flame standards 
from which the fundamental units are derived. 

4. The constants of the pentane lamp with changes of 
humidity, barometer and temperature. 

5. The constancy of the unit of candle-power maintained 
through the medium of electric sub-standards. 


1. Values of Candle-power Obtained for the High Efficiency 
Tungsten Lamps. 


The precise numerical values obtained for the individual 
lamps are not of immediate interest. For the purpose of 
this Paper each set of lamps may be considered as one lamp. 
If there was evidence in the course of the work that any one 
lamp was undergoing a progressive change it was discarded, 
so that the figures given may be assumed in each case to be 
those for a set of lamps whose candle-powers have remained 
unchanged during the comparison. 

Throughout the work the average of all six observers has 
been taken as giving the true value for any set of lamps. For 
the purpose, therefore, of showing tbe differences of indi- 
vidual observers this average value is taken as 100 for each of 
the six sets of lamps measured by the cascade method. The 
observers are designated by the letters A, B, C, D, E, and F. 

Table II. givesasummary ofthe results. Observer А compared 
set 2 against set 1 about eight times, and obtained a value of 
99-5, for set 2 as compared with а mean value for all observers, 
of 100. Не then compared 3 against 2, assuming his own value 
of 99-5, for set 2. In the same way 4 is compared against З 
апа so оп to set 6. The bottom line, therefore, gives the values 
which each observer obtains for set 6 in terms of set 1 as a 
result of his own independent descent through the intermediate 
steps of the cascade. 


TABLE Il.—Summary of Cascade Observations, each Set being compared by 
each Observer against the one immediately above it. 


| Observer. | А. В. | C. D. Е. | Е | Average. 


Set 1......... | 100-00 i 100-00 | 100-00 | 100-00 | 100-00 
WA NES 99-5, | 99-4, | 99-9, | 99-8: | 100-8, 
S 99-4, | 99-3, | 99-9, | 99-9, | 100-8, 100-4, 


98-7, | 99-75 | 100-4, | 101-4, | 100-8, 


HE E 98-9, | 99-0, | 99-8, | 100-3, | 101-3, | 100-5, 
| 98-6, 


99-69 100-9; 


Table III. gives the value which each observer obtains for 
set 6 when compared in one step against set 1 with the Lummer 
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Brodhun photometer. It will be seen in the last column that 
this direct comparison cf set 6 with set 1, entailing the full 
colour difference, yielded as the mean of all observers a result 
differing by a little less than 0-3 per cent. from the comparison 
by the cascade method (Table II.). By reference to Table V. 
it will be seen that this is the order of the probable error of 
either result. 


TABLE Ш.—Зиттату of Direct Comparison of Set 6 against Set 1 by each 


Observer. 
Observer. A. B | C D. E. F. Average. 
Bet 6......... 990, | 99-5, | 98-9, | 99-3, |100-9. 1100-4, | 99-7, | 


Judged from the physiological standpoint, it cannot be said 
with certainty that the cascade method (Table II.) should give 
a result which is more absolutely rigorous than the direct 
method (Table III.). The case is however, somewhat analogous 
to the comparison of a low with a high resistance direct, and 
through the medium of aseries of resistances with intermediate 
values. The authors place more reliance on the cascade method 
because of the less consistent manner in which observers by the 
direct method have been found to repeat their individual read- 
ings over considerable intervals of time. This lack of consistency 
has not been found where the small colour differences of the 
cascade method are concerned. All the measurements with 
the direct step were taken over a relatively short period of 
time whilst those included in the cascade method extended 
over several years. The experience of the authors where 
larger colour intervals are concerned does not afford an assur- 
ance that the " day to day " probable error of the direct step 
would have been so small, had the measurements in this case 
also extended over a longer period. 


It wil be seen that the largest difference of any observer 
from the mean in the first result bv the cascade method was 
about 1:5 per cent. in the case of observer E. His mean differ- 
ence per step was, therefore, about 0-3 per cent. Ву the direct 
method in one step the greatest difference was again by ob- 
server E, viz., 1-2, per cent. 

Ап examination of the differences from the mean result 


revealed by each observer for each successive step in the 
cascade is facilitated by Table IV. 
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TABLE IV.—Showing how much for each Step in the Cascade each Observer 


| Observer. 
Comparisons. —1 
Jar Bye | BoB | oR | 
о, Е To о un CONES © a a 
b о ‘Oo | | 10 о 
Set 2 against Set 1...... —0:4; |—0-5; |—0:19 | —0:1, | 0:8, | + 0:3 
» 3 А) » о ТЕ —0:1, —0-0; — 0:0, +0-0, | +0-04 +0-06 
» 4 M "ESTY —0:4. |—0-3, | —0:05 | +0°3, | 0-4, -- 0-05 
"ES yy "E РР —0:2, | —0:3, | —0:05 | 0-1, 0-15 | +0-3, 
» 6 » »» Оваа —0-1, — 0-0, —0: lo +0:2; +0-0, 0-1 
Mean ение —0: —0:2„ | —0-0, |4-0-1, |--0-30 |+0-1, 
otal (cascade) ......... — 1:45 | —1-39 |—0:3, |+0-7, |+1-4a | +0-9, 


Set 6 agnst Set (direct)! —0-6 |—0-1; | —0-7; 1—0:3, 12, +0-65 


It will be seen from this table that there is, as would he ex- 
pected, a general tendency for each person’s observations to be 
either higher or lower than the average of all observers through- 
out the whole series. The amounts by which the determina- 
tions of anv one observer are high or low for the different 
steps varied slightly, but no more than would be expected 
from Table V., showing the probable errors of the comparisons. 

Observer E obtained rather a large difference from the mean, 
in the comparison of set 2 against set 1, but this appears to be 
the only slightly anomalous result in all the 30 cascade deter- 
minations. 

The table shows clearly that even the small colour differ- 
ences representéd by a change of temperature of the filament of 
about 45°C. give rise to differences, thougk small, in the per- 
sonal judgment of the various observers. Furthermore, 
when any one observers differences for the five steps of the 
cascade are added together the total difference does not 
entirely accord with the results of that observer’s direct com- 
parison through the large colour step. (Compare the last two 
lines of the table.) For observers Е and Е the sum of the 
differences for the five small steps gave, it is true, nearly the 
same figure as for the one large step, but in all other cases the 
differences were appreciable, observers B and D especially 
showing unexpected results in the direct comparison. This 
illustrates what was stated earlier as to the more erratic nature 
of results obtained with large colour steps. The experience 
obtained with these and other comparisons is that whereas an 
observer may be relied upon for constancy of judgment in 
Ineasuring with small colour differences, the same constuncy of 
judgment is not obtainable with large ones. 

VOL. XXVII. U 
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Efforts were made to obtain a comparison between sets 1 and 
6 by means of the flicker method. Several flicker photo- 
meters were tried bv four of the observers, but the precision 
of the measurements was found to be so inferior to that obtain- 
able with the Lummer Brodhun photometer that after much 
time had been spent the attempt was abandoned. The 
authors were unable to experience the sensitivity claimed for 
the flicker photometer Бу some other experimenters, and the 
results thev obtained with it were of quite a different order of 
accuracy from those forming the subject of this Paper. More- 
over, it is found that the fatigue occasioned by continuous 
photometric observation throughout a whole day necessi- 
tated bv these standardisations was verv serious with the 
flicker photometer, and tended still further to diminish the 
sensitivity. 

2. Probable Error of the Results. 

In computing the probable error in the value attributed to a 
lamp bv a set of observations, the error may be regarded as 
arising from three distinct causes. 

First, there is the error due mainly to the lack of sensitivity 
of the photometer, resulting in a succession of readings being 
obtained which differ shghtly amongst themselves—all other 
variables being constant for the short period during which the 
lamp is being photometered. Five or more photometric 
settings have always been made by each observer on each 
occasion on which the lamp is tested. The usual probable 
error in the arithmetical mean of these five settings in any 
step of the cascade is 0-2 per cent. in candle-power, whilst for 
the direct step with the large colour difference it is 0-3 per 
cent. The ultimate probable error in the unit ot candle-power 
held in a batch of lamps due to this cause is, however, very 
small, being reduced approximately in proportion to the square 
root of the total number of measurements made. This number 
being very great the error becomes entirely negligible. 

The second source of error, called here the ‘day-to-day error,” 
produces differences in the value obtained for the same lamp аз 
measured from day to dav. These discrepancies тах be 
ascribed to the slight differences in the mechanical or elec- 
trical adjusiments of the lamps, to small changes in the lamps 
themselves or to variations of the observers’ judgment due to 
physiological or psychological causes. The probable error 
due to these causes is kept small, by each observer making his 
measurements on a sufficient number of different days. It 
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may amount to 0-04 per cent. for the determination of the 
values of one set of lamps in terms of an adjacent one in the 
cascade series. In computing this error it would not be right 
to regard the causes as entirely mechanical in character. If 
they were, the probable error would be much reduced by the 
fact that there were at least 10 lamps in each set. It is neces- 
sary to regard at least а portion of the error as due to physio- 
logical causes the effect of which is not reduced by having a. 
number of lamps, but only by increasing the number of ob- 
servers. In order to avoid too sanguine a figure for the “ day- 
to-day " error, its value has been computed on the assumption 
that errors under this section are entirely phvsiological in 
origin. 

The third and most important source of error lies in the con- 
sistent differences which exist between various observers, due 
to colour differences. In the cascade method of bridging the 
step from the lowest to the highest efficiencv standards the 
errors are additive from one step to the next, and the final 
probable error has been calculated from the final differences 
tabulated in line 7 Table IV. 

The amount of the probable errors ascribed to each cause for 
each step of the cascade is given in Table V. It will be seen 
that the probable error of the final result—viz., of the unit 
represented by set 6 in terms of set No. 1 is of the order of 
0-3, per cent. both by the cascade and bv the direct methods. 


TABLE V.—(riving the Probable Errors of the Various Steps of the Cascade and 
Direct Comparisons. 


Probable errors. 


— Total 
| | Error due to; probable 
Comparison. Bench Day-to-day, differences ! error in 
| ` error. , error. between mean of 
observers. set, 
9a 90 “o pen 
Pentane lamp against set 1] 0-01 0-05 0-00 ' 0-05 
Set 2 against Set 1 .......... 0-01 0-03; 0-15 0-15, 
x25 uw x d arr veda 0-01 0-03. 0-04, 0-06 
"E 3 E nce 0-01 0-04 0-12 0-13 
s 5 gg: reset 0-01 0-03 0-11 0-11, 
НИР 0-01 0-02 0-04 0-04, 


Total probable error by 
cascade method Set 6 
against Set 1 ............... 0-02 0-07 0-36 0-37 

Total probable error by | 
direct method, Set 6 | | 
against Set 1 ............... 0-02 
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З. Intercomparison with other National Laboratories of the Unu 
of Candle-power in White Light. 


Having fixed the value of the umt in white light by the 
cascade method, it became of interest to know what order of 
agreement existed between it and similar units evolved at the 
National Laboratories of France, Germany and the United 
States. A set of 14 tungsten filament sub-standards with a 
specific consumpiion of about 1-5 watts per candle was prepared 
and sent to the Bureau of Standards, Washington. A similar 
set was prepared and sent to the Physikalisch-Technische 
Reichsanstalt, Berlin, and the Laboratoire Central d’Elec- 
tricité, Paris. The lamps were tested both before leaving and 
after their return to England. At the same time a set of lamps 
was prepared at the Bureau of Standards and sent over here 
for test. Ordinary 100-volt metal filament glow lamps were 
used in these comparisons, and altogether about 18 months 
elapsed between the initial and the final comparisons. During 
this period some of the lamps appeared to change somewhat, 
and differences to the amount of about 6-5 per cent. were 
observed. In order to eliminate, as far as possible, the effect 
of these changes, it was assumed that when comparisons 
between any two laboratories were made over a short period 
of time no intermediate change in the lamp was likely to have 
taken place. When, however, the comparisons were spread 
over a long period of time the N.P.L. value assigned to any 
lamp was taken as the mean of the initial and final measure- 
ments on it. 

The following table shows the value of the N.P.L. unit in 
terms of that of the Reichsanstalt, Bureau of Standards and 
Laboratoire Central, deduced from the mean of all the lamps 
tested :— 


TABLE VI. 
. Difference from 
Ratig accepted value. 
Bureau of Standards М.Р... ............... 1.00,; TO Зо 
Reichsanstalt, N. P.L. ................... eese. 0-009, 0-5 
Labot&toite/N. P.L. Sees renes 1-00, +0:, бо 


— 


————— — — 


А higher accuracy than 0-25 per cent. cannot be claimed for 
these intercomparisons, and the results, therefore, show that 
within the limits of accuracy of the experiment, the units of 
candle-power at the four laboratories realised in lamps onerat- 
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ing at 1-5 watts per candle are in virtual agreement. The 
chief interest of the result lies in the fact that different methods 
were used at the several laboratories for carrying out the com- 
parison. At the Laboratoire Central the comparison was 
made by measuring the lamps directly against standards of 
about 3-5 ог 40 watts per candle—thus the large colour 
difference was bridged in one step. The Laboratoire Central 
values given are based on tests bv an observer with normal 
colour vision. A second observer with abnormal colour vision 
obtained readings differing by 2 per cent. from these. By the 
method adopted at the Reichsanstalt a faintly coloured blue 
glass is placed between the photometer and the lamp of lower 
efficiency of the two under comparison so as to equalise the 
colours. This blue glass is calibrated once and for all, and the 
constants so determined are used in deducing the candle- 
power of the high efficiency lamps on test. 

The values assessed by the Bureau of Standards are the 
means of comparisons taken (a) directly and (b) by means of а 
blue glass calibrated photometrically. In this calibration the 
mean of a number of observers was taken in fixing the trans- 
mission constants of the glass. 


4. The Redetermination of the Constants of the Pentane Lamp. 


The second realisation of the unit of candle-power from the 
pentane lamp, referred to on p. 263, has afforded an opportunity 
of re-examining the constants of the pentane lamp in regard to 
changes of humidity and barometric pressure. Аз in the 
previous determination,* the comparisons extended over two 
summers and winters, and by this means as wide a range as 
possible of humidity was secured. The conditions for the use 
of the lamp were similar to those existing previously, except 
that а larger number of observers took part in the measure- 
ments, and there was no colour difference between the light 
from the pentane lamp and that from the sub-standards com- 
pared against it. An Assmann ventilated hvgrometer was 
used in the tests, and all humidities are expressed in terms of 
its indications. In view of the similarity of the experiments 
to those which have been already described, it 1s not necessary 
to give the actual observations in detail here. Thev have, 
however, been car2fully analvsed in the usual way by the 
method of least squares, and the constants for variation of 


+ С. C. Paterson, “ Investigations on Light Standards,” ** Journ." L E.E., 
Vol. XXXVIIL, p. 274. 
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humidity and for barometric changes are comparcd belew with 
those previously obtained. 

If C.P.—the candle-power of the pentane lamp, e = the 
humidity in litres of water vapour per cubie metre of moist air, 
b —barometric pressure in millimetres, then 
{1904-06 determination) C.P. —10114-0-0066(8— e) —0-0008 

| (60—0» . . (1) 
(1912-14 determination) С.Р. = 10 1-{0-0063(8—е)—0-0008, 
(760—b)} . . (2) 


These two results may be regarded as practically identical, 
and are supportcd by those obtained by Messrs. Butterfield, 
Haldane and Trotter,* with whose formula the second one 
given above is identical. 

А number of different determinations by various observers 
have now been made of the constants of the pentane lamp for 
changes of humidity and atmospheric pressure, and these are 
scheduled in the following table :— 


Taste VII. 
Date of * Value of constants. 
Observer. puhlica-* Lamp. 2p, (Barometric 
tion. Humidity. . 
"'| pressure. 
aLiebenthal ................... 1895 | le. pentane| 0-005; t | 0-0005 
Paterson п... 1904 110с. ,, 0-0066 | 0-0008 
о oou ces ca REED 1906 E si 0-0071 0-0002. 
dRosa and Crittenden ...... 1910 iis T 0-0050: 0-0006 
eButterfield, Haldane and 
TEOBLGE cu seit аы 1911 2 5 0.0062, 0.0008 
Paterson and Dudding ...... ' 1914 s У 0-0063 0-0008. 


a Licbenthal, ** Zeitsch. für Instrumentkunde," 1905, p. 157. 
b С.С. Paterson, * Proc." Т.Е. E., 1907, p. 271. 
с]. 5. Dow, “ Elec. Review," Sept. 28, 1906. 
d Rosa & Crittenden, “ Trans." Ill. Eng. Soc., N.Y., 1910, p. 753. 
fs Butterfield, Haldane and Trotter, “ Journ. Gas Lighting. 115, p. 290, 
1911. 


The tentative figure of 0-006 given by Rosa and Crittenden 
for the barometric correction must not, as stated by them in 
their Paper, be regarded as accurate, and the figures obtained 
by Liebenthal were for а 1 candle lamp of entirely different 
construction. Hence, neglecting these, it will be seen that 


* Butterfield, Haldane and Trotter, “ Journ. Gas Lighting," 115, р. 290, 
1911 
T Based on а normal humidity of 8 litres per cubic metre. 


THE UNIT OF CANDLE-POWER. 281 


there is general agreement as to the correcting factor to be 
applied for barometric changes. There is not, however, the 
same close agreement between the determinations of the 
humidity factor. Although the actual candle-power differ- 
ences represented by the discrepancies between these different 
constants are small over the ranges of humidity met with in 
this country, the accuracy of most of the determinations would 
have justified the expectation of closer agreement in the value 
of this factor. 

The work of Rosa and Crittenden at the Bureau of Stan- 
dards, Washington, is of the highest accuracy, and the differ- 
ence between their value and those determined in this country 
by the authors and by Messrs. Butterfield, Haldane and Trotter 
cannot in either case be ascribed to experimental error. In 
the publication of their work* Rosa and Crittenden make two 
suggestions as to how the difference might be accounted for, 
but they had not then before them the confirmatory evidence 
of the more recent investigations in progress in this country at 
the time they wrote. : 

It would seem that a definite difference in the conditions in 
Washington and London must be looked for to account for the 
discrepancy, and the present authors think it will be fuund to 
lie in the fact that the pentane lamp really has a temperature 
coefficient, but that its effect is almost entirely masked bv the 
method generally used of determining and applving the 
humidity correction. In a more recent publication of the 
Bureau of Standards,t Messrs. Crittenden and Taylor suggest 
the possibility of a temperature coefficient, but they do not 
discuss its bearing on the constant for the humidity correction. 
In their earlier publication also they mention the effect 
which the temperature may have on the humidity correction, 
as determined in the earlier N.P.L. investigation.] 

The authors have not been able to determine the temperature 
coefficient of the pentane lamp. The difficulties found by all 
investigators, and mentioned by Crittenden and Tavlor, of 
changing humidity and temperature independently have pre- 

* Loc. cit. 

T “The Pentane Lamp as a Working Standard," Crittenden and Taylor, 
^ Bulletin " of the B. of S., Vol. X., p. 410. 

{ In a still more recent publication (** Bull. B. S.," Vol. X., р. 574), received 
after this Paper was written, the same authors refer to the subject again, and 
make the suggestion which has been elaborated here, but without giving 
actual figures connecting humidity and temperature at Washington. И 


these are obtainable and could be compared with those given here,!the validity 
ar otherwise of the suggested explanation would be established. 


El dn l.i] 
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vented this. Nor is the matter of sufficient importance to 
justify the prolonged and difficult investigation which would be 
necessary. Оп the assumption, however, that there is a tem- 
perature coefficient the work already done enables an esti- 
mate to be made of its influence. 

If it мау be assumed that the candle-power of the pentane 
lamp under various atmospheric conditions is given by 


Candle-power-:104- A(8—e)+ B(760—5)4-C(*12—1), . . (3 
where А, B and C are constants. 
e=litres of water vapour per cubic metre, 


b=height of barometer in millimetres. 
(—temperature in °C. 


The method of least squares enables us to determine the 
most probable value of the constants А, B and С from a large 
number of simultaneous observations of the variables, candle- 
power, humidity, barometer and temperature provided that :— 

(a) All values of humiditv, barometer and temperature are 
equally likely to occur conjointly ; ог (b) if a definite relation 
exists between any of the variables not satisfving condition (а). 

An examination of the observed values of humidity, tem- 
perature and barometer, reveal that condition (a) is fulfilled bv 
the values of humidity and barometer or bv the values of tem- 
perature and barometer, but that the humidity and tempera- 
ture values satisfy neither condition (а) nor condition (b). This 
last fact is illustrated in Fig. 4, where the simultaneously 
observed values of humidity and temperature obtained whilst 
observing the candle-power of the pentane lamp both in 
1904-06 and 1912-14 are plotted. It is seen that a loose general 
relation exists between thes: variables, the lines A and В 
representing the best linear reiation for the two sets of experi- 
mental data, and so to some extent condition (5) is fulfilled. 

If, now, it is assumed that the linear relationship shown by 
lines А and B in Fig. 4 actuallv exists between these values of 
humiditv and temperature, the following are the values which 
result for the coefficients А, B and C m the above equation (3): 
C.P. = 104-0-187(8—6)—0-008,0760—5)—0-0176;,(12—1t). . (A) 

Two facts should now be observed.  Firstlv, the tempera- 
ture and humidity effects act against one another, and in prac- 
tice it is the difference between the two which 15 operative. 
Secondly, as at Teddington, an increase of one unit of water 


* The normal tempcrature of 12 deg. is chosen because it corresponds with 
the previously fixed normal humidity of 8 litres per cubic metre. 
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vapour is accompanied on the average by a rise of 1-6,°C., the 
combined humidity-temperature coefficient becomes 


0-187—(0-0076, x 1-6) --0-063, 


14 


12 
Temperature (C*). 


DURING WHICH OBSERVATIONS WERE MADE ON THE CANDLE-POWER OF THE PENTANE LAMP. 


Ес. 4.— DiAGRAM SHOWING VALUES OF THE TEMPERATURE AND HUMIDITY OF THE AIR OVER THE PERIOD 


Humidity. (Litres of Water Vapour per Cubic Metre of Air). 


viz., the coefficient in equation (2). Now the coefficient given 
by Rosa and Crittenden is 0-056., and it is readily seen that 
this would result from a prevailing climatic condition in which 
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an increase of one litre of water vapour per cub. metre cor- 
responds with an increase of 1-7°C., instead of the 1-6,°C. 
observed at Teddington. It is obvious that too great a sig- 
nificance must not be attached to the actual values of the 
coefficients in equation (4), since they depend on the 
assumption that a linear relation connects humidity and 
temperature. 

The difference between the “ humidity " coefficients deter- 
mined (by neglecting the temperature coefficient) in England 
and America being much larger than that which could be 
attributed to the error of the experiments, tends to support 
the suggestion of the authors that the pentane lamp has a 
temperature coefficient, but that the usual method of making 
the observations and deducing the results does not allow of its 
determination. Thus, it would appear that the “ humidity ” 
coefficients determined for flame standards are really com- 
bined humidity-temperature coefficients. Whenever, there- 
fore, a lamp is used under conditions of humidity and tem- . 
perature which approximate to those existing at the locality 
where the original determination was made, the constant so 
determined will apply rigidly. 1f, however, the determina- 
tion of the combined humidity-temperature coefficient be 
made under different climatic conditions, a slightlv different 
constant may be expected. If, for instance, the humidity at 
Washington tends on the whole to increase at a different rate 
with temperature than it does at Teddington a different factor 
for the combined effects would be expected to result. The 
authors are not in a position to know if this is actually the case, 
but it is not unreasonable to suppose that differences of the 
order indicated might be found to exist, and if this should be 
so it would afford an explanation of the difference which has 
been found between the '' humidity " coefficients determined 
in the two localities. 

The conclusion is, that if work of the very highest accuracy 
13 to be carried out with flame standards under abnormal 
humidity conditions the combined humidity-temperature 
coefficient should be determined for the locality in which the 
work is to be conducted. It should be pointed out that the 
difference between the American and English determinations 
for the pentane lamp amounts to less than 1 per cent. in candle- 
power for a rise of humidity of 10 litres per cubic metre abo ve 
the normal. Values have seldom been observed greater than 
this in Teddington. The table at the conclusion of the Paper 


, 
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by Crittenden and Taylor shows the average humidities in 
Boston and New Orleans to be 9-9 and 19-1 litres per cubic 
metre respectively. Where such large differences exist in 
climatic conditions the question of the variation of the com- 
bined temperature-humidity coefficient might with advantage 
be further investigated. 


(6) The Constancy of the Unit of Candle-power held in Electric 
Sub-standards. 


The continual use which has been made of electric sub- 
standards since the first determination of the unit of candle- 
power in 1904, has afforded opportunities of watching the 
behaviour of such lamps and particularly of observing their 
constancy. 

Several observers have written on this subject, amongst 
whom are J. A. Fleming, С. Н. Sharp, P. 8. Millar, Е. В. Rosa, 
G. W. Middlekauff,* and others, and all witness to the con- 
stancy of properly prepared and seasoned electricsub-standards. 
Their observations have been mainly concerned with carbon 
filament glow lamps, and the present authors are able to en- 
dorse the views they express. In order to keep records of 
their behaviour, an annual analvsis is made of all the photo- 
metric records where sub-standards have been used during 
the vear. When an ordinary routine standardisation has to be 
made, three to six sub-standards are put on the bench in turn, 
and thus for cach day's work a value is obtained for anv one 
standard lamp in terms of others of the same set. The analysis 
of such results over a vear’s working indicates if anv individual 
lamp shows signs of differing from the mean of the others. 16 
has been unusual to find that а lamp has appeared to change 
during 12 months by more than 0-1 per cent., and the majority 
of them show no change which can be detected. 1f anv lamp 
in a set shows a difference from the mean of 0-1 per cent. no 
change in the valve assigned to it is made until such difference 
is repeated in the following year's analysis. Of the one or two 
lamps whose values have had to be adjusted in this wav, some 
appear to have risen and some to have fallen in candle-power, 
and there is no sign that any fundamental set of lamps is 
Uundergeing a progressive change. This сап be said equally of 
the tungsten filament lamps as of those with carbon filaments. 

* Fleming “ Proc." Brit. Assn., 1904. Sharp and Millar, ** Trans." IIL. 


Eng. Soc., N.Y., June, 1910. Sharp “ American Gas Inst.,” Oct., 1913. 
Rosa and Middlekauff, ** Proc.” Amer. Inst. Elect. Eng., July, 1910, p. 1911. 
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A set of 1-5 watts per candle tungsten standards (set 6) has to be 
used nearly every dav of the week, and a fundamental as well 
as a working set of these lamps is, therefore, kept. The work- 
ing set fell in candle-power about 0-5 per cent. during the con- 
tinuous use of the past two vears. As the fundamental set will 
only be used perhaps two or three times a vear, its constancy 
for very many vears is assured. It could at any time be com- 
pared against set 5 (2 watts per candle), which has never to be 
used in ordinary routine work, and which, as a matter of fact, 
has not heen used since the values of its individual lamps were 
first fixed by the cascade method. Similarly, the use of set 1 
(matching the pentane lamp in colour) will never be necessary 
in ordinarv work because of the redness of the hght. When it 
is remembered that the filaments of these lamps are of tungsten 
operating at the low efficiency of about 7 watts per candle, 
and that they only require to be used for exceptional reference 
purposes at intervals of several years, there would seem to be 
everv reason for expecting the unit of candle-power to be main- 
tained constant by means of them for an indefinite period. 


The authors desire to place on record their obligations to 
Dr. В. T. Glazebrook, C.B., F.R.S., Director of the National 
Physical Laboratory, and on behalf of the Laboratorv to 
acknowledge the generositv and help of the Genera] Electric 
Co. and the Osram Lamp Works for the тапу expensive and 
special standard lamps which they have made and presented 
in connection with this work. 


DISCUSSION. 

Mr. А. Р. Ткоттек said that an incidental result of the work described in 
this Paper was to reveal the precision with which photometric measurements 
are now made, and to raise the status of that operation. Не wished to 
confine his observations to the moisture coefficient for the pentane standard, 
and to the possibility of the existence of a temperature coefticient. A priorit 
considerations seemed to suggest that an appreciable temperature coethcient 
would exist. Pentane is a highly volatile substance. In the absence of a 
wick, the feed depends on the volatilisation of the pentane, and on the 
siphoning of the heavy vapour. Small departures from the standard 
pattern materially altered the flow of air and vapour by introducing thermal 
differences. But though a temperature coefficient has been looked for it 
has not been found experimentally. The authors suggest that the lamp 
really has a temperature coefficient, but that “its effect is almost entirely 
masked by the method generally used for determining and applying the 
humidity correction," and that “ temperature and humidity effects act 
against one another." They say that if " the humidity at Washington tends 
on the whole to increase at a ditferent rate with temperature than it does at 
Teddington, a different factor for the combined effects would be expected to 
result." This looks at first as though it were suggested that European laws of 
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hygrometry and dew-point did not hold good in America. Тһе explanation 
probably is to be found in the degree of saturation. At low temperatures 
the moisture in the air is low in both climates, but at high temperatures the 
air is less saturated in Washington than at Teddington. In that case the 
effects of temperature would be more marked at the former place than at the 
latter. Both the variations of atmospheric pressure and of moisture in the 
case of the American observations and of those at the National Physical 
Laboratory were the result of natural metereological changes. The range 
of humidity at Washington varied from 0-4 per cent. to 2:7 per cent. by 
volume. The variations in the case of the experiments of Butterfield, 
Haldane and Trotter were for the most part produced artificially, and the 
ranges were much larger. Atmospheric pressure, humidity and vitiation 
by CO, were varied separately, one effect at a time, the other two remaining 
normal. Atmospheric pressure was varied from 450mm. to 1,000 mm. 
Moisture varied, in the case of the pentane lamp from 0-73 per cent. at a 
temperature of 6-6°C. to 4 per cent. at а temperature of 33-2°C. It was not 
considered safe to use the pentane lamp at a higher temperature, but other 
experiments were carried оп at 44°C. The moisture was produced by a flow 
of steam from a boiler outside the room, and the temperature was raised bv 
electric heaters and gas burners. А saturation of about 90 per cent. was 
reached. After applying the corrections for atmospheric pressure and for 
CO., both of which had been well ascertained, it was found that the difference 
of light due apparently to moisture could be accounted for bv a correction 
employing the coefficient 0-00625. "The mean residual error was about 1-3 
рег cent. Experiments were made at temperatures varying from 8°С. to 
20°С., the other conditions remaining approximately normal, the humidity 
varied only from 0-84 to 1-21 per cent., but without producing any material 
alteration in the light. Since the humidity at nearly all temperatures may 
be assumed to have been greater in the British than in the American investi- 
gations, it follows that the temperature will have had less relative effect on 
the British than on the American humidity coefficient. Hence, if the 
authors’ assumption that there should be a temperature correction is valid, 
it is obvious that the British humidity coefficient is more nearly correct for 
humidity per se than the American. The majority of the observations from 
which the humidity co-efficient has been deduced here, and probably in 
America also, were made at higher temperatures than 15°C. (which pre- 
sumably would be the accepted standard temperature), consequently if the 
temperature effect is in the opposite sense to the humidity effect the true 
humidity coefficient would be something higher than the British figure of 
0-00625. The difference between this figure and the American coefficient 
0-00567, viz., 0-00058, may be taken as a first approximation for the tem- 
perature coefficient. It cannot, however, be expressed in terms of tempera- 
ture without more information about the temperature at which the American 
observations were taken. Experiments are needed to settle this. They 
should be conducted in winter in à chamber provided with the necessary 
arrangements for withdrawing the products of combustion, and with means 
for raising the temperature while maintaining as low a degree of humidity 
аз possible. 

Mr. J. S. Dow congratulated the authors on the painstaking work de- 
scribed in the Paper. The fundamental difficulties involved in comparing 
heterochromatic sources of light have not yet been overcome, nor the com- 
plex problems settled ; but such devices as the use of coloured screens scemed 
to assist those who had not much experience of such work, and no doubt a 
series of carefully prepared standards, such as those, mentioned by the 
authors, would be of service. Nevertheless, it is doubtful if such methods are 
worth the trouble involved in the case of fairly expert operators. The 
various observers using the cascade method did not seem to agree much 
better than those relying on direct comparison. If due regard is paid to the 
elimination of personal errors by taking sutticient observations, direct com- 
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parison is the simplest and perhaps the most reliable method. The cascade 
and other methods are of scientific interest as а " check." In view of the 

minute differences with which the authors worked he would like to ask if an 

appreciable ditference in heterochromatic work could not be obtained by push- 

ing in and out thc telescope of the Lummer-Brodhun photometer. Some 
experiments he made about eight or 10 ycars ago had led him tothink that an 

appreciable difference could be obtained in this way. Also, in comparing, . 
say, а tungsten lamp with the pentane, a distinct difference might be noted 

in the results obtained with three good photometers of different types, taken 

at random: for the size of the photometric field affected the physiological 

impression of brightness. The authors had referred to the effect of humidity 
on the pentane standard. Some very good work on this subject had been 

done in the States where the wide climatic variations were favourable to- 
such researches, These results seemed to confirm Mr. Paterson's investi- 
gations; the chief difficulty in America at that time seemed to be to get 
exactly reproducible lamps. He would like to know how close the lamps in 
this country now agreed. Some very careful comparisons between the 
flicker and the equality of brightness photometers had recently been made in 
the United States, and the tendency is to credit the flicker photometer with 
greater reliability in colour work. Personally he would prefer an instru- 
ment of the crdinary type—except possibly when very violent colour— 
contrasts were in question. 

Mr. А. CAMPBELL also thought that the figures in the Paper did not justify 
the conclusion that the cascade method was much superior to the direct 
comparison of the sources. 

Mr. T. Змигн (communicated remarks) asks the authors if, apart from the 
reduction in the differences between different observers, any advantage is 
obtained by the adoption of the cascade method regarding it solely as a means 
of finding the candle-power of lamp 6 in terms of that of lamp 1. И would 
be of interest to see a curve plotted showing the relation between the candle- 
power found for lamp 6 from that of lamp 1, and the number of intermediate 
lamps used in making the comparison. The figures given in the Paper would 
determine the extremities of such a curve, but further information was 
required before more than a conventional meaning could be assigned to the 
figures obtained for the candle-power of the Jamps higher in the series. The 
curve suggested should help to show whether direct comparison or cascade 
measurements were to be preferred in the determination of standards, А 
comparatively small number of observations would determine the form of 
this curve. The photometric comparison of lights of different colours may 
be affected by the chromatic aberration of the eye. The difficulty of de- 
ciding when two colours are equally bright may be partly duc to the eve 
requiring to accommodate itself во as to bring each colour in turn into sharp 
focus on the retina. It would be of interest to compare the results described 
in the Paper with others made with the same lamps and by the same method, 
but with a lens placed in the photometer head just in front of the eve and so 
constructed as to cause the photometer contrast pattern to be in good focus 
on the retina simultancously for practically the whole extent of the visible 
spectrum ; no magnification would be produced. The lens would be correct 
for all observers, and the results obtained would be of interest, apart from the 
possibility of reducing the uncertainty in measurements of candle-power. 
Perhaps some Fellow of the Society could supply quantitative details of the 
chromatic aberrations of the eve from which such a lens could be computed. 
Such details did not appear in the standard works on Physiological Optics. 

Mr. J. GUILD (communicated) : As pointed out by the authors, it appears 
to be necessary even in comparing ordinary " white " lights to stipulate 
normal colour vision on the part of the observer, and the cascade method of 
subdividing colour differences, while minimising the probable errors of 
observation, leads apparentiy to the same result with a particular observer 
as should be obtained by direct comparison. The authors quote results from 
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six observers, but to what extent one is justified in assuming the average 
colour vision of that group to agree accurately with that of another similar 
group which might be chosen at some other standardising institution it is 
ditticult to sav, and it seems highly desirable to have some method by which 
light may be measured absolutely rather than by comparison with arbitrary 
standards. In the * Proceedings " of the Royal Society (Vol. LXXXVIL, 
1911, p. 275) Dr. Houston proposes to reproduce the selective sensitivity 
of the eye to energy of different wave-leneths by a suitable light filter of 
which the transmission curve is similar to the sensitivity curve of the normal 
eve and to measure the transmitted energy thermo-electrically. The arrange- 
ment virtually constitutes a standard ^^ eve " which has the property, not 
possessed by natural eyes, of measuring the intensity of the light which it 
receives. Have the authors considered the proposal * The authors state 
the approximate illumination at the photometer head throughout their 
work. This is a useful practice. As is well known, the sensitivity curve of 
the eye for the visible spectrum varies with the intensity of the incident light, 
the red end being penalised as the general brightness is reduced. Hence, in 
comparing two sources of different hue, a lower value will be ascribed to the 
redder light the further we remove the sources from the photometer. The 
cascade method of subdividing the colour gap will not get over this, and it 
would be of interest to know what range of illumination at the photometer 
might be employed in the subsequent use of the authors’ sub-standards 

without introducing errors comparable with the degree of accuracy aimed 
at. Pulling out the draw tube of the photometer, by reducing the brightness 
of the retinal image, would produce the same result as moving the sources 
further off, and this might account for the effect observed by Mr. Dow, since 
the angular size of the field of the photometer seems to preclude the ex- 
planation that this is due to the varying colour sensitivity of different parts 
of the retina. Errors of this description may be wholly insignificant within 
the range of feasible experimental conditions, but the advent of such high 
precision in photometry makesan investigation of the possible magnitude of 
such errors desirable. Until such an investigation js made it appears to be 
а necessary precaution, when using any sub-standard source of light, to use 
it at a constant distance from the photometer and with the same type and 
size of photometer as when the lamp was standardised, 

Мг. C. С. PATERSON, in replying for the authors, noted that Mr. Trotter 
agreed that it was possible that the relative degree of saturation in America 
and London would account for different correcting coefficients, if it was 
found that the pentane lamp actually had a temperature coefticient. Mr. 
Trotter seemed to imply that from his experimental results covering a larger 
ranve of humidity and temperature it might be possible to de duce the tem- 
perature coefficient. In order that this could be done one wanted as many 
observations where there were low humidities and high temperatures as 
there were observations in which both humidity and temperature were high. 
This is a condition which up to now it has been found impossible to obtain, 
and it would seem necessary to fall back on the method suggested in the 
Paper in which the conditioned relationship between humidity and tem- 
perature was determined, and by using this in the method of least. squares 
to obtain an approximation to the temper ature coefficient. The authors do 
not think it possible to determine the magnitude of the temperature co- 
efficient in the way suggested at the end of "Mr. Trotter's remarks. Аз the 
combined humidity-temperature coefficient is probably the result of the 

alvebraic sum of а positivo temperature coefficient and a negative humidity 
coefficient, the actual temperature and humidity-coetticients would be 
expected to be of quite a different order from the combined one. As shown 
in the Paper, the humidity-coethcient of +0-187, combined with a tempera- 
ture coefficient of —0-076. would fit the experimental results dine well 
instead of the present combined coefficient of + 0:062, In reply to Mr. Dow 
and also to Mr. Campbell, the somewhat laborious cascade method of com- 
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parison was only suggested as a means (ol a central laboratory to establish 
and standardise its sub-standards of light of different hues, so that standard 
Jamps could be issued to other testing-rooms the colour of whose light was 
suitable for the work done. It was quite true that the sets of high efficiency 
sub-standards now used at the National Physical Laboratory for such stan- 
dardisations would have been given substantially the same candle-power 
values when standardised directly against the primary standards as they 
have actually been given by the cascade method. But this could not be 
foreseen. Nor would the former method have given sets of standards of 
intermediate colours, against which the high efticiency standards can be 
checked back at any time, or against which other lamps of intermediate 
efficiencies could be standardised. А set of high efficiency sub-standards 
whose values are known in terms of the average eye is essential, otherwise all 
ordinary standardisations and photometrie measurements would have to be 
carried out with a large colour ditference, which would involve serious errors 
unless all measurements were made by a large number of observers. Perhaps 
Mr. Dow had not kept sight of this in his observations. "The question of the 
size of the photometric field raised by Mr. Dow is an interesting one. The 
authors had also made observations of this effect and found ditferences where 
the colour contrasts were very great and the distance of the eye from the 
photometer varied over wide limits. As Mr. Guild has pointed out, however, 
in an ordinary photometer the field of vision is relatively large. The result 
of this when working with the Lummer- Brodhun head is that an observer 
would not make a judgment of the field as a whole but would look at any one 
moment at one particular portion of it, and they would not have expected 
any ditferent result if the field had been twice the size. As a matter of fact, 
in all measurements each observer adjusted the telescope so as to bring the 
field of view into proper focus, and differences due to variations in the size 
of field were not noticed. Where the colour differences are small, as in the 
cascade method, different photometers intelligently used on the substitution 
principle would probably agree. The authors are not able to say anything 
definite as to the reproducibility of the pentane lamp. All their work has 
been done with the standard at the National Physical Laboratory. Perhaps 
a rough figure of 1 per cent. might be taken for the closeness of reproduci- 
bility of the pentane lamp as at present constructed. In reply to Mr. T. 
Smith, it would be interesting to have the results he suggested ; but as any 
one set of photometric standard glow lamps cannot be expected to keep 
constant within 0-1 per cent. if too large a number of observations are made 
with it, it is impracticable to extend the number of observations indefinitely. 
A very large number of observations would be necessary for the accuracy to 
be comparable with that given in the Paper. The “ artificial eye,” men- 
tioned by Mr. Guild, is a very attractive subject. The authors have not 
aimed at such a device. Sensitiveness is one of the difficulties. Such an 
" eye " must be adjusted and calibrated in terms of а large number of ob. 
servers before its readings can be taken as having a photometric value, and 
it is therefore not того fundamental than the procedure suggested by the 
authors. The phenomenon discussed in Mr. Guild's concluding remarks 
appears to be a Purkinje effect. Mr. Dow has shown that this begins to 
come in at illuminations of the order of 0-1 ft. candle. It is very seldom that 
illuminations at photometers approach such low values. Photometric work 
tends to be carried out at increasing rather than decreasing illuminations, 
about 1 to 2 ft. candles being usual. 
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XXI. The Relative Losses in — Dielectrics т Equivalent 
Electric Fields, Steady and Alternating. Ву G. L. 
ADDENBROOKE, М.Г.Е.Е. 


RECEIVED FEBRUARY 3, 1915. 


In “ The Electrician " for March 1, 1912, I described, I 
believe for the first time, the general relations between the 
losses in dielectrics in fields of equivalent voltage, continuous 
and alternating (R.MLS.), the latter having a range of periodici- 
ties of from 1 in 4 seconds to 42 ~ per second, the dielectrics 
being in all cases in intimate contact with the electrodes. 


à 

Аз R= the continuous-current resistance or the corre- 
sponding specific loss can be compared with the alternating 
actual or specific loss, under similar conditions as regards 
voltage, it being understood that with continuous P.D.’s 
the field is maintained long enough for the deflection to become 
steady or nearly so. 

In a communication in May, 1912, to the Physical Society, 
it was shown that similar relations exist in the losses occurring 
across the films of moisture which are present on the surfaces 
of dielectrics. 

In both these communications attention was drawn to the 
variations in the losses caused by slight differences in the 
amount of moisture present, both in the magnitude of the 
losses and in the forms of the diagrams obtained bv plotting them. 

Lastly, in “ The Electrician ” for January, 1913, I described 
further experiments showing in detail the actions occurring in a 
fairly high-class dielectric—viz., gutta-percha at very low 
periodicities up to 42 per second. 

Part of the data given in this latter communication have 
since been used by Dr. Ashton in his Paper last session on 
dielectric theory. Working on lines developed by Maxwell, 
Hopkinson, Pellat and Schwidler, and extended by himself, 
Ashton appears to be able to reproduce my curves fairly closely 
for periodicities above about two per second. Below this 
frequency, however, the discrepancies increase. I have 
re-examined these results since, and have also submitted 
certain others to Dr. Ashton, and it does not appear that there 
can be any error in the observations which is at all likely to 
account for the differences. 

Again, for frequencies above 6 or 8 per second the curves of 
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losses at different frequencies are very well represented by 
assuming a fixed loss added to a loss which varies directly 
with the frequency, or is constant per cycle whatever the fre- 
yuency. This very simple formula seems to represent the 
losses from the above to very high frequencies with consider- 
able accuracy, but below these frequencies it fails, and the 
fixed loss which must be assumed on this basis is always 
larger, and usually much larger, than that given by the equiva- 
lent steady current; in fact, the two seem with good dielec- 
trics not to bear any relation to each other. 

Nevertheless, in the course of measuring the alternating and 
continuous losses in a large number of dielectrics I almost 
subconsciously came to feel about two years ago that there was 
a direct connection, and I determined to look into the matter 
more closely. 

It was obviously desirable to include results for a number of 
different dielectrics of widely different composition, and also 
to get the data on some simple and common basis, which would 
leave the ratios of the actions in the different dielectrics to 
stand out as clearly as possible. Finally, it seemed best to 
take the specific loss corresponding to a specific resistance of 
1x 1015 ohms per centimetr? cube as a basis, and express all the 
losses as multiples of this. It seems better at this stage also 
to deal with both the continuous and alternating losses as dissi- 
pation of energy without postulating anything further as to 
whether it 1s of a conductive character or not. 

Аз a commencement the continuous pressure loss is coni- 
pared with the alternating loss at 40 cv only; the question of 
what the results would be had another periodicity been chosen 
will be considered later. 

All the measurements, unless otherwise stated, were made by 
-enclosing each dielectric in the form of a sheet, in a container, 
between mercury faces, at an average pressure of not less than 
4in. of mercury. The observations, where not otherwise 
specified, were all made at room temperatures, the two sets of 
observations on each substance one immediately after the 
other. The voltages used were between 100 and 120 to avoid 
any chance of heating or straining the dielectric, a point about 
which it is necessary to be most careful, particularly when the 
dielectrics are not of the highest class. The observations were 
made as described in the above communications with the 
latest form of my electrostatic wattmeter and a special form of 
reflecting electrostatic voltmeter. 
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In the tables the different dielectrics are arranged in the 
order of the specific resistances, at present their best known 
attribute, the values of which are given in the second column. 

The third column gives the corresponding specific loss 
which corresponds with the conductivity. 

The fourth column gives the corresponding specific alter- 
nating loss at 40 со in the same units. 

The fifth column gives the ratio of the specific continuous 
losses to the alternating for each separate substance. 


TaBLE I._—Connection between Continuous and Alternating Losses (40 ~), specific, in 
Dielectrics, at the Same Equivalent Voltages (C. and В. M.S., 100-120 Volts). 


С.С. сс. | AC Ratio 
Solids. resistance | conductivity | conductivity | of losses 
Substance and state. in ohms | 10-15 mohs '| 10715 mohs | for each 
per ст.3. | as unity. as unity. | substance. 
Blotting paper, room dryness....... 1:3 x 10? 770,000 1,150,000 1: 1.5 
Celluloid, room dryness, 0-62 mm. | 1-7 x 1010 59,000 118,000 1: 2:0 
Blotting paper, dried in sun ......... 3-2 x 1019 31,000 71,000 1: 23 
(a) Celluloid room, dry 0-4 mm....| 3-2 х 1010 31,000 65,000 1:21 
(b) si ji, 0-23 mm....| 5-7 x 100 17,500 44,000 1:265 
Rubber-covered wire ................ 1-2 104 8,000 64,000 1: 8:0 
(а) Celluloid dried, 0-4 mm.......... 2-9 x 10!2 340 6,400 1: 19:0 
(5) ji » 0.23 шш........| 44x101* 230 4,800 1:21 
Rubber sheet water soaked, 12°С.| 2-0 x 10!3 50 3,500 1: 70 
Crown glass, 11°C. ................... 3-7 x 103 28 6,200 1 : 220 
Rubber sheet, room dry, 12°C....... 5-0 x 1013 20 1,800 1: 90 
Gutta-percha, 25°С. .................. 2-0 x 1014 5 1,750 1 : 350 
Rubber sheets dried, 100°C. & 12°С. 2-6 х 1014 4 1,600 1: 400 
Bohemian glass flask, 12°C.......... 8-0 x 1014 1-2 5,100 1: 4,200 
Gutta-percha, 11°C. .................. 1-0 x 1015 1-0 1,200 l : 1,200 
" » guo S 1-7 10% | 0-6 1,080 l : 1,830 
| Hetero geneous Sol id. 
о nii 2-25 x 104 | 4-4 7,500 | 1: 1,700 
TABLE IJ.—Liquid Dielectrics. 
А.С. | Ratio of 
.С. | С.С. ck 
Pus conductivity conductivity, | — 108568 
Substance. i resistivity | 10-25 mohs | 19 mohs | С.С. to А.С. 
А | as unity. | as unity for each 
40 ~, substance. 
Petroleum, ordinary ............. 60x10 | 16,000 | 33,000 1: 2.0 
Mineral oil and petroleum mixed 2-4 х 1011 4,100 15,000 1:37 
Olive oil, as obtained............... 1:0 x 1012 1,000 3,200 1: 32 
Mineral oil, thin . ................-. | 1-5 х 1012 650 3,250 1: 5-0 
Castor oil, medicinal ............. ‚ 2-0 x 1012 500 2,500 1: 5:0 
Mineral oil, thick (1)............... 2-5 x 1012 400 2,65) l : 6-6 
Above oil heated to 185°C. and 
cooled (2) ....essosoesesessesssesss 6.5 x 10% 15 1,950 1 : 130-0 
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The chief points brought out by these tables are :— 

(a) That the order of the alternating losses follows so closely 
the steady pressure losses that there can be little doubt that 
the two are different aspects of phenomena arising from the 
same cause, and this applies both to liquid as well as solid 
dielectrics. 

Out of the 24 examples given in the tables there are only 
three exceptions—micanite, crown glass and thin blown 
bohemian glass. Micanite was specially chosen as a clearly 
heterogeneous substance. The mica in this has a very high 
specific resistance and very small alternating losses, but the 
shellac has a little moisture in it, and should show correspond- 
ingly high losses in an alternating field. If then the losses are 
due to the continuous movement of ions, or, possibly, of free 
electrons through the dielectric in a steady field, we should 
expect, in this case, that having for the most part to make 
their way deviously round the edges of the mica flakes, their 
motion would meet with an inordinate amount of resistance 
in comparison with the thickness of the dielectric. And this is 
just what we see happens. On the other hand, with an 
alternating field the motion being reciprocal and through 
relatively very short distances would be little affected by the 
presence of the mica, and would be relatively large. And this 
again 13 what we see takes place. 

As illustrating this and some other effects, the following 
curves are interesting. The upper curve shows the relative 
losses, steady and alternating, in a sheet of celluloid of room 
dryness over a range of frequencies. The lower curve shows 
the effects when the same sheet of celluloid, which was 1-4 mm. 
mils thick; was sandwiched between two sheets of gutta-percha 
each 0.06 mm. thick. In the latter case it will be seen that 
loss due to the steady field 1s reduced practically to nothing, 
between this and 16 periods there is considerable reduction in 
the losses, but between 16 and 40 periods in each case the curves 
are practically straight lines and parallel to each other. The 
‚ portion of the alternating losses, which is indicated by b, a 
constant and n the frequency or bn, is, therefore, sensibly the 
same in each case, and is unaffected bv the presence of the 
thin sheets of gutta-percha. To get a correct result it is, of 
course, necessary to make a proper allowance for the presence 
of the gutta percha sheets which, increasing the thickness and 
introducing another substance of different dielectric constant, 
_reduces the inductive effect by a small percentage. Below is 
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added a third curve to show the effect of drying. All these 
curves are to the same scale of ordinates. Nearly identical 
curves may be obtained by sandwiching a sheet of mica or 
gutta percha between two thin sheets of celluloid or blotting 
paper, the point being that if there is a serious obstruction 


Relative Losses. 


Celluloid (1°4 mils thick). 
Comparative losses, alone and between thin G.P. sheets. 


anywhere or of any kind, the normal relations between the 
losses in equivalent steady and alternating fields will be 
altered, and while the steady field loss will be reduced the 
alternating action will be less affected, so that the ratio of the 
. two to each other is increased.. I think, therefore, that we 
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shall not be wrong in attributing the differences observed with 
the two glasses in the above tables to a similar cause, when we 
consider that glass 1s naturally of a crvstalline nature, and the 
great strains and deformation which must occur when it is 
blown or rolled in thin sheets. In these two cases the glass 
flask was much thinner than the crown glass, and the strains 
in it probably much greater, and we see that it deviates more 
from the normal than the crown glass. I think, therefore, 
that, except in cases the reasons for which can be seen, there 
is fair evidence that the actions in steady and alternating fields 
are very intimately connected and probably arise from the 
same fundamental causes. 

In the above tables I have not dealt with the very highest 
class of dielectrics. It is so difficult without the most elaborate 
precautions to get trustworthy results, but if the results of 
Grover and Curtis, for mica and paraffin, giving the power 
factors, are worked out and compared with the best determina- 
tions of the resistances (for that of mica, see Campbell, Phys. 
Scc. “ Ргос., 1913) of these materials it will be found that they 
lead to results of the same order, and seem to be in accord with 
the general conclusions derived from the above tables. 

It may be argued that there has been some selection in the 
above specimens of dielectrics. On this I would say that 
altogether I have tested at least twice the number of specimens 
quoted in the list, and in some cases several different samples 
of a particular substance, but they all seem to lead to similar 
results, though varying in detail. Again, the above results 
have not been hastily arrived at, since it is now three years 
since I began to accumulate data on the lines given above, and 
it is two years since in the description of the actions in gutta 
percha mentioned above I drew attention to the fact that my 
results seemed to point to such a connection as I have now 
been able to demonstrate in detail. 

There is, however, another criticism which may be made, 
and which needs further careful examination, and particularly 
as it gives an opportunity of bringing out some further and, as 
it seems to me, interesting and important points. It may be 
objected that while the results applv to the ratios of the losses, 
with steady pressures and at 40 со the sequence might be by no 
means so obvious if some other periodicity were taken. 

To deal with this point it 18 necessary to consider the losses 
not only at one but at several different frequencies. For this 
purpose I have selected five examples as typical. They in- 
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clude the first and last of the examples given above and three 
intermediate ones, including crown glass. The full curves for 
the losses in these are given below. As, however, owing to 
the greater range of the losses these cannot be got into a dia- 
gram to the same scale, and therefore a casual inspection of the 
curves does not convey a proper idea of the proportionality 
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Losses in dielectrics in equivalent steady and alternating (R.M.S.) fields. 
Frequencies 1 in 4 secs. to 40 ^v. 


of the actions. I subjoin below the data from which the 
curves were drawn. | 

The first point is that above 8 to 12 periods per second the 
rising curves are practically straight lines in all cases, and 
whether the dielectrics are good or poor. In this diagram the 
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curves end at 40 periods, but for the past 18 months I have had 
an alternator capable of giving 100, 200 and 400 periods, and 
have made numerous tests with this. In all cases the curves 
continue sensibly as straight lines. Further, in one case, with 
celluloid, through the courtesy of the Research Department of 
the G.P.O., and with the help of their Mr. C. E. Hay, we have 
been able to carry the tests up to 2,000 cu. Аз far as can be - 
judged the curve is practically straight from, say, 12 со per 
second up to this periodicity. In some cases I have also been 
able to fit results of my own on to the results of Fleming and 
Dyke (see their Paper I. E. E. “ Proceedings," 1912), and as far 
as can be judged from such rough tests, since they do not give 
the ordinary resistances, my curves can be directly prolonged 
into theirs at frequencies of from 900 to 4,500. It seems clear, 
therefore, that this is a general law for dielectrics ot all classes— 
viz., that above about 8 to 12 со the curves of their losses at 
varying periodicity are sensibly straight lines at any rate up to 
telephonic periodicities. From above this low periodicity we 
can, therefore, represent them with good approximation bv 
the simple formula a+-bn, where a and b are constants. 

To arrive at the constants from my data I teke the losses at 
16 periods and deduct this from the losses at 40 periods, the 
remainder is then divided by 16, this gives us b ; 16 times b is 
then deducted from the loss at 15 periods. The remainder is a. 

Below are given the figures for the curves in the diagram 
calculated on the above basis and in the same units as before. 
For comparison with them I have also added the continuous 
or steady field losses on the same basis. 


TABLE IV.—Of Losses in Dielectrics. 
Values of constants a and b and steady field loss. 


Comparative 
steady 
field loss. 


Substance and state. 


Blotting peper, room dry. ...... 
Celluloid | y. was 


LI 
**"969090606090690909090e009590*9*9 


Derivation of constants :— 
From loss at 40 vv. 
Deduct loss at 8 го, 
Difference + (40—8)=32=6. 
Loss at 8 ~—8b=a. 
Loss at any frequency above 8=a-+ bn approximately. 
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It will be seen that while at the lowest resistance the a con- 
stant does not differ much from the steady field loss, the 
difference rapidly gets greater as the resistance of the dielectric 
i8 higher till the two seem to have no relation, although the 
data given in the table show unmistakably that they have. 
From these figures it will be seen that the curves do not cross 
each other at higher frequencies unless the dielectric is abnor- 
mal, and that the above relations generally still hold good. 

Another point not clearly seen in the curves, but which can 
be readily deduced from the tables, is the forms the curves 
assume near their origin. Although from the general reduc- 
tion of scale the curves seem to become flatter as the resistance 
becomes higher, this is not so comparatively. If in each case 
the steady field loss is taken as unity and curves of the com- 
paraüve losses are drawn for the different periodicities the 
rise and sweep of the curves is greater comparatively as the 
resistance is higher. There are, however, differences in detail 
which would repay further study.  Heterogeneity or great 
strain also affects the lower or b part of the curve. I have yot 
out comparative data for the Bohemian glass flask from 1 to 
200 periods. In this extreme case the a constant is almost 
negligible, and the very simple formula bn fits fairly and to а 
first approximation the whole curve from 1 to 200 periods. 
Even a single degree's temperature difference also considerably 
affects the exact shape of the low part of the curves. The 
effects of temperature are, however, too complicated to be 
dealt with in this Paper, especially as thev do not seem to 
affect the general conclusions to which the above experiments 
lead. 

When it is remembered that in the origin of these curves we 
are covering from another aspect the phenomena which have 
been studied under the term absorption, and when it is also 
considered that this term also covers the complementary 
capacity effects, there is no need to wonder longer why the 
elaborate attempts of numerous workers to find some formula 
of a fairly simple character to express their results have not 
met with success, and must be looked on, in the present state 
of our knowledge, as highly empirical. 


Liquid Dielectrics. 
In their general features the actions in liquid dielectrics in 
electric fields are the same as in solids, as can be seen from the 
data given above (Table II.) There are, however, charac- 
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teristic differences in detail. In the first place the “ Blotting 
paper" type of curve persists more with liquid dielectrics, 
that 18, at low frequencies the curves tend to be more square- 
shouldered. Then, for a given specific resistance the ratio of 
the steady to the alternating losses is generally less than in the 
case of solids; this apparently is the most characteristic differ- 
ence. I am sure, however, from my results that further 
detailed study would show other interesting deviations without 
upsetting the general resemblance in principle. 

I have found, however, two difficulties in dealing with liquid 
dielectrics, especially the oils which make it less easy to get 
exact results than with solids. They very readily take up 
moisture from the atmosphere, which with dry oils alters their 
action while experiments are proceeding unless special precau- 
tions are taken against it. Secondly, there is another action 
when the oils have much moisture. I am then inclined to 
think that this moisture exists in the form of a fine emulsion 
in them. Such moisture existing then in globules is attracted 
to the electrodes wherever there is variation in the strength 
of the field. The result is that there is difficulty in getting 
a definite reading in steady fields ; it diminishes for some time 
after the field is put on, and this is not, I think, ordinary ab- 
sorption. This action also occurs to a less extent in alternating 
' fields of low frequency. It is necessary also to be very particu- 
lar about the cleanliness and dryness of all receptacles used. It 
is, however, quite easy to get results sufficiently near to show 
the general nature of the actions such as those given. It is 
only when one comes to more precise measurements and the 
reproduction of results that the above actions interfere. 


Range of Actions. 

The alternating losses in different dielectrics have a much 
smaller range than those due to equivalent steady pressures, 
notwithstanding that the two appear to be intimately con- 
nected. The alternating losses are in all cases the larger, but 
whereas at 40 co and over the wide range of dielectrics included 
in the above tables :— 

The smallest A.C. loss has a ratio to the largest of 1 : 1,100 
The smallest С.С. loss has a ratio to the largest of 1.: 1,300,000 
Or the range of the alternating-current losses is only about 
1/1,200th that of the continuous-current range. 

Reference to the tables and data given above will show 

further that the range of the alternating losses is still further 
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reduced at higher frequencies; in fact, to something like 
1 : 300 over the above range before it becomes nearlv соп- 
stant. 

This difference in the two ranges of losses brings forward 
the question as to what part of the ranges respectively it is 
which show the greatest differences. It is at the lower resis- 
tances or where the losses are greatest that the continuous- 
current and alternating-current losses are more nearly pro- 
portionate to each other, the difference becoming more 
accentuated as the resistances get higher or, as it is called, the 
dielectrics become more perfect. These interesting and sug- 
gestive differences are best studied by careful comparison of 
the figures given in the first two tables. When I first got out 
these relations I thought it looked as if some intrusive sub- 
stance were present which by drving or otherwise could be got 
rid of, leaving & final action which must be on the substance 
itself, or be а true dielectric hysteresis, but subsequent con- 
sideration has led me to take another view. 

To develop this а number of further experiments would 
need to be described, covering the temperature, capacity and 
pressure effects in steady and alternating fields and over a 
range of periodicities, and also experimente on the effects of 
moisture, in which I have endeavoured to get an idea of the 
amount of moisture which corresponds with given magnitudes ` 
of the actions occurring. The description of these experiments 
must, however, be reserved for another Paper or Papers. 

I have to thank Mr. С. W. В. Crawley for much kind help 
and criticism in this work. 

ABSTRACT. 


After references to former work, especially on surface leakage, 
tables are given showing an intimate connection between the losses 
in steady and alternating fields, and that the one can be predicted 
from the other to a first approximation. Exceptions are mentioned, 
and it is shown that there is heterogeneity in these cases. Curves 
of the losses from 1 in 4 seconds to 40^» are given for specimen dielectrics. 
Above 8 to 12a both for '* good " and “ poor ” dielectrics, these become 
rising straight lines. The salient features lie below about 16е. 

The formula a-rbn applies to all dielectrics for frequencies above 
about 8 co, but not below. The a constant is always larger than and 
bears only a very indefinite relation to the steady voltage loss. Liquid 
dielectrics behave similarly to solid with certain differences, particularly 
that for a given resistance the ratio of the steady to the alternating loss 
is less than with solids. "There is a great difference in the comparative 
ranges of the losses. For the dielectrics tabulated these vary іп a steady 
field from 1 to 1,300,000, but the corresponding alternating losses vary 
only from 1 to 1,100. The difference is principally in the ‘ good” 
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dielectrics, the alter ating losses in which at 40 ~ are vastly larger than 
these in а steady field, though they still appear to be connected with 
them. 


DISCUSSION. 


Mr. D. Омвм (communicated remarks) considered that the author's testa 
supplied data of great interest, though their value would be greater if more 
details of actual readings were supplied. The results support the a+bn 
formula for dielectric power loss already advanced by previous workers, 
They show also that a and b are probably unconnected. This being the case, 
the Author has adopted a wrong basis of calculation in arriving at his main 
point. It would be better to show the relation between а and a, the direct 
current power loss. The discrepancies noted in regard to a few materials 
(good insulators) might thus be found to disappear. 

Mr. E. Н. Rayner: The author mentions periodicities of one in four 
seconds. How ате the voltage current and power measurements made under 
these conditions? Are the instruments so damped as to give a natural period 
of a minute or two? Even in such acase one would expect very inconvenient 
oscillations. Perhaps the author very greatly increases the inertia of the 
moving systems. Taking the continuous-current readings after the length 
of time required to become approximately steady is no doubt the best that 
can be done. It would afford much more information if intervals equal to 
a few periods of the corresponding alternating tests could be used. This 
would involve something of the nature of an oscillograph or an Einthoven 
galvanometer. As regards the curve 2 of diagram 1 [ should have expected 
it to have been above curve | on account of the great resistance of gutta- 
percha to continuous currents. The remarks on the shape of curves obtained 
with liquid dielectrics are interesting. I can confirm the effect of electric 
stress on oil. When damp the globules of water seem to appear from no- 
where and grow and wriggle under the electric forces. Finally they may 
cause a discharge and are boiled away, and so in time they may disappear in 
stages and the liquid will sustain a higher voltage than it would at first. 

Mr. A. CAMPBELL (communicated): The careful observations recorded in 
the Paper are of value as widening our knowledge of the behaviour of di- 
electrics. It is interesting that in general there is no great change in the 
losses, as the frequency is lowered to 1 or 2^» per second. А comparison of 
the steady current loss with the alternating appears to indicate that they 
have no clear connection. The practice, in the steady current test, of 
keeping the voltage applied until the apparent resistance has reached a 
steady value does not seem to give conditions comparable with those for the 
alternating voltage. Could the author, by means of his electrolytic commu- 
tator, go down to much lower frequencies, вау, 1 œ in 100 seconds? By 
using а galvanometer of not too slow period and integrating tho instan- 
taneous product of the voltage and current curves the true alternating losses 
at such frequencies could be determined. The absorption etfects in con- 
densers certainly vary considerably over the first 100 seconds of charge. ‘The 
existence of a state of strain in some of the glass tested, as suggested by the 
author, is rather improbable. This might be tested, however, with crossed 
nicols or the losses might be re-determined after re-annealing the glass. 

Мг. G. L. ADDENBROOKE (communicated reply) expressed his obligation 
to those who had discussed his Paper for their suggestions. The difliculty 
was not to think of possible experiments but to select the most promising. 
He had not attached any physical meaning to the a+bn formula. 16 was 
convenient to express the results over а certain range, but he thought a true 
solution would be found in some amplification of the formula employed by 
Ashton, and elaborated by other workers as far as possible with the data at 
their disposal. Such а final formula must include temperature coefficients, 
and will be of considerable complexity. In reply to Mr. Owen, the ratio of 
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4 to dy is shown in the Paper for 40 ~ for five dielectrics, but a more precise 
study of this part of the curve would be useful. In reply to Mr. Rayner, 
there are four impulses in one direction per period in the case of the volt- 
meter and two for the wattmeter, so that the swing even at 1~ in 4 seconds 
is not so great as might be expected. The instruments are also made nearly 
dead-beat by a system of air damping. In using instruments of the galvano- 
meter type, as suggested by Mr. Rayner and Mr. Campbell, there is a difficulty 
‘with some dielectrics in separating the losses from the capacity current even 
at very low frequencies. Ву the term “ strain " a difference in structure or 
state of aggregation was intended rather than any mechanical strain, but he 
hoped to deal further with this point later. 
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XXII. Second Report to the Council of the Committee on 
Nomenclature and Symbols. 


THE Committee consists of Prof. Sir J. J. Thomson, O.M,, 
F.R.S. (President), Prof. Н. L. Callendar, F.R.S., A. Campbell, 
Esq., B.A., Dr. C. Chree, F.R.S., Prof. G. Carey Foster, F.R.S., 
Dr. W. Eccles (Secretary and Convener), Sir George Greenhill, 
F.R.S., Dr. Alexander Russell, M.A., Prof. the Hon. В. J. 
Strutt, F.R.S., Prof. В. P Thompson, F.R.S., Dr. W. Watson, 
F.R.S. 

In agreement with the recommendations of the International 
Electrotechnical Commission, the International Commission 
on the Unification of Physico-Chemical Symbols, and other 
bodies, the Committee recommend :— 

That Italic, not Roman, letters be used as symbols for the 
magnitudes of quantities in all branches of Physics. This 
applies to capitals as well as to lower-case letters. 

The following list of symbols for quantities occurring in the 
subject of Heat was adopted :— 


Quantity. Recommendation. 
Reciprocal of mechanical equivalent of thermal 
unit (1/J).......... eee ee re ee 
Constant in Van der Waal’s formula (V-b)(P-a/ V?) 


— 


SRT о оо ао а 
* Covolume " in ditto ........... — Gace b 
* Coaggregation ” volume=a/RT, in approxi- 

mate formula V=RT/P+b—c ............ с 


Cooling effect of Joule-Thomson=(dT/dP) at 

constant total heat ...................... 
Ш energy esos eren RV Ее 
Thermodynamic potential, Т-Н, or Н-То if 

ТЕ ОО oido ое у оаа 
Acceleration ot gravity ...................... 
Total heat E+ PV of vapour ................ 
Total heat of liquid ......................... 
Mechanical equivalent of thermal unit in gravi- 

tational units (e.g., foot-pounds) ............ 
Thermal conductivity ....................... 
Difisivity ооо Ux PRO EU dpa 
Latent heat of vaporisation .................. 
Mass or molecular weight ................... 


= < < WO 


ED RA 
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Quantity. Recommendation. 
Indices in such expressions as УТ", PV" ...... m,n 
с ола P 
Vapour pressure of liquid or saturation pressure р 


Quantity of heat energy ................... Q 
“ Dryness fraction ” or “ quality " of mixture of | 
liquid and vapour ........................ 9 
Gas constant (per unit mass) ................ R 
Specific heat of vapour at constant pressure ... S 
Specific heat of vapour at constant volume, and 


specific heat of liquid or solid ............. 8 
Temperature reckoned from absolute 2его...... T, 6 
Temperature from freezing point ог 0°C. ...... t, 0 
NEIOCILY онон поене она О, u 
Specific volume of vapour or gas.............. V 

"m HQUIG: E v 
Work cat wisi ek ие W,w 
Entropy of vapour ......... cece cece cece eee Ф 

i ПОШО ioco eed adis nd ed 9 
Ratio of specific heats ...................... y orn 
Density uote cre о AN SEN ene’ б 
о ооо норе 

NOMENCLATURE. 


Recommended.—-That the term calorie should not be used 
alone, but with a prefix indicating the unit of mass, the implied 
temperature scale being always Centigrade. £.9., gram- 
calorie, kilogram-calorie, pound-calorie, which might be abbre- 
viated to g.cal., ky.cal., Ib.cal. 
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XXIII.—The Change in Thermal Conductivity of Metals on 
Fusion. By Aurren W. Porter, D.Sc., F.R.S., and 
Е. SrwEoN, B.Sc., Research Scholar University College, 


London. 
RECEIVED MancH 24, 1915. 


Iris well known that when fusion of a pure metal takes place 
there is, in most cases, a sudden drop in its electrical conduc- 
tivity. For example, the electrical conductivity of liquid 
mercury is only about one-quarter of that of solid mercury at 
the same temperature. Exceptions are bismuth and gallium, 
for which the conductivity in the liquid staté is double that 
in the solid. The object of the present investigation was to 
find whether there is a corresponding change in the value of the 
thermal conductivity. According to the simple form of the 
electronic theory usually given, the ratio of the two types of 


A/a\2 
conductivity should be (2) T, where а and e are universal 


constants ; and although we know that this law is obeyed only 
roughly, vet the correspondence is sufficiently near to show that 
the two phenomena are intimately connected. 

The outcome of the investigation is to show that the change 
in the thermal conductivity on fusion is of the same order as 
that of the electrical. 


Outline of Method. 


The method of measurement consisted in the determination 
of the gradient of temperature in a column of the metal con- 
tained in a glass tube, and heated at one end to such an extent 
that half the column is molten, while the cooler half is solid. 
The metals employed were sodium and mercury. In both 
cases the column was placed vertically. In order to diminish 
convective loss of heat from the surface it was heated at the 
top in the case of sodium whose melting point is above 
atmospheric temperature, while in the case of mercury the lower 
half was frozen by insertion of the end of the containing tube 
in solid carbon dioxide. The apparatus used in the case of 
sodium is shown in Fig. 1. The heating vessel contained lead 
which could be melted by means of a flame and kept at a 
constant temperature. Into the base of the vessel was screwed 
a piece of brass rod about 1} in. long and $ in. diameter. This 
brass rod served to convey the heat to the sodium with which it 
came into contact. The glass tube which contained the 
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sodium was furnished with 12 tubular depressions which were 
made by locally melting the glass with a fine flame, and then 
pressing it in with a knitting needle. These tubular depressions 
were destined to receive the thermoelectric junctions by 
means of which the temperatures at the various points of the 
column of metal could be determined. Each junction consisted 


|] 
7 


AYN 


а, р. 
Ра. 1. 


of fine iron and eureka wires (gauge 30-36). For the purposes 
of insulation fine glass tubes about 13 in. long were slipped over 
the wires to separate them one from the other, and were then 
fused to the wires. Each junction so formed was inserted In a 
tubular depression, and the cavity was filled up with a packing 
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of tinfoil so that the presence of the junctions should make as 
little disturbance as possible in the thermal stream lines in the 
sodium (Fig. 1, 5). The arrangement is shown in Fig. 1, a and b. 

The wires were all of the same leng:h, and were connected 
by copper wires (all of the same length as one another) to a 
moving-coll galvanometer of low resistance in series with а 
resistance-box for altering the sensitiveness. Ву making the 


Negative Temperature Difference. 
oor’ Y 


Distance along Bar. 
Fia. 2.—TEMPERATURE CURVES AND TANGENTS FOR MERCURY. 


wires of equal leng:h the temperature value of a scale division 
was made the same for all the couples. Since there was a 
resistance of 700 ohms in series with the galvanometer, any fine 
adjustment of these leng:hs was unnecessarv. 
The preparation of the sodium specimens was somewhat 
complicated by its solidity at ordinary temperatures, and its 
Y2 
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oxidation on exposure to air. The following method was there- 
fore adopted in preparing a bar. A glass tube, about 160 cms. 
long and 2 cms. diameter, was taken, and inset tubes made in 
its side as described above. About 10 cms. from the first of 
these tubes and 30 cms. from the nearer end, a constriction 
was made so that the end piece formed a funnel А piston 
formed from another glass tube worked in from the other end. 
With the piston pushed well in, the tube was filled to a point 
above the constriction with pure dry paraffin oil. Pieces of 
sodium, carefully freed from oxide, were inserted, and the tube 
carefully heated to melt the sodium. The piston*was then 
slowly drawn down, and more sodium added until all the inset 
tubes were covered bv the sodium. The tube was then 
allowed to cool and the top cut off just below the constriction. 
The sodium rod so formed, in its casing of glass, was then readv 
to be placed in position below the lead bath, as shown in Fig. 1. 
The thermoelectric junctions were then packed into their 
inset tubes. In the case of mercury there was, of course, no 
special difficulty in the filling of the tube. 


Description of Observations Made. 


After putting & sodium rod in position, and connecting up 
the thermo-couples, the lead bath was heated to and maintained 
at a temperature (about 350°С.), such that when a steady state 
was set up about five of the thermo-couples were in liquid 
sodium. The galvanometer deflections due to each couple 
were then read in succession. This could be done very quickly, 
since the change from one to the next was made by a mercury 
cup interchanger. The cups were arranged in the arc of a 
circle, and each could be connected in turn with the centre bv 
means of a radial arm. The readings thus obtained were 
then reduced by a calibration curve which had previously 
been determined by comparison of direct deflections with 
potentiometer readings. 

These reduced readings were then plotted against the 
positions of the rod to which they correspond. To find from 
this curve the ratio of the conductivities of the liquid and solid, 
it is only necessary to find the two tangents which can be 
drawn at the point. corresponding to the junction between the 
liquid and solid portions of the rod; because this ratio is 
inversely proportional to the ratio of the slopes of the two 
tangents. 
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In the case of mercury, arrangements had to be made to cool 
at the bottom instead of to heat at the top. The lower end 
was inserted into a carbonic acid snow and alcohol mixture. 
The whole tube was surrounded by a celluloid cylinder through 
which the thermo-electric couple wires were threaded. The 
object of this cylinder was to diminish the deposit of hoar 
frost in the lower part of the tube, which was otherwise very 
disturbing. The celluloid cylinder limited the rate of supply of 
fresh moist air to the tube, and thus achieved the desired 
object. 

The change of slope is very much greater for mercury than 
for sodium. А typical curve for the former is shown in Fig. 2. 
The tangents at the point of change are also shown in this 
diagram. ‘There is, of course, some difficulty in drawing in 
these tangents ; hence, in different experiments considerable 
variation in slope was obtained. The following is a complete 
set of values for the ratio of the conductivity for the solid to 
that for the liquid at the same temperature :— 


K,/K, for mercury. 
4.44 

4-62 (Curve on Fig. 2.) 
3-28 

3-76 

3-83 

3.53 


3-9] -- Mean K,/K, for mercury. 


In the case of sodium it was found more satisfactory to plot 
log 0 against т, because the slopes, especially that on the liquid 
side, were then more constant. 

The following slopes were obtained :— 


Sodium. 

Solid. Liquid. 

0-0279 xau I 0.0230 

0026 дома 0.0188 

0.0248 .............. 0-018835 

02671. Бан 0-0209 

0.0269 .  J .............. 0-0200 
Sum 0.1330 0.10155 


0-1330 


0-10155 -].31 = mean K,/K, for sodium. 


° Ratio of slopes 
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Electrical Conductivity. 
The change of electrical conductivity with fusion had been 
determined by other observers both for mercury and sodium. 
The following determination for mercury are on record :— 


Cailletet and Bouty (1885) .......... Cr 4-08 
Dewar and Fleming (1896) ................ 4-04 
С. L. Weber (1885)........................ 4-10 


In the case of sodium, previous determination of the change 
in electrical conductivity are :— 


Matthiesson (1857).... 1 37—1-.70 
Bernini (1903)........ 1-35 
Northrup (1911)...... 1-434 (Estimated from diagram.) 


It was deemed advisable to make a fresh determination for 
sodium. A glass tube 0-5 cm. in diameter with two platinum 
wires sealed in at points about 5cms. apart, was filled with 
sodium in a similar way to that described above. The tube 
was then set up in a horizontal electric furnace in such a way 
that the two platinum wires were near the centre of the 
furnace. Current was passed through the sodium, contact 
being made with it by stout copper electrodes. The potential- 
difference tapped off by the platinum wires was balanced on 
a potentiometer. No absolute measurements were made. 
Readings of the potential drop were taken at various tempera- 
tures below and above the melting point of sodium, ard for 
both ascending and descending temperatures. The constancy 
of current through the sodium was checked by taking the 
potential drop along a piece of thick copper wire connected in 
series with it. The potentiometer readings were plotted 
against the temperature, and the ratio of the temperature 
coefficients for liquid and solid obtained by determining the 
slopes of the curves on the two sides of the melting point. 

Four independent values obtained for the ratio were— 

1-453 

1-402 

1-430 

1.467 
giving a mean of 1:438, This value is very similar to North- 
rup’s, but is rather higher than our thermal values. 

It may be of interest to mention some of the other changes 
which occur during fusion. There is, of course, a change in the 
specific energy (or internal latent heat)—that of the liquid being 
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the greater; a change in the density that of the liquid being 
less in the case both of sodium and mercury, but greater in the 
case of bismuth ; a change in the coefficient of expansion that 
of the liquid being the greater; the specific heat of sodium 
undergoes no appreciable change, but its rate of variation with 
temperature changes from positive to negative on fusion (Ezer 
Griffiths, Roy. Soc. “ Proc.,” A., Vol. LXXXIX., 1913-14, 
р. 561); the temperature coefficient of the electrical resistance 
of mercury changes from 0-00455 between —55°C. and -—40°C. 
to 0-000834 between 0°С. and 5°С. 

With regard to thermo-electric effccts the evidence is some- 
what more conflicting. W. B. Burnie (‘ Phil. Mag.," 1897) 
finds a continuity in the curve of E. M.F. against temperature 
in the case of а copper-mercury element with, however, a 


marked change in its slope, 22 at the melting point of mercury. 


The slope changes abruptly from a large nearly constant 
positive to a smaller negative value. This would, of course, 
imply a change in the Peltier coefficient (B). Assuming 
that the Peltier coefficient is proportional to the logarithm of 
the ratio of the concentrations of the electrons in copper and 
mercury, his values would give nsoia/iquiamabout 5. This 
is sufficiently near to the ratio found for the electrical con- 
ductivities to tempt one to suppose that the two phenomena 
are telling consistent stories. On the other hand, Peddie and 
Shand (“ Proc." Roy. Soc., Edin., 23, p. 15, 1900) find no 
change ; nor also did P. Cermak ('* Ann. der Phys.,” 26, 1908, 
р. 521) for either the thermo-electric poweror the Peltier effect. 

Lastly, the photo-electric effect shows no change on fusion 
of the metal (sodium) according to Dember ( Ann. der Phys.," 
23, 1907, р. 957). These rcsults are discussed by E. Wagner 
(“ Ann. der Phys.,” 33, 1910, p. 1484). 

The experimental part of this Paper was finished in July. 
1913. In September, 1913, of the “ Physical Review " 
appearcd a Paper by J. W. Hornbeck on * Thermal ard. 
Electrical Conductivities of the Alkali Metals," in which is 
described а very similar method of investigation. In the case 
neither of sodium nor potassium was the investigation carried 
as high as the melting point ; the thermal conductivity for 
both the solid and the liquid was determined for potassium- 
sodium alloy, the value being less in the liquid state. Аз the 
values were not obtained at the melting point itself, and as 
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there is only one value for the solid, it is not possible to state 
the exact ratio of reduction for this case. 

The only otherdetermination with which we are acquainted 
is one made by C. Barus (“ Phil. Мар., 33, р. 431 (1892), on 
thymol, a dielectric). He finds for the ratio of the thermal 
conductivity of solid to that of liquid the value 359/313. 
He had previously measured the change in specific heat. 
The corresponding change in thermometric conductivity is 
1077/691. 


ABSTRACT. 


The change in question was determined for mercury and for sodium 
by finding the temperatures at different points of a cylindor of the 
metal contained in a glass tube. The ends of the cylinder were 
maintained at such temperatures that the metal was liquid half-way 
down its longth, the remaining part being solid. The temperatures 
were taken by means of thermoelectric junctions inserted in narrow 
tubular depressions which hal been formel in the glass tube by 
forcing a knitting needle down into the locally heated glass. The 
ratio of the thermal conductivity for solid and liquid was estimate 1 
from the slope of tangents drawn to the temperature-curve on each 
side of the melting point. The values of these ratios are of the same 
order as the ratio of the corresponding values of the electrical con- 
ductivities. The mean value for mercury is 3-91, and for sodium 
1:31. 

A summary list is given of other data солсегпо 1 with fusion. 


, DISCUSSION. 


Prof. О. W. RicHARDSON congratulated the authors on their satisfac- 
tory treatment of an important problem. The change of thermal con- 
ductivity with fusion had not, he believed, been attacked experimentally 
before. In listening to the reading of the Paper one felt impressed by 
the small amount of effort and the simplicity ofthe apparatus with which 
the authors had been able to solve what was generally regarded аз a very 
difficult problem. This research, it was interesting to note, was one of 
the few of which the results agreed with the deductions from the elemen- 
{агу electronic theory. 

Prof. Е. С. Donnan referred to the researches carried out at his sug- 
gestion by Dr. C. M. Stubbs on the radiation emitted by copper, silver 
and gold at high temperatures. These experiments showed that there 
was a marked change in the distribution of energy throughout the visible 
spectrum when passing from solid to molten metal, and pointed to some 
change in the electronic structure, or in the inter-electronic forces, 
occurring at the transition from solid to liquid. The complexity of the 
problem had, so far, prevented any mathematical treatment, but there 
appeared no doubt that results such as these, coupled with the discon- 
tinuities in thermal and electrical conductivity, would be of value in 
throwing light on the inner mechanism of the phenomenon of meltiny. 
Photometric measurements of the light radiated by polished plates of 
metals at high temperatures presented considerable difficulties owing to 
the tendency of the “flowed ” surfaces to crystallise, but in spite of these 
difficulties Dr. Stubbs had clearly demonstrated the existence of an 
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abrupt change іп the radiation-spectrum on passing from solid to liquid 
in the case of certain metals. 

Dr. Porter, in reply, said that while isolated measurements of 
thermal conductivity of some substances above and below the melting 
point had been made by previous workers, in no case that he was aware 
of had sufficient data been obtained from which to deduce the sudden 
change which takes place on fusion. He was cognisant of the work of 
Dr. Stubbs but had always thought the nature of the surface was of such 
importance in radiation experiments as to make it difficult, on account 
of crystallisation and contamination of the surface at high temperatures, 
to obtain conclusive results. He had forgotten at the moment the degree 
of consistency obtained by Dr. Stubbs, but if the results were more or 
less in agreement they would undoubtedly point to a change at the fusion 
point in the radiation emitted by the substances. 
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XXIV. An Instrument for the Optical Delineation and Projection 
of Physical Curves. By J. А. Егемимс, M.A., D.Sc., F.R.S. 


REcEIVED Млвон 6, 1915. 


IT is often desirable and necessary to exhibit a physical 
curve such as a characteristic curve, hysteresis, or resonance 
curve in process of delineation, and to be able to record it by 
photography. The author has devised an apparatus which 
does this very conveniently, and can be applied in the delinea- 
tion of physical curves of many kinds. 

It consists of a base board on which is placed on suitable 
supports a rectangular rocking mirror pivotted on an axis 
parallel to one of the long sides of the rectangle. This mirror 
may be 14 in. wide and 3in. or 4in. long. To the axis of the 
mirror 13 affixed a lever by which it can be turned through a 
certain limited angle. This lever is restramed by a spiral 
spring and pulled by a string which passes over a pulley. 
When the string is pulled the mirror is tilted about a hori- 
zontal central axis, and when the string is released tke mirror 
returns to its original position. Over this mirror is another 
much larger one which is slung on and rotates round an axis 
at right angles to that of the first-named mirror, and serves to 
project on to a screen a ray of light reflected from the tilting 
mirror (sce Fig. 1). On the same base board, which carries 
the supports of these mirrors, is fixed a thin wooden hoop like the 
rim of a wheel about 18 in. in diameter, 0-5 in. wide and 0-5 т. 
deep. This hoop is wound over with one layer of silk-covered 
Eureka, or high-resistance wire, in closely adjacent turns. The 
silk is rubbed off the top surface so as to expose the bare wire. 
This winding surrounds about three-quarters of the perimeter 
ofthe hoop. It is formed of No. 22 Eureka wire, and measures 
in resistance about 40 ohms. Three terminals are attachcd to 
it, one at the middle and one at each end. This wire forms a 
potentiometer wire, and a battery of 1 to 10 small secondary 
cells has its poles attached to the erds of this wire so as to 
make a fall of potential down it. In the centre of the hoop 
there is a pivot and a vertical axis with a radial metal arm, the 
end of which presses on, and moves over the bare exposed 
turns of wire on the hoop. A terminal is in connection with 
this axis. It will be scen that if the radial arm is moved either 
way from the central position in which it makes contact with 
the middle point of the potentiometer wire it takes off a certain 
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fraction of the voltage of the battery, and we can create 
between the middle terminal of the potentiometer wire and the 
terminal in connection with the revolving arm any required 
fraction of the half battery voltage either in one direction or in 
the other. On the board is also placed a mirror galvanometer 
of movable coil or movable needle type or else a mirror 
magnetometer. A thin parallel beam of light 18 sent out from 
an electric arc lantern, and falls on the mirror of this galvano- 
meter or magnetometer, and is thence reflected to the tilting 
mirror, and from that to the inclined projection mirror, and 
thence to a screen. The mirror galvanometer is so placed that 
right or left deflections of its coil or needle cause the ray to 
travel along the tilting mirror parallel to its long axis, and, 
therefore, the spot of light falling on the screen moves verti- 
cally in response to deflections of the galvanometer or magneto- 
meter. 

The thread attached to the lever fixed on the shaft of the 
tilting mirror is wound round a pulley on the shaft or axis of 
the radial arm, and so adjusted that when the radial arm 
is rotated the mirror is tilted through a corresponding 
angle. Hence the spot of light projected on to the screen has 
two motions—one, a horizontal motion which is proportional 
to the angle through which the radial arm is turned, which 
again із proportional to the Р.О. created between the middle 
terminal of the potentiometer wire and the terminal in connec- 
tion with the radial arm. Again, the spot of light can have a 
vertical motion imparted to it which is proportional to the 
deflection of the galvanometer coil or magnetometer needle, 
which, in turn, is proportional to the current through the 
galvanometer or to the deflecting magnetic field, which is at 
right angles to the direction of the needle itself. 

Hence, if we cause the spot of light to be actuated by these 
two motions at once, it will describe a curve which will repre- 
sent the relation between two variables, one proportional to 
the above mentioned voltage, and the other to the above 
mentioned current or field. Instead of receiving the re- 
flected ray of light upon a screen it may be passed through a 
cylindrical lens placed over, and with axis parallel to, the 
tilting mirror, and may then be allowed to fall upon a photo- 
‘graphic plate in a plate holder and record on it the curve in 
question (see Fig. 2). 

Аз an example of one simple use of the above instrument, we 
may explain how it can be used to delineate and photograph a 
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magnetic hysteresis curve for iron. For this purpose a coil or 
helix is required wound with many turns of fine wire. The one 
used by the author is a coil wound with silk covered No. 36 
S.W.G. copper wire m 37,363 turns and 21 layers. The 
wire is coiled on a brass tube 45-7 cm. long between the cheeks, 
and has a resistance of 979-3 ohms at 15°C. The value of the 
magnetic field per milliampere in the interior, near the centre, 
Is approximately 


41 М 1 


Н= ZU EA [0991 021 cue owe ac E) 
and the magnetic field per volt applied to the coil terminals is 
4л N 


H- = 105. "P 


10 LR 
Hence, the field is nearly 1 C.G.S. unit per volt impressed at 
terminals of the coil. Accordingly, by using a battery of 10 
cells on the circular potentiometer wire and applying the tapped 
off voltage to the terminals of this coil we can create any mag- 
netic force between —10 and 4-10 in the interior of the helix. 
If, then, we place on the curve tracer a mirror magnetometer 
and control the needle so that it stands with its axis parallel 
to the axis of the tilting mirror, and if we place the above- 
mentioned magnetising coil at some little distance away with 
its axis perpendicular to that of the magnetic ncedle and put 
in the helix an iron wire of length at lcast 200, or, better still, 
400 times its diameter, we can apply to this wire à known 
magnetising force. It will then have created in it а 
certain. magnetisation, and this will create an external 
magnetic field which will deflect the magnetometer needle 
through an angle which, if small, is proportional to the mag- 
netisation and nearly to the flux density at the centre of the 
wire. Hence, if a ray of light is thrown on the mirror 
of the magnetometer, and reflected from the two mirrors 
of the curve tracer on to a screen we shall be able, by 
rotating the radial arm from one position on the potentio- 
meter wire to another similar one on the other side of the 
middle point and then back again, to carry the wire through a 
magnetic cvcle, and cause the spot of light on the screen to 
delineate a hysteresis curve or loop for any required range of 
magnetising force H between, say, +10 and —10. Moreover, 
we can calibrate the instrument so as to interpret the scale of 
the resulting curve and, therefore, calculate the energy 
dissipated per evcle of magnetisation (see Figs. 3 and 4). 


Soft Iron 
Wire. 


Fic. 3.—PHOTOGRAPH ОЕ MAGNETIC HYSTERESIS CURVE OF AN IRON WIRE, 
TAKEN WITH THE CuRVE TRACER. 


Fic. 4.—PHOTOGRAPH OF THE MAGNETIC Hysteresis LOOP or NICKEL WIRE. 
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To do this we replace in the exact position of the iron wire 
another helix or solenoid of equal length and known number 
of turns per centimetre, through which we can pass a measured 
current. Let this helix have N, turns per centimetre and let 
а current, A,, be passed through it, which just makes the same 
magnetometer deflection as the iron wire at the extreme or 
maximum magnetisation. Then, 1:25 МА, is the flux or 
field over the greater portion of the interior of the solenoid, 
and this must, therefore, be the same as the total flux in the 
iron-wire under the above conditions. Therefore, knowing the 
cross-section of the iron, we can find the flux density B in it, 
and hence the flux density scale for the hysteresis loop. Know- 
ing the scale of the ordinates, we can then find the area of the 
hysteresis loop by marking out the path of the spot of light as it 
travels round one complete magnetic cycle. 

If this path is marked off on paper we can cut out this curve 
and weigh the paper. We can then cut out of the same piece 
of paper a square of area known in units selected for B and H, 
and weigh that piece, and from the ratio of the weights find the 
area of the hysteresis loop in terms of that unit of area which is 
equal to the product of the lengths on the two axes which stand 
respectively for the unit of magnetising force H and the unit of 
magnetic flux density B. We know, then, that the value of 


г. | НАВ, or nearly 7/88ths of the area of the loop in this unit, 


gives us the work done in ergs in carrying unit volume of the 
iron round one complete magnetic cvcle. Hence, we obtain 
the hysteresis for the maximum flux density employed, and, 
therefore, the hysteretic constant of the iron generally. 

The calibrating coil employed by the author consisted of 
No. 22 silk-covered copper wire wound on a brass wire in 4,637 
turns of eight levers. The length of the coil was 48:0 cm., and 
the diameter of the brass wire was 0-325 em. diameter. 
Hence, the area of cross-section of the wire is 8-3 mm. square. 
The resistance of the coil was 5-73 ohms at 15°C. Hence, the 
magnetic force H in the centre is 122.5 units per ampere, 
or 21-4 per volt on the terminals. The cross-sectional area 
of the iron wires used in the above hvsteresis measurement 
was 2-075 (mm.y, and hence the cross-section of the iron was 
0-25 of the cross-section of the calibrating coil. The total flux 
embraced by the turns of this calibrating coil per ampere of 
current through it can be found by a single experiment with 
an embracing secondary coil and a ballistic galvanometer. 


тя 
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A second illustration of the use to which this instrument can 
be put is in the delineation of resonance curves. 

In this case we replace the circular potentiometer wire by 
а variable air condenser of the multiple semicircular plate type, 
the capacitv of which can be varied by rotating the insulated 
milled head which moves one set of plates. In the case of 
such a condenser the effective capacity is very nearly propor- 
tional to the angle through which the movable plates are 
turned, and can be made exactly by the use of a Seibt air 
condenser. 

The string attached to the lever on the axis of the tilting 
mirror is then wound round the shaft of this condenser and 
adjusted so that rotating the movable plates pulls over the 
tilting mirror from one extreme limit of movement to the 
other. A suitable mirror galvanometer of low resistance is 
placed in position and connectcd to a thermocouple, pressing 
on a Short length of fine high-resistance wire, which is inserted 
in the circuit of the variable condenser, and the said circuit is 
completed by a coil of suitable inductance, L, so that the 
oscillation constant of the circuit (= /CL) has a value near to 
that of the circuit to be tested. Let it be then desired to 
obtain the resonance curve of a wireless telegraph spark trans- 
mitter or of any other oscillation circuit. The above described 
condenser circuit is loosely coupled with the circuit under test, 
and a ray of light from an arc allowed to fall on the galvano- 
meter mirror and to be reflected thence to the tilting mirror 
and projection mirror and then on to a screen. It is obvious 
that if the rotating handle or head of the variable condenser is 
slowly turned from one extreme position to the other, the 
circuit will gradually be brought up into resonance with the 
circuit under test, and then pass bevond it. The spot of light 
on the sereen will, therefore, be caused to move horizontally 
by the change in capacity by a distance proportional to that 
change, and vertically by a distance which is approximately 
proportional to the square of the current in the condenser 
circuit. Hence, the spot describes the well-known path of a 
resonance curve which Is more or less peaked in proportion 
as the total decrement of the two circuits is less. A few simple 
measurements suffice to calibrate or show the scale of the 
horizontal and vertical movements. 

Taking, then, the well-known modification of Bjerknes’ 
deerement formula applicable in this case, and calling C, the 
capacity of the condenser setting corresponding to resonance, 
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Fic. 5.—RESONANCE CURVES PHOTOGRAPHED WITH CURVE TRACER. 
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Fia. 6.—PHOTOGRAPH or CHARACTERISTIC CURVE OF FLEMING OSCILLATION 
VALVE. 
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and I, the resonance or maximum current in the condenser 
circuit, whilst C and I stand for the capacity and current 
corresponding to any other setting, we have, provided 
(C,—C)/C, is a quantity not exceeding, say, 5 per cent., the 


expression 
| л [2 | 
D= c C—O Еи (3) 


where D is the sum of the decrements рег complete period of 
the circuit under test and of the circuit of the curve tracer. 
Now, if we take such a value ої the capacity С as to make the 
current 


1 " 
dm, аА 107 I; e e è © © è — (4) 


then the quantity under the 4/ in the above formula (3) 
becomes unity, and we have 


D-S(—0. eee. 6 
r 

We can once for all find the value of C, from the calibration 
curve of the condenser, and therefore the value of л/С,, and 
therefore it is clear that the total decrement is proportional 
to the horizontal shift of the spot of light from the zero position 
which corresponds to a reduction in the maximum value of the 
mean-square current to half its value. Since the ordinates of 
the resonance curve will be nearly proportional to the mean- 
Square current we have merelv to ascertain the horizontal 
shift of the spot of light from its position corresponding to the 
maximum ordinate of the resonance curve when that ordinate 
I8 reduced to half its value. 

It is quite easy by known methods to find once for all the 
decrement of the condenser circuit of the curve tracer, and, 
therefore. by subtraction, to find the decrement of the oscilla- 
tion circuit under test. 

he resonance curve can be photographed by projecting the 
Spot of light on a slow photographic plate or on Eastman’s 
bromide paper, by causing it to move slowlv over its path 
once or twice. We have, therefore, in this appliance a very 
simple method of quickly taking a resonance curve and record- 
Ing 1t (sez Fig. 5). | 

By inserting in one or other of the oscillation circuits а piece 
of high-resistance wire, we can show how much the sharpness 
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of the decrement curve is reduced by increasing the damping in 
either circuit. | 

An interesting proof сап be given of the co-existence of 
oscillations of two different frequencies in the circuits when 
they are closly coupled by the deformation of the resonance 
curve and the appearance on it of two humps. 

We сап, in the third place, employ this curve tracer to deli- 
neate the characteristic curve of any conductor which has а 
unilateral or unsymmetrical conductivity, or which in common 
parlance does not obey Ohm's law. 

Thus, for instance, we may emplov the variable P.D. tapped 
off the circular potentiometer to send a current through a 
junction of zincite and chalcopyrite, or of carborundum or any 
of the rectifying crystals or contacts employed as receivers in 
wireless telegraphv. 

The current through this conductor can then be passed 
through the galvanometer of the curve tracer. The spot of 
light will then be actuated by two movements, one horizontal 
proportional to the applied voltage and one vertical propor- 
tional to the resulting current through the conductor. The 
spot of light then defines the characteristic curves. · A number 
of curves of this kind delineated for various pairs of contacts 
were reeently shown to the Physical Society by Mr. A. F. 
Hallimond in а Paper on “ The Conduction of Electricity at 
Point Contacts.” * Не mentioned without detailed descrip- 
tion that а form of mirror galvanometer was emploved to 
delineate the curves, but I am not aware whether the arrange- 
ment was identical with this instrument now shown by me. 
This curve tracer can also be employed to investigate the 
rectifying action contacts or of my glow lamp oscillation valves 
uscd as detectors in wireless telegraphy, as shown by the 
reproductions of photographic curves in Figs. 6 and 7. 

The above three illustrations do not by any ineans, however, 
exhaust the uses of this curve tracer. We can emplov it to 
delineate anv kind of cyclical curve in which one variable can 
be represented by and be proportional to the angle through 
which the lower rectangular mirror is tilted, and the other 
co-ordinate can be represented bv the deflection of a mirror 
galvanometer, magnetometer, voltmeter or electrometer. 

We may thus employ it to delineate temperature curves 
when there is temperature hysteresis in any cycle of operations 


è See '' Proc." Phys. Soc., London, Vol. XXVII., p. 70, 1914. 


Characteristic 
Curve of 
" Perikon" Detector. 


Microamps. 


Fic. 7.—PHOTOGRAPH OF CHARACTERISTIC CURVE OF ZINCITE-CHALCOPYRITE 
DETECTOR. 
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Fic. 8.— PHOTOGRAPHS TAKEN WITH THE CURVE TRACER SHOWING THE 
EFFECT OF HEAT ON THE MAGNETIC HYSTERESIS OF IRON. 
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or the relation of pressure and volume, expansion and tem- 
perature in cyclical operations. 

In magnetic investigations it is sure to prove useful, because 
we can operate with the magnetised wire under test not only 
in a horizontal position, but in a vertical one. We can thus 
investigate the effect of vibration, torsion, temperature and 
electric oscillations on the hysteresis of iron and other magnetic 
m^tals, and see in а moment whether any particular physical or 
electrical operation increases or diminishes the magnetic 
hysteresis (see Fig. 8). The fact that the magnetic samples are 
used in the form of wires or narrow strips cut off a sheet 15 a 
great advantage and very much more simple than when rings 
have to be employed. If the wires employed are about 1 mm. 
in diameter and 400 mm. long they are in effect magnetically 
equivalent to rings. We can use this curve tracer to inves- 
tigate in this manner samples cut from the actual sheet steel 
to be employed in making the core of a transformer or 
dynamo armature. 

It is also easy to use the instrument to exhibit the recales- 
cence points of iron by heating a wire by an electric current to 
bright redness, and then allowing it to cool, and causing the 
temperature to be measured by a thermo-electric junction, 
whilst the tilting mirror is slowly moved over Бу a clock or 
mechanism wbich records the time. The instrument exhibited 
has been made in the Pender Electrical Laboratory by my 
assistants, Messrs. P. В. Coursey and Williment, and Mr. 
Coursey has rendered me skilful assistance in taking the 
photographs exhibited of various physical curves. 


NoTe ADDED APRIL 26, 1915. 


The possibilities of the above described instrument must not 
be altogether judged by the illustrations given in the above 
Paper from photographs taken with it. In the instrument 
actually constructed the optical arrangements were by no 
means as good as they can be made. By the use of properly 
worked galvanometer or magnetometer mirrors, and the 
adoption of well-known means for securing a smaller well- 
defined spot of light on the plate, the photographic curve could 
be made much sharper and uniform, and the definition far 
better. . 

Also, the author has, since the reading of the Paper designed 
another arrangement for the production of a uniformly varying 
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current by the rotation of an axis as follows : A ring is termed 
of high-resistance alloy which should be in the form ot a strip 
or wire capable of carrying a current of 30-50 amperes. This 
ring has two electrodes attached to it at opposite ends of & 
diameter so that a current may be passed through the two 
halves in parallel by means of one or more large storage cells. 
А bar of wood or other insulating material! is. pivoted on an 
axis which is fixed at the centre of the ring and this axis has 
one end of the string attached to the tilting mirror fastened to 
it. The axis must be of such a diameter that when turned 
through one semi-revolution the string pulls over the tilting 
mirror through the entire range of motion permissible. The 
rotating diametral arm carries a pair of brushes or rubbing 
contacts which press on the two opposite sides of the ring, and 
these brushes are connected by flexible connectors or by rubbing 
contacts with two fixed terminals to which are attached the 
ends of the circuit m which it is desired to produce a con- 
tinuously varied current in one or other direction. 

It will be evident that when the diametral arm contacts are 
turned so that they make contact with two points on the ring 
90 deg. removed from the two electrodes of the ring, then no 
current flows through the above circuit. If, however, the 
diametral arm is turned so that it connects the two electrodes 
of the ring then the current in the circuit is a maximum one 
way or the other. Hence by slowly moving this arm through 
180 deg. and back we can carry the current in the circuit 
through a complete cycle and if this circuit includes a magnetis- 
ing coil we can apply to an iron core within it, а cyclical mag- 
netising force. This ring and its diametral arm would then 
take the place of the circular potentiometer in those cases in 
which it 13 desired to make the horizontal movement of the 
spot of light represent a larger current than can be produced 
by the circular potentiometer. The other arrangements would 
remain the same. It will, however, in general be found most 
convenient to retain the potentiometer method described in 
the Paper. | 

In the above described current-producing arrangement, 
there is, of course, a considerable waste of current which flows 
round the two sides of the ring and is generally large compared 
with that which flows through the diametral circuit. If the 
radius of the circular ring of resistance wire is denoted by r, 
and if p is the resistance per unit of length of this wire, and if R 
is the resistance,ot the radial arm and any coil included in it, 
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then it is easy to show that the current flowing through this 
radial arm is 
g= ПИ И 
— zR--20(—0)rf 


where 0 is the angular distance of the radial arm from the two 
diametral points on the ring at which the current enters and- 
leaves, and У is their P.D. For if 0—0 then z=V/R, and if 
0=2/2 then х=0, as it should be. Also if R is large then z is 
nearly proportional to л/2— 0. 

In the discussion which followed the exhibition of tbis 
instrument to the Physical Society, Prof. Silvanus Thompson 
asked if the instrument had received a name. Acting on a 
suggestion kindly given by Prof. Arthur Platt the writer pro- 
poses as the name for this instrument the Campograph, from 
Kaun, а curve. 


ABSTRACT. 


This instrument is designed for projecting on to a screen or photo- 
graphing on а plate such curves as magnetic hysteresis, resona::ce, 
or characteristic curves which can be performed slowly, or are non- 
periodic or non-repetitive. It consists of a base board on which is 
fixed a thin wooden ring wound over with one layer in close turns of 
insulated Eureka wire. The insulation on the top surface is removed 
so as to expose the wire. At the centre of the ring there is a pivot 
which carries & radial arm the end of which rubs on the bare Eureka 
wire. The ends of the Eureka wire are connected to a battery of п 
cells and the middle point of the wire is connected to a terminal, and 
also the centre of the radial arm to another terminal. The arrange- 
ment forms a circular potentiometer so that any required fraction of 
the battery voltage can be produced in either direction between the 
last-mentioned two terminals. On the same base there is a rectan- 
gular mirror slung on a longitudinal axis, which mirror is tilted by a 
thread wound round the shaft ої the radial arm of the potentio- 
meter. Hence, if a ray of light from a mirror magretometer or 
galvanometer is reflected to the tilting mirror and thence on to 
another fixed mirror with its axis at right angles to that of the other 
and thence to a screen, the spot of light will have two motions, one 
& horizontal one proportional to the displacement of the radial arm, 
and, therefore, to the P.D. of the two terminals, and another vertical 
motion proportional to the deflection of the galvanometer or magneto- 
meter. If, then, we place behind the magnetometer a long coil having 
з long iron wire within it and send a current through this coil which 
is supplied from the potentiometer travelling terminals, the spot of 
light will be actuated by two motions, one a horizontal one propor- 
tional to the magnetising force, and the other a vertical one propor- 
tional to the central flux density in the iron. It will, therefore, 
describe a hysteresis curve when the radial arm is moved to and fro 
cyclically through a certain arc or angle. In the same manner the 
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instrument can be used to delineate characteristic curves of wireless 
detectors or rectifiers or other devices. By using a rotating con- 
deaser of variable capacity in place of the circular potentiometer, 
the instrument can be used for delineating resonance curves of wire- 
less telegraph plants. 


DISCUSSION. 


Prof. S. P. Thompson complimented the author on the simplicity and 
effectiveness of his apparatus in which, as was characteristic of Prof. 
Fleming's devices, were embodied the results of much careful thought 
and painstaking experiment. He himself had often felt the desirability 
of having an arrangement by which one could vary the magnitude of an 
electric current in such a way that it should be directly proportional to 
some movement in a straight line. He had thought out various poten- 
tiometers in this connection, but the difficulty with potentiometers was 
the small current obtainable from them which was a disadvantage in 
magnetic work. Prof. Fleming had surmounted the difficulty of straight 
line proportionality by working round an axle instead. 

Мг. W. Борреш, joined in congratulating the author on the wide 
utility of his instrument. He recalled that when delivering his first 
lecture on the oscillograph he had been confronted with the problem of 
projecting the motion of a spot of light in two co-ordinates on a screen 
and had used a very similar arrangement to Prof. Fleming's. Не also 
had a circular rheostat, but instead of a string connection to the mirror 
he had used acam. This apparatus had worked very satisfactorily. 

Prof. E. Witson said that the apparatus was undoubtedly admirable 
for demonstration purposes, and one naturally wondered what degree of 
precision would be possible with it if applied to research. It appeared 
from the step and stair motion of the spot on the screen that the speed 
would be limited on account of the damping of the magnetometer or 
galvanometer emploved. 

Prof. S. W. J. Smita described a method which he had found to be 
simple and effective for tracing hysteresis loops. An ingenious rheostat 
had been devised by Prof. Morris in which by the rotation of a handle two 
contacts are made to slide in opposite directions along a resistance which 
is connected directly across the battery. The voltage at the contacts 
varies continuously between + the whole P.D. of the battery, being zero 
when they are at the middle. This rheostat is mounted vertically, and a 
white card of suitable size is attached to one of the moving contacts from 
which the magnetising current is taken. Then if the magnetometer spot 
is focussed on the card and its position marked as the current is varied 
the hysteresis loop is easily traced out. The Morris resistance satisfies some 
at least of the requirements mentioned by Prof. Thompson, though for the 
method he had described simpler rheostats of similar type could also be used. 

Prof. Morris agreed that the question of getting a current which is 
proportional to some lincar motion was a difficult one. Before arriving 
at the design of the rheostat mentioned by Dr. Smith he had tried various 
other types, including a circular one similar to Dr. Fleming's. The main 
point about his rheostat was the magnitude of the currents which could 
be taken from it. It would stand 20 amperes for a short time. 

Mr. А.Е. Натллмохр: Аз the author of the Paper mentioned by Prof. Fleming, 
he might perhaps explain very briefly the nature of the apparatus referred to. 
A slide which he exhibited showed a mirror galvanometer with one needle, 
which was freely suspended at the centre of the two coils, which were at right 
angles to one another. The beam of licht from a small 4-volt lamp was 
focussed by а lens, and, after reflection from a thin glass plate, inclined at 
45 deg. to the axis of the needle, travelled horizontally along the common 
diameter of the coils to the needle. А mirror attached to the needle re- 
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versed this beam, which came to a sharp focus on a screen at a distance of 
about 2 ft. Since writing this account his attention had been called to the 
curve tracer designed by Dr. Searle. In principle, he believed that the two 
pieces of apparatus were very similar. The assumption underlying Prof. 
Fleming's apparatus, that the voltage was proportional to the length of the 
potentiometer wire, was only accurate if the crystal had а very high resis- 
tance; this difficulty was completely avoided by the use of the other type 
of apparatus. i 

Prof. FLEMING, in reply, thanked the various speakers for their remarks 
and said that he hoped to improve considerably on the apparatus especially 
as regards the optical arrangements. When this had been done he thought 
it would be extremely accurate and quite suitable for research work. 
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XXV. The Stability of Some Liquid. Films. Ву P. Putrips. 
D.Sc., and J. Rose-Innes, M.A. 


RECEIVED Marca 23, 1915. 


Many teachers of physics must have felt that the literature 
at present published oa the theory of surface tension does not 
meet their requirements when they are engaged in lecturing 
on the subject to students. Such a book as Poincaré's 
* Capillarité " assumes considerable attainments in the 
reader; while the so-called proofs in Maxwell's article in the 
“ Encyclopedia Britannica” and in text-books which employ 
easier mathematics are often wanting in rigour. The present 
Paper is an attempt to supply this deficiency ; to indicate, in 
fact, how we can prove some of the interesting theorems in the 
subject by methods at once simple, rigorous and not too 
clumsy. We may begin by considering the form of an 
equilibrium surface which is symmetrical about an axis. The 
best and best known investigation on the subject is probably 
that given by Maxwell in the article in the “ Encyclopedia 
Britannica." Maxwell's logic on this point is unexceptionable, 
but pedagogically his work is marred by two minor blemishes : 
(1) He introduces the notion of a rolling curve abruptly without 
his previous work having in any way led up to the idea ; and 
(2) he assumes more kuowledge of conics than is necessarv. 
We believe that a slight deviation from his proof enables us 
to get rid of these blemishes. 


L 


Но. 1. 


Consider the equilibrium of the portion of the film whose 
surface is produced by the rotation of ALP round the axis ON. 
AO is the radius of the end of the film which is kept stationary 
by having a force, Е, applied to it parallel to the axis. PG is 
the normal to the surface and PN the normal to the axis, and 
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the angle NPG is 0. Then, if p is the excess of pressure inside 
the film over that outside, and T the surface tension, 
Е-- рлу?=2лу?Т cos 0,* 
or Cos (+, 
To simplify the form of the equation write b? ior Е/рл and а 
for 2T/p. Then we obtain 


y+ 
EET 
To obtain the form of the curve from this equation produce 


2 
PN (Fig. 2) for a distance х=, and produce PG until it 


Ü 
y 


P 


Fic. 2. 


meets in M the line drawn through L parallel totheaxis. Then 
PM is evidently equa! to 2a. 

Draw МОР” perpendicular to the axis making QP’ equal to 
QM, and join СР’. Then GP+GP’ is also equal to 2a. Also 
the distance PP’ is given by 

PP?--PM?-- MP?—2PM . MP’ cos 0, 
= a?—-4b?. 


* This equation may also be derived from the second order differential 


] 1 
equation, P —2T (= TL ) by one integration. 
R, R, 
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Therefore, as у and 0 vary from point to point on the curve, 
С lies on an ellipse whose foci are P and P’, and whose major 
and minor axes are respectively 2a and 2b. Since the two 
angles PGN and P’GQ are equal, the axis is a tangent to the 
ellipse, and since PG is a normal to the curve, the whole curve 
is described by P when the ellipse rolls on the axis. 

The pressure within the film being 2T/a, it depends on the 
major axis only of the ellipse. 

lf the pressure within the film is less than outside, p is nega- 
tive, and it can beshown bv a method similar to the above that 
the curve becomes the roulette of one focus of a hyperbola. 

If the pressure inside the film is the same as outside, p is 
naturally zero and the equation becomes 


y cos 0—2a. 
This can be shown just as simply to be the roulette of the focus 
of a parabola which rolls on the axis, the latus rectum of the 
parabola being 8а. 


By substituting dy/dx for tan 0 and integrating, and making 
z--0, when 0—0, we get 


y т 
~~ ==cosh — 
. 2a 2a’ 
or, putting с for 2a, 
т 
У —cosh 2. 
с С 


This is the well-known equation of the catenary with Из direc- 
trix as the axis of z and the axis of symmetry as the axis of y. 
The equilibrium form is therefore a catenoid generated bv the 
revolution of a catenary about its directrix. 


The Stability of a Spherical Bubble. 


Both Plateau and Maxwell seem to have been somewhat 
careless in stating the conditions of their films when they 
investigated the stability. The necessity of stating the condi- 
tions exactly is illustrated bv means of the spherical soap 
buhble. А bubble of radius a and surface tension T will be in 
equilibrium with a source of gas kept at a constant pressure 
АТ /a above the atmospheric pressure. If tbe bubble expands, 
its equilibrium pressure* is reduced, and the source will force 


* The term “equilibrium pressure ” is used to denote the pressure with 


which the film would be in equilibrium, and the term “ neighbouring equi- 
librium form" will be used to denote the neighbouring equilibrium form 
having the same equilibrium pressure. 
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more gas into it and expand it still further. Similarly any 
small shrinkage of the bubble will go on increasing. The 
bubble is thus always unstable at constant pressure. 

For а completely closed bubble we must introduce Boyle's 
law as а condition. The equilibrium pressure to start with 
will be 4T/a. If, therefore, the radius changes bv a small 
amount to a4, the equilibrium pressure becomes a/a, times as 
great, while the actual gas pressure becomes a?/a,? times as 
great. Thus, the change in gas pressure more than com- 
pensates for the change in equilibrium pressure, and for this 
tvpe of displacement at any rate the bubble is stable. 


The Stability of a Cylindrical Film. 
This may also be considered under the same two conditions, 


first, at constant pressure, and, second, when the film encloses a 
constant mass of gas. | 


1. At Constant Pressure.—Let LM, NP represent the section 
of а cvlindrical film whose axis is QR. 


Then LM is the roulette of a focus of an ellipse which has 
become a circle—z.e., of an ellipse which has zero eccentricity 
and whose semi-major axis is equal to the radius a, of thecylin- 
der. The neighbouring equilibrium form will be generated by 
an ellipse of small eccentricity and with the same major axis. 
Since this ellipse is nearly a circle of radius a, the points where 
this neighbouring form crosses LM are ла apart in the limit. 
Let us suppose that the two fixed ends AA, BB of the film are 
less than ла apart, and that a bulge of the neighbouring equi- 
librium form is placed symmetrically between АА and ВВ. 
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This bulge will evidently pass outside AA and BB. In order 
to make it pass through them we may shrink it radially towards 
the centre О of the film in the ratio OB/OC, thus producing а 
curve which is described by an ellipse of the same eccentricity, 
but of smaller major and minor axes. 

The equilibrium pressure of this last form will be greater 
than that of the undistorted cylinder, and, therefore, greater 
than that of the constant pressure supply. The film will, 
therefore, force gas back into the supply and straighten itself 
out into the cylindrical form. 

A similar argument shows that a small constriction of the 
same form also straightens itself into the cylindrical form. 

If the distance between the ends is greater than ла (A’R’ in 
the figure), and a bulge of the neighbouring equilibrium form 
be placed symmetrically between A’ and B’, the curve will 
pass inside A’ and В’. We may make it pass through these 
points by expanding it radially, but in so doing we shall have 
increased the major axis of the generating ellipse, and so 
reduced the equilibrium pressure. The supply will, therefore, 
force gas into the bulge, and the latter will increase. Simi- 
larly. for a constriction of the same type. 

Thus, for this type of displacement the film is stable if its 
length is less than ла, and unstable if greater. 

2. Stability of the cylindrical film which encloses a constant 
mass of gas. 

In considering this problem we require to find the change in 
volume when the film is displaced. То do this we may first de- 


Fio. 4. 


termine the change in area of the generating curve when thesur- 
face is altered from the cylinder to the neighbouring equilibrium 
form. The radius of the cylinder being a (Fig. 4), the ordinate 
at any point of the neighbouring curve may be written a+» 
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where 7 is small. Then the element of the change of area is 
nâr, adopting the usual notation. Now, since the loss of 
curvature due to the change of ordinate from a to a+7 is 
compensated bv the gain due to curvature of the generating 
curve, we must have 


] | 1 
a an R 
where R is the radius of curvature. This equation gives 
(NIE. Or pe approximately. 
аа) В’ R ; 
„Ах 
Непсе, N. Ar=d F> 


and Az/R is easily seen to be equal to Аб, neglecting second 
order quantities, where 0 is the inclination of the curve to the 
axis, 

Then, и. Az—2?. Ад, and the total change in area between 


H 


O N 
Fia 5. 


two points at which the inclinations to the axis are 0, and 0, is 
‘equal to à?(0;—0,). Since the same value of 0 recurs at inter- 
vals of Зла along the curve, the total change of area will be 
zero when the length is equal to 2ла. 

Again, neglecting quantities of the second order, it follows 
immediately from this that the volume of the neighbouring 
equilibrium form of length 27a is the same as the volume of 
the cvlinder. 

If the film has a length smaller than za, a symmetrical bulge 
-of the same type as considered before will evidently result in 
an Increase of volume, and, tberefore, a decrease of gas pres- 
sure, as well as the increase in equilibrium pressure ; the ten- 
‘dency for such a bulge to straighten out into the cylindrical 
form will, therefore, be stronger than in the constant pressure 
«case. 

If the length (AB in Fig. 5) is between ла and 27а, the 
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volume enclosed by the neighbouring equilibrium form with a 
bulge symmetrically placed between A and B is greater than 
that of the cylinder, since the area of the sector CHD в 
greater than the sum of the portions, each less than half a 
sector, ACI and ОВС. 


Expanding the curve radially from О in the ratio ( =") 


we expand all the ordinates in the same ratio, for 
OB NB NB 


OE” NENG 
^ 
The volume of the film thus displaced will be more than (=) 


, neglecting the second order quantity FG. 


times the volume of the evlinder, and thus the gas pressure will 
aM. us bs 

be less than (5) times the original pressure. Since the equili- 
a 


brium pressure is only decreased in the ratio a/a’ times the 
original, the change in gas pressure more than compensates It. 


Fia 6. 


A similar argument applies to a constriction of similar form, and 
thus the film will be stable for this tvpe of displacement up to 
and evidently bevond a leng:h 27a. At the length 2ла (AB in 
Fig. 6) an unsymmetrical displacement into a neighbouring 
equilibrium form becomes possible, as shown in the figure, 
wich А and В still on the new curve. The volume enclosed bv 
this displaced film being evidently unchanged, no additional 
protection is given by Boyle's law, and since both gas pressure 
and equilibrium pressure are unchanged, the film is evidently 
in neutral equilibrium as regards small quantities of the first 
order. И the length (CD in Fig. 6) is greater than 2ла we may 
imagine a new displaced form by expanding the neighbouring 
1 


equilibrium form in the ratio Ag ^ sav). This decreases the 


value of dy/dx at points having the same value of y in the ratio 
1/4, and the value of d?*y/dx? im the тало 1/42. Neglecting 
second order quantities, therefore, the curvature in the plane 
of the diagram is reduced in this ratio. 
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In the neighbouring equilibrium torm the curvature in the 
plane of the diagram just compensates for the change in the 
value of y from the cylindrical form and therefore in the new 
dispiaced form this compensation will be incomplete. The 
displacement at each point will therefore increase. 

If the length of the film is less than Зла, so that а longitu- 
dinal contraction is necessarv, the curvature in the plane of the 
diagram will evidently be increased Бу the contraction, and 
will more than compensate for the change in the value of y. 
The displaced film will, therefore, straighten out into the 
cylindrical form. 

Thus, for this type of displacement the critical length 1s 
equal to 2ла—2.е., the unsymmetrical type is а more severe 
test of stability than the symmetrical. 

Since this unsvmmetrical displacement involves no change 
in volume, the argument would apply equally whether the 
film is closed or connected to a source of gas at constant pres- 
sure. For the constant pressure case, therefore, the svm- 
metrical displacement proves to be the more severe test ot 
stability. i 


The Stability of a Film in the Form of a Catenoid with Equal 
Ends. 


We have seen that the equation to this equilibrium form is 
1 7 | ; 
I cosh z when the axis of the film is the axis of z and the 
origin is at thecentre of the film. The minimum value of y is 
evidently equal to c, and this is, therefore, the radius of the 
“neck” of the film. The tangents from the origin to the 


; .. dy ! i 
catenary are given by the condition A = А at the points of соп- 
tact with the tangents. 
r c т 
^. Sinh - =- cosh =, 
ст C 
г c 
1.е., tanh -=-. 
ст 


This gives “= +1.1996787, and therefore we get “= + 1-507879, 


and Ž=+ 1-808971. 
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From the form of the equation we see that the whole family 
of curves for different values of с can be derived by simple 
radial expansion or reduction of one of them. The tangents 
from the origin are, therefore, envelopes of the curves, and, of 
course, two neighbouring curves will cross at their points of 
contact with the envelope. 

If A and В (Fig. 7) represent the trace ot the fixed ends of the 
film we see that two of the catenaries can pass through them ; 
one of these touches the envelope below À and B and the other 
above. 

Let us consider the stability of the latter by assuming the 
following type of displacement. First, construct а neigh- 
bouring catenarv of the same type but with slightly smaller 


parameter c. Since this crosses the original catenary at the 
points of contact with the envelopes it will pass underneath 
А and B. "Therefore, displace the whole curve upwards until 
it passes through А and В. 

Each point on the new curve will still be displaced down- 
wards between A and B, for the difference between the ordi- 
nates of two neighbouring catenaries having the same directrix 
increases as we pass from their common points to the neck. 


After the first step in the displacement the total curvature is 
still zero, but by the second step the curvature in the plane 
perpendicular to the plane of the paper is everywhere decreased, 
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whereas the curvature in the plane of the paper is unaltered. 
Since the decreased curvature is the inward curvature, the total 
curvature of the displaced film is evervwhere outwards, and, 
therefore, at every point it moves towards its equilibrium 
position. For this type of displacement the film is, therefore, 
stable. 

If we consider the same tvpe of displacement for the other 
catenary the first step in the displacement produces a curve 
which passes above A and B, and, therefore, the second step 
is to displace the whole curve downwards. This increases the 
curvature in the plane normal to the plane of the paper (г.е., 
the inward curvature), leaving, as before, the other curvature 
unaltered. The total curvature will therefore be everywhere 
inwards, and every point of the film will move awav from the 
equilibrium position. This film is therefore unstable. The 
limiting condition of stabilitv for this tvpe of displacement is 
evidently that A and В should he on the envelope, for then the 
curve still passes through A and B after the first step in the 
displacement, and, therefore, no second displacement is needed 
in either direction. The minimum possible value for the 
radius of the end divided by the half length of the film is 
therefore given by y/x for the envelope—z.e., 1-507879. In 
this limiting case the radius of the end divided by the radius of 
the neck is equal to 1-808971. 

Other types of displacement have been investigated, but for- 
none of them does the film become unstable below this limit.. 
Experimentally, we have measured the limiting ratio of the 
diameter of the end to the length, and have found the value 
1-510. This is the same as the value calculated above within 
the limits of our experimental error. 


This Paper makes no claim to prove that the films are stable- 


for all kinds of displacement within the limits calculated. 
Such a proof requires a much greater knowledge of mathe- 
matics in the student. The proof of instability outside certain 
limits is, however, comparatively simple, for if a film is un- 
stable for a single type of displacement it is unstable. The 
converse, however, is quite untrue, as is illustrated by some of 
the displacements investigated, particularly the symmetrical 
displacement in the case of the cylindrical film. 

Enough has been said perhaps to correct the very loose pre- 


sentation of the subject which has been current up to the рге-- 


sent time, especially in English text-books. 


- - -—————— а — =— — НЕВЕ 
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ABSTRACT. 


The authors give a simple method of calculating the equilibrium 
form of a thin film which is a surface of revolution. 

They then consider the stability for certain kinds of displacement 
of three classes of such films, viz., the sphere, the cvlinder and the 
catenoid. The mathematics used is quite elementary throughout 
and the treatment is rigorous. 


DISCUSSION. 


Prof. J. W. Nicnorsow thought the Paper was of considerable interest 
not only to teachers, as suggested by the author, but to physicists in 
general. Headmired the geometrical construction given and the simple wav 
in which the stability or otherwise of a particular form was determined. 
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XXVI. On the Theories of Voigt and of Everett Regarding the 
Origin of Combination Tones. Ву W. B. Morton, M.A., 
and Mary Darraau, M.Sc., Queen's University, Belfast. 


RECEIVED FEBRUARY 15, 1915. 


THERE has been much discussion on the subject of the addi- 
tional tones heard when two simple tones are sounded together. 
This has been concerned with the phenomena to be explained 
as well as with the theory; the “difference and summation 
tones" of Helmholtz having been set against the '' beat- 
tones "of Koenig. If тт are the frequencies of the upper and 
lower primary tones, Helmholtz affirmed the existence of the 
notes (m—n) (m+n), whereas Koenig heard (m—hn) and 
(h-- 1) n—m, where hn and (h-4-1)n are the two multiples of п 
lying on opposite sides of m. Within the compass of an 
octave Koenig's “ lower beat tone " coincides with the differ- 
ence tone, so that the main subject of dispute concerned the 
existence of (m+n) on the one hand, and (2n — т) оп the other. 
Аз а matter of pure observation the question appears to have 
been settled finally by the recent work of Stumpf * and his 
school, carried out with unique experimental resources and 
with the skill derived from long experience in this kind of inves- 
tigation. The result is to confirm the observations of earlier 
experimenters, and to establish the existence of both Helm- 
holtz's and Koenig's tones. In addition to these а series of 
fainter combination-tones can be heard under favourable 
circumstances when the interval between the primaries is not 
too large. Inside the interval of a minor third the notes 
(2m—n) (3n—2m) (3m—2n) (4n—3m) (4m—3n) are heard ; 
between a minor third and a major sixth only the first of these. 
Between the sixth and the octave only the tones (m—n) 
(m+n) (2n—m) remain. When the interval exceeds an 
octave there are only (m— n) (m+n), beyond three octaves only 
(m+n), and beyond the interval 1:12 there are no combina- 
tion tones at all. 

As regards the theory of the phenomena, there has been, and 
still is, much difference of opinion, and the question is much 
complicated by the uncertainty as to how far the explanation 
is to be sought in physical, as distinguished from physiolo- 


* “ Beitrage zur Akustik u. Musikwissenschaft," Heft V , 1910. 
VOL. XXV II. AA 
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gical or psychological, grounds. The fundamental point at 
issue between the original theories of Helmholtz and Koenig is 
the validity of Ohm’s law, according to which the ear per- 
ceives a note of definite pitch only when a simple harmonic 
component of corresponding period occurs in the vibratory 
motion which excites the auditory nerves. When two simple 
tones are sounded together with amplitudes so small that the 
principle of superposition holds good, then there are, of course, 
only these two harmonic components in the air-motion when 
this is analysed in the Fourier manner, but. Helmholtz showed 
that other components may occur in the motion of the drum of 
the ear owing to its unsymmetrical structure. His theory 
relies on the distortion of the aerial motion in the transmitting 
mechanism of the ear. 

Koenig, on the other hand, took & wider view of the capa- 
bilities of the ear in recognising periodicity in the incident 
motion. He supposed that periodic variations of intensitv, 
or “ beats," could give the sensation of a tone when sufficiently 
rapid. 

The two theories* mentioned in the title of this Paper may 
be regarded as extensions of the theories of Koenig and Helm- 
holtz respectively. "Voigt goes still further than Koenig in 
his view regarding the periodicities which the ear can inter- 
pret as a tone; Everett seeks to extend the possibilities 
arising from distortion by the transmitting mechanism. 

Both theories receive a good deal of prominence in Auer- 
bach's important work on acoustics (Vol. II. of Winkelmann's 
“ Handbuch der Physik "). An account of Everett’s theory 
is given т Barton's “ Text-book of Sound." Some criticisms 
of Voigi’s theory will be found it a Paper by Waetzman,t to 
which further reference will be made. 

The purpose of th» present Paper is to point out some ob jec- 
tions to Voigt's theory and to give an account of some work 
which we have done to test the application of the theorv of 
Everett. 


Voigt's Theory. 


Voigt’s theory may be described as a geometrical one. The 
combination tones are supposed to be determined by certain 
sine-curves which can be drawn through the extreme points of 


* Voigt, “ Wied. Ann.,” XL, 652, 1890. Everett, “ Phil. Mag.,” XLI, 
199, 1896. 
T Waetzmann, “ Phys. Zeitschr.," XII., 231, 1911. 
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the compound vibration-curve representing the motion of the 
air. It is as if the ear had the faculty of constructing а sine- 
curve through a number of given points and of recognising the 
periodicity of the diagram so constructed. Proceeding on 
this basis, it is shown that curves of the frequencies corre- 
‘sponding to the difference and summation tones can be 
obtained when the two primary vibrations have the same 
energy, while the tone (2n—) is got when the higher primary 
tone is much weaker than the lower. The special attractive- 
ness of the theory lies in its power to include the Koenig as 
well as the Helmholtz tones. On this account Auerbach 
regards it as having finally settled the question, leaving only 
points of detail for further discussion. His opinion must 
carry great weight, and 1t may therefore be worth while to call 
attention to some difficulties which appear on a close examina- 
tion of the theorv, and which seem to render it untenable as 
regards the summation tone in particular. 

Take, first, the case of equal energies of the primary tones. 
Their amplitudes are then inversely as their frequencies, and 
the compound vibration curve has the form 


jy —n sin mz +m sin п(2--д). 


It is convenient to take 27 as unit of time and so to call mn 
the frequencies of the notes. 
The stationary points of the curve are given by 


z—((2k4-1)z4-n9)/(m —n), 
and z —((2k-4- 1)3—n0] /(т- n), 


where Ё is any integer. 

The two sets of points are thus spaced evenly with fre- 
quencies (m—n) and (m+n) respectively. We shall call them 
the (m—n) set and (m+n) set. Each set is now divided into 
two half-sets by taking alternate points. Through each half 
of the (m—n) set a sine curve of frequency 4(m-+-n) can be 
drawn, the curves for the two half-sets being opposite in phase. 
Now, а diagram composed of two equal opposite sine-curves 
obviously repeats itself ш a period half that of the single curves. 
Therefore, by this construction the points of the (т— п) set are 
arranged on a diagram which recurs with frequency (m+n). 
According to Voigt, this fact is perceived by the ear as the 
summation-tone. In the same way the difference-tone is 
explained by the similar construction of two sine curves of 
frequency (т —n) through the two halves of the (m+n) set of 

| АА 2 
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stationary points. The much greater difficulty of hearing the 
summation-tone is explained by the fact that its curves have 
to be drawn through a smaller number of points. 

Fig. 1 shows the vibration curve for т=5. n=3, д=6 deg. 


y x3 віп 6z-+5sin 3(z+6°). 
Fio. 1. 


у= t 5cos(1— 9°). 
Fro. 2. 
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The stationary points of the eight-set are marked with circles 
and those of the two-set with crosses. In Fig. 2 the former set 
is shown on the sine curves which determine the difference 
tone 2, and in Fig. 3 the similar construction for the summation 
tone 8. 

The first objection to be argued against this theory is that a 
whole series of simple harmonic curves can be drawn through 
the assigned points in addition to those mentioned above. It 
is easy to verify that all the points of the (m+n) set lie on all the 
curves of the family 


jy —(— 1 (m4-n) sin (mz (h--1)n(z4-0)], 


where A is any integer, positive or negative, while the separate 
half-sets lie on the pairs of curves given by 


у=- (m4-n) соз {}(2h—1)ma+ 3(2h4- 1)n(z4- 0)]. 
Taking all the points together, we get in this way the range of 


х=+2 соз (45+ 9°). 
Fic. 3. 


frequencies given by the arithmetic progression which has—m, n 
for two consecutive terms (no regard being paid to sign)—2.e., 


... —(3m+42n), —(2m4-n) —m, m, (m4-2n) (2m+3n). 
On the other hand, if we divide the points into half sets and 


double the frequencies, as Voigt does, we get the progression 
with (m — n) for central term and common difference 2(m-- n) — 


viz.,... —(3m+ õn), —(m+3n), (m—n), (3m4-n), (5т- 3")... 


Waetzmann (loc. cit.) has noticed that the complete group of 
stationary points lies on curves of the fundamental frequencies 
т, п and amplitude (m+n), and urges as an objection to 
Voigt's theory that this should introduce the octaves of the 
primary tones. This does not appear to be valid ; it is only 
when the half-sets are grouped on sine-curves with opposite 
phases that the frequency should be doubled. | 

It may be urged іп defence of the theory that the difference- 
tone is singled out by the ear because it corresponds to the 
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sine-curve of smallest frequency, the primary frequencies 
т п being left out of account. Even this consideration fails 
in the case of the summation-tone. The points of the (m—n) 
set are found to lie on 


y=(—1)"(m—n) sin (hmx—(h — 10(x4-0)], 
and the half-sets on 
у= d- (m—n) cos (4(25 —1)mz — 3(2h-- 1)n(z4-0)] , 
giving the series of frequencies 


... (n—2m), (2n—m), n, m, (2m—n), (3m—2n). .. ., 
and 
...(5n—3m), (9n—m), (m+n), (3n —n), (5m—3n). ... 


The summation-tone does not, in general, correspond to the 
lowest frequency in its series. For example, in the case of the 
interval 3:5 we have 3n—m=4. It is difficult to see any 
reason why the ear should construct the curve of frequency 8 
through the two determining points as shown in Fig. 3 rather 
than the curve of frequency 4, as in Fig. 4, if, indeed, it is con- 


у= +2 cos (274 27°). 
Fic. 4. 


ceivable that any curve having a physical significance should 
be determined by such scanty data. 

Another objection to this way of explaining the summation- 
tone lies in the fact that the (т— п) stationary points supposcd 
to determine it are minima of the elongation from the mean 
position, whereas the (m+n) points for the difference tone are 
maxima. We have 


ттт sin mz-4-n sin n(z+6)}. 
At a point of the (m—n) set sin mz-- —sin n(z4-ó), which 
TE 
gives 7^, mny. 


So when y is positive its value is а minimum, and when it is 
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negative the value is a maximum; in either case we have a 
point of nearest approach to the axis. For points of the 
(m+n) set, on the other hand, quac — тту. It seems scarcely 
likely that the two classes of points should both give rise to 
tone-sensations, differing only in intensity. 

Again, it appears to be a necessary requirement of a satis- 
factory theory that it should hold equally well for different 
phase-relationships of the two primary vibrations. It should 
also hold through a fairly wide range of relative intensities of 
the primary sounds. Voigt’s theory does not stand these 
tests. 

The effect of varving the phase angle, keeping the energies 
equal, is shown оп Figs. 5, 1 and 6, corresponding to д=0, 6°, 12°, 


y —3sin 5х 5 sin Зх. 
Fia. 5. 


fortheinterval3:5. All the different shapes of the compound 
curve are obtained as ô increases from 0 to z/mn. It will be 
seen that the points of the (m—n) set marked as before with a 
cross, begin by being midway between a pair of points of the 
other set. In this case their ordinates are most different from 
those of the adjacent stationary points. With increasing д 
the (m—n) points move up to neighbouring points of the other 
set, fusing with them on the axis for д=л/тп. Ш this last 
case, of course, the points are not available for determining any 
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curve, and in general it is clear that the distinctness of the 
summation-tone would vary greatly with changes of д. 

‘When the energies of the primary vibrations are unequal the 
positions of the stationary points on the curve cannot be ex- 
pressed by a simple formula, but the progressive modification 
of the form of the curve can be followed by tracing what be- 
comes of the (m—n) minima, starting from the equal-energy 
case. If the energy of the upper tone is increased the inden- 
tation at each minimum becomes deeper until the axis в 
reached and crossed, so that the point becomes a maximum on 
the opposite side. Meanwhile the former maxima persist, so 
that in the end we get (m-+-n)-+ (m—n) —2m peaks on the curve 


y=3sin 62+ баш 3(х-- 12°). 
Fia. 6. 


corresponding to the curve for the upper note alone. This 
change is shown on Fig. 7. On the other hand, if the ampli- 
tude of the lower note is increased, the depressions at the 
minima are smoothed out, carrying along with them in each 
case an adjacent maximum. The combination of minimum 
and maximum 18 replaced by a kind of shoulder on the curve 
which becomes less and less conspicuous, as the upper note 1s 
made relatively weaker (Fig. 8). Ultimately the curve has 
(m+n)—(m—n)=2n peaks, the number for the lower tone. 
It will be seen that the stationary points supposed to deter- 
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mine the summation-tone cease to exist when tlie ratio of the 
energies 13 but little different from unity. 

The (m—n) minima, and the shoulders which replace them, 
divide the peaks of the curve into groups, which thus recur 
with the frequency of the difference-tone. In this grouping we 
have evidently what remains of the “ beats ” shown on the 


a=3 a=4 a=5 
b=5 b=5 b=5 
y=a sin бх--6 sin 3(х- 6°). 
Ето. 7. 


compound curve for two notes of nearly the same pitch, so that 
we have really come back to Koenig’s original explanation of 
the difference-tones. 

It may be mentioned that there is no obvious grouping of the 
peaks to correspond to Koenig’s tone (2n—m), except in cases 
where (2n—m)=1, so that the complete curve is repeated 1 in 
this period. For example, when the curve for the ratio 5: 7 is 


a=3 а=%:5 
b=5 b=5 
y=a sin 5x-4-b sin 3(x+ 6°). 
Fio. 8. 


e & 
| Tl 
бл 09 


drawn the peaks fall into two groups in each complete period, 
separated by minima, but there 13 no grouping into three. 
Passing now to the other special case considered by Voigt 
when the upper tone 1s very weak compared with the lower, it 
is assumed that the peaks of the compound vibration-curve 
have the same positions as the maxima of the curve of the 
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lower note alone, the presence of the weak upper tone merely 
altering the heights of the maxima. Thus, the peaks vary 
above and beluw their mean level. The deviations from this 
level are given by the magnitudes of the ordinates of the sine- 
curve for the upper note, taken at the positions of the maxima 
of the lower note. In other words, we take a series of equi- 
distant points, spaced with frequency n, on a sine-curve of 
frequency m. Voigt shows that a sine-curve of frequency 
(2n—m) can be run through these points, and to this geo- 
metrical fact he ascribes the presence of Koenig’s second 
beat-tone. 

In the first place it seems doubtful whether one can ignore 
the displacement of the maxima while taking into account 
their change of height. If we represent the compound curve by 


y=csin mz--sin n(z4- 6), 


where c is small compared with unity, we find that the posi- 
tions of the maxima are given, to the first order of approxi- 
mation bv 


n(z4-ó)— (2A--1)7 S e cos "(ни nôl, 
n ae 
and the maximum ordinate by 
y=l+csin — = 24n, 


so that the two effects in question are in general of the same 
order of magnitude. 

But if this point be waived we have still the diffculty that 
other curves can be drawn through the determining points 
which do not correspond to tones actually heard. In fact, all 
the curves of the family y=sin {(kn-+m)z-+ 6} pass through the 
points where the curve y=sin (mz-+-6) is met by the ordinates 
at z—0, = zd &c., k being any positive or negative integer. 
Thus, for the interval 3:5 we should have the series of fre- 
quencies 7, 4, 1, 2, 8, 11. 

In view of these difficulties, it seems impossible to regard 
Voigt's theory as satisfactory, except possibly for the difference- 
tone, where it may be regarded as a definite form of Koenig's 
orginal theory. Further, the trend of recent work is in 
favour of the validity of Ohm's law. № clear case has been 
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established in which a tone is given by a mere periodicity, 
apart from the presence of a simple harmonic component in 
the analvsis of the vibrations. 

On the other hand, it should be pointed out that Voigt’s 
theory has since the date of its publication received some 
experimental support from the fact discovered by Meyer, and 
confirmed with some modification by Stumpf—namely, that 
the difference-tone is more easily heard when the lower note is 
weak and the beat-tone when it is strong. Another supposed 
point in its favour has been mentioned by Waetzmann, who 
finds in it an explanation of the fact that difference-tones are 
not heard for intervals above the octave, when they lie between 
the pitches of the primary tones. Waetzmann draws the 
vibration-curve for 1:3, and points out that the (m+n)=4 
maxima, which determine the difference-tone are all of the 
same height, and would not, therefore, be likely to impress the 
ear and give rise to atone. However, this conclusion depends 
on the fact that the curve is drawn with no phase-difference 
between the primary vibrations. It the more general case 
y=3 sin z-+sin 3(z+-6) is plotted for different values of д, it is 
found that the maxima are unequal and that the division of 
the maxima into groups by the minima or “ shoulders ” on the 
curve still occurs. 


Everett's Theory. 


In Everett’s theory stress is laid on the distortion which the 
vibration-curve of the air-motion must undergo in its passage 
through the mechanism of the ear. The analysing function 
of the ear is applied to the vibrations at the inner end of this 
mechanism, 80 the result of the analysis will be affectcd by the 
distortion. In Everett's opinion the frequency most likely to 
be introduced is the highest common measure of the primary 
Írequencies ; the tone of low pitch of which both primaries are 
harmonics, having the period in which the complete vibration- 
curve is repeated. When one analvses a periodic curve of any 
random form one generally finds the fundamental component 
coming out strongly. Curves built up of two simple harmonic 
curves are exceptions to this rule, but if the curve is knocked 
out of shape in any manner and then analvsed the exceptional 
property of not containing the fundamental would be lost, and 
this component would generally appear in the analysis. 

The experimental work has not confirmed this conclusion of 
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Everett's. The common fundamental is only heard when it 
happens to coincide with a difference ог beat-tone. Notwith- 
standing this, the suggestion of Everett seems worthy of further 
investigation. It is beyond doubt that some distortion takes 
place, and has an important effect on the quality of the tone 
heard. 

One way of testing the matter is to assume a certain definite 
type of distortion, and to examine by actual analysis the new 
frequencies which it introduces into the vibration-curve. In 
seeking for а reasonable hypothesis to work on one naturally 
thinks of giving weight to the asymmetry of the transmitting 
mechanism, in virtue of which it must treat differently the 
displacements in opposite directions. А simple assumption, 
and one which lends itself readily to examination in detail, is 
that displacements in one direction are reduccd in a definite 
ratio as compared with those in the opposite direction. It is 
not suggested that any definite mechanical arrangement will 
produce exactly this alteration in the incident vibrations. All 
the evidence goes to show that the actual procedure in audition 
13 very complicated, depending on physical, physiological and 
psychical factors. There may, therefore, be some justification 
{ог the purely geometrical method here proposed which keeps 
clear of any special assumption of a mechanical kind. It is 
perhaps allowable to say that something like this kind of dis- 
tortion will be caused by a transmission process which gives 
differential treatment to the inward and outward movements 
of the ear-drum. 

The proposed modification of the vibration-curve may be 
effected by paring off a certain small fraction from, say, all the 
positive ordinates. This is the same thing as adding to the 
given curve another of small amplitude, which is similar to the 
given curve, with reverscd sign, when the latter lies above the 
axis, and which runs along the axis when the given curve 
passes below. The new frequencies introduced by the distor- 
tion will be obtained Бу the analysis of this added curve. The 
actual amplitudes of the new vibrations will, of course, depend 
on the amount of distortion—4.e., on the ratio in which the 
positive ordinates are reduced. But their relative amplitudes 
can obviously be got by applving harmonic analysis to the 
positive parts of the original vibration-curve, replacing its 
negative parts by pieces of the axis. We shall arrive at the 
same result if the negative parts of the curve are taken instead 
of the positive. 
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If т=а,, ay, аз, &e., are the zeroes of 
y=a sin mz+h sin n(z-- ô), 
then we require the Fourier expansion of f(x), defined by 
f(z)-—y, when х lies in one of the intervals a, to az, a, to au, &c., 
and /(z)—0, when z lies in one of the intervals a, to аз, a, to 
а,, &c. 

This process applied to a single vibration gives the manner 
in which overtones would be produced by the supposed dis- 
tortion. The expansion of the function 

f(x)-—sin 2. O/ z/ л. 
f(x)-0. л/ 1/ 2л 
13 

1 2 2 2 L 

= sin 2—5 cos 2a — 15,7 4* pecus cos 2rz—, 
Showing the possibility of the introduction of the octave into 
the auditory effect produced by physically pure tones. 

In the case of а compound curve the calculation of the coeffi- 
cients becomes rather laborious, especially for the larger 
frequency numbers. A mechanical analyser (Starzl type) was 
used in the first instance, and the more important cases were 
afterwards checked by calculation. The primaries were first 
taken with equal energies, and the following results were 
found to hold for all values of the phase-difference 6. The 
components of the two primary frequencies appear with about 
half their original amplitudes. The difference and summa- 
tion tones are both prominent. Next to them comes the 
octave of the lower primary tone. Neither the second beat- 
tone nor the common fundamental is specially prominent. 

The following table gives the amplitudes of the successive 
components of the analysis applied to y=n sin mz-|-m sin nz— 
i.e., with д=0, and equal energies :— 


m: 1) 2| 3| 4 5) 61 7| 8| 9/10) u [12 | i3 14 


1:11:00 0:42 0 003 0 m о 0-02| 01... 1...1... 1... |... 
2 : 11-09 0-66 0-26 0-09 0-06 0-04 0-03 0-02 0-02 |... |... |... |... |... 
3:20.65 1-51 1-13 0-45 0-57 014 0 | 00-12... |... |... |... |. 
4 : 30-92 0-19 2-00 1-50 0-17 0-56 0-86 0-23 0-04 |... |... |... |... |... 
5: 20-21 2-50 0-65 0-96 1-00 0-10 0-60 0-13] 0 |... |... |... |... |... 
5:3 0 0-82 2-50 0-06 1-50 0-74 0 0-95] 0 |... |... |... |... |... 
5:41-19 0-23 0-14 2-46 2-01 0-11 0-14 0-56 |1-17 |... |... |... |... |... 
6 : 51-51 0-20 0-11 0-06 2-89 2-58 0-09 0-12 0-22... 1-20 ... |... |... 
7 :40-17 0-08 1-36 3-50 0-36 0-09 2-05 1-07| 0 |... 1-09... |... |... 
7:5 0 1-44 0 0-28 3-50! 0 2-50 0-49| 0 094| 0 1-50]... |... 
8 : 50-07 0-07 1-53 0-05 3-99 0-21 0-33 2-51 0-19, ... ... 137 |... 
9 : 50-02 0-06 | 0 |1-57 4-5010-36, 0 0-14 2-50 ... 2:02 
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Introduction of a phase-difference made only a slight 
difference in the relative magnitudes of the components. For 
example, for the ratio 5:3 the successive terms in the analvsis 
of y=3 sin 55--5 сов 32 are 


0, 0-87, 2-50, 0-21, 1-50, 0-78, 0, 0-91, 0, 


which do not differ much from the numbers given in the table 
for 3 sin 5z-4- 5 sin 3z. 

It is not difficult to see the mathematical reason for the com- 
parative largeness of the terms of frequencies (m—n) (m+n) 
and 2n. The expressions for the terms of frequency г in the 
analvsis of the positive parts of the curve 


у=а sin mz--b sin n(z-1- Ó) are 


Га DM (m—r)r sin (m- 2] 
sin Т2 y, " 


m—r m+r 


b sm (n—r)-rnó sin (n--r)zJ-nó | 


2л n—r n+r 
f a [ cos (m—r)z , cos m+r) | 
a (л m—r ^ mtr 
b [cos (n—r)z--nó , cos (п-т) х пд T) 
ur n—r + n+r Г’ 


where the expressions in square brackets are taken between 
the limits corresponding to the positive values of y. Thus, the 
quantities entering are of the form (—sin pa,+sin pa5—...) p 
and the same thing with cosines, where у 13 positive between 
z—a, and z—a, and so on. When these expressions are 
evaluated it is found that the greatest numerical value is got 
for either the sine or the cosine expression when p=n. 

To see the reason for thisit is to be noticed thatin the cases con- 
sidered the number of the roots corresponds to the case of the 
lower note by itself, the positions of the roots being displaced in 
consequence of the presence of the upper note. If, now, the 


9 
л ane 
lower note were alone we should have а,=а:- =, d3=a,+ =» 


&c., so na,—na,-- zt, паз =па | 2л, «с. Accordingly all the 
terms would have the same sign and magnitude, апа the 
expressions would reduce to —2n sin na and — 2n cos na гезрес- 
tively. If the phase-angle ó is such that one of these is small, 
the other will be large. If the integer р is different from n 


— 
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some of the terms in the expressions will be positive and 
others negative, so that the sum is comparatively small. Of 
course, coincidence of sign is got again when p=3n, but the 
value is reduced by the division by p. When the note m is 
added the roots are displaced, but when the energies are 
equal the amplitude of the upper note is less, and so the posi- 
tions of the roots continue to be fairly evenly spaced along 
the range 0 to 2л, and the above argument still applies. There- 
fore, we should expect to find comparatively large Fourier 
coefficients in cases where one of the numbers (m—r) (n—r) 
has the value +n, i.e., when r=m-+n, m—n or 2n. 

The prominence of these frequencies persists when the 
energies of the primaries are made unequal. To obtain a 
measure of the relative loudness of, sav, the difference-tone 
we may divide the square of its amplitude by (a?m?-+-b?n?), 


Relative Energy of Difference-Tone. 


05 10 
Ratio of Energy of Higher Note to whole Energy. 
Fia. 9 


representing the total energy of the two primaries together. 
Estimated in this way the maximum value is found when the 
higher primary tone is somewhat louder than the other. The 
curve (Fig. 9) shows the variation of the relative loudness of 
the difference-tone for the interval 3 : 5, the abscissa being the 
ratio of the energv of the upper primary to the total energy of 
both primaries. The curve for the summation tone follows a 
similar course. 

It will be seen that the result of this particular kind of dis- 
tortion affords no support for Everett’s contention that the 
common fundamental would be the most prominent tone 
introduced. In this it is in agreement with the facts of obser- 
vation. 

On the other hand, no help is given to the theory on the 
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points which were sources of difficulty in the original explana- 
tion of Helmholtz—viz :— 


1. The comparative weakness of the summation-tone. Here, 
as in Helmholtz's theory, the difference and summation-tones 
appear with amplitudes of the same order of magnitude, so the 
latter, having greater frequency, should have greater physical 
energy. 

2. The disappearance of the difference-tone with wide 
intervals. Its relative energy, measured as explained above, 
rather increases as the interval ratio becomes greater. 

9. The presence of the second beat-tone of Koenig. The 
frequency (2n— m) does not appear in the analysis of the com- 
pound curve when the upper note is made relatively weak. 
There is, of course, the possibility that the explanations of 
these three points are to be sought in other than purely phy- 
sical considerations. 

Another kind of distortion which suggests itself is that which 
might arise from slipping at a contact in the transmitting 
mechanism ; forexample, between the “ hammer" and “anvil ” 
bones. If, in а movement in one direction, there were a small 
amount of slip before the second bone followed the motion of 
the first, the effect would be to decrease, say, all the positive 
ordinates by a definite amount. The representative point on 
reaching the axis from below would first slide along it for a 
short distance, and then follow a course parallel to the undis- 
torted curve. We have applied the method of harmonic 
analysis to this case also, but have found no results of general 
application. 

ABSTRACT. 


Voigt connects the existence of difference and summation tones 
with the fact that the stationary points of the compound vibration- 
curve, when the primary tones have equal energies, can be grouped 
in а certain way on sine curves, which recur in the periods of these 
combination tones. As against this view it is urged (1) that the 
same points can equally well be grouped on а whole series of curves 
with other frequencies ; (2) that the distinctness of the combination- 
tones would on this theory vary greatly with phase-relationship of 
the primaries ; (3) that the tones would disappear when the energies 
of the primaries are not very unequal. Voigt applies a similar 
method to the case where the upper tone is weak compared to the 
lower to account for Koenig's second beat-tone. ‘The first of the 
above objections again applies. 

Everett supposed that the distortion of the vibration-curve in 
passing through the ear would bring in the note whose frequency is 
the highest common factor of the primary frequencies. The etfect 
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of a special kind of distortion has been tested, consisting in a pro- 
portional reduction of ordinates in one direction. The result does 
not confirm Everett’s contention, but shows the appearance of the 
summation and difference tones. 


DISCUSSION. 


Мг. Е. J. W. WHIPPLE thought the matter was an extremely interesting 
one, and that the type of distortion assumed by the authors was very 
feasible. He suggested that an amplification of the theory might be 
applicable to musical instruments. For example, much of the beauty 
of the tones of a violin was attributed to the presence of many addi- 
tional notes besides the fundamental. Quite possibly an asymmetry 
in the vibrations of the sounding board was responsible for the addition of 
combination tones of the higher harmonics. 

Mr. D. OWEN referred to the case of a man who had no ear-drums, but 
could nevertheless hear combination tones, which Prof. Morton had cited 
as an instance in which unsymmetrical vibration of the receiving system 
could not be the cause of these tones. He presumed that this subject 
was very deaf, and that any sounds which he could hear at all would be 
very loud. Consequently, there would be violent displacements of the 
bones of the ear, and one would expect considerable asymmetry in their 
vibrations. | 

Dr. RussELL thought that the authors had without doubt completely 
demolished Voigt's theory, which seemed to have no physical basis what- 
ever. With regard to the unsymmetrical vibrations of the drum, he sup- 
posed Helmholtz in his investigation had treated the tympanum as a thin 
plate, but the attached bones and adjacent fluid would render the prob- 
lem much more complex. 

Prof. S. P. THoMPSON communicated: Though it is well to discuss 
the theory of combination tones it is much more important to 
be certain first what are the facts, to account for which some theory is 
required. Hence I raise the vital question of what the facts are: 
Aecording to von Helmholtz. the combination tones are of two kinds, 
differential and summational, That is to say, when two tones of re- 
spective frequencies m and n are simultaneously sounded, the ear hears 
the difference tone, of frequency m—n, and tne summation tone, of fre- 
quency m-+-n; and these are ear-manufactured, and cannot be heard in 
any resonator, and have nothing to do with beats. According to Koenig, 
the combination tones are simply beat-tones (and were so regarded also 
by Thomas Young), and cannot be heard in any resonator. lf any 
supposed combination tone is heard in a resonator, that is a proof 
that it exists objectively in one or other of the two primary tones, and 
that, therefore, one or both of the two primary tones is not a pure tone 
but contains the alleged combination tone as a harmonic. Koenig 
found that beats and beat-tones fall into two series (called superior and 

inferior), corresponding respectively to the two remainders— positive 
and negative—to be found by dividing the frequency of the higher tone 
by that of the lower tone. Thus, let the two primary frequencies be 40 
and 74. Then, if we divide 74 by 40, it goes once with a positive re- 
mainder of 34, or it goes twice with a negative remainder of 6. Koenig 
heard, in these circumstances, а rapid beat (inferior) of 34 and a slow 
beat (superior) of 6. If we take as primaries the note of frequency 3,328 
and the note 2,048, there will be heard, according to von Helmholtz, the 
difference tone 1,280, and the summation tone 5,376. According to 
Koenig, there will be heard the (inferior) positive remainder 1,280 and 
the (superior) negativeremainder 768. Аза matter of fact, two tones are 
heard, the stronger being 768, and the weaker 1,280. The summation 
tone 5,376 is not heard at all. If we take, again, two forks giving 
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2,304 and 1,024, the only combination-tone heard is 256, which is 
neither difference nor sum. It is the (positive) remainder heard by 
dividing 2,304 by 1,024. Voigt’s theory accounts for this, von Helm- 
holtz’s does not. Koenig, who in his life-time tuned with his own hands 
some tens of thousands of forks, and used the beat-tones to determine 
the tuning of his high-frequency forks of inaudible pitch, had never been 
able to hear any tones corresponding to the summational numbers. They 
simply do not exist if the primary tones are pure. 

Prof. Morton, in reply, said he could not say how far combination 
tones might be produced by the sounding board of a violin. They 
certainly could be produced by the membrane of a telephone receiver. 
He had not quoted the man with no ear drums as a case in which asym- 
metry was not responsible for these tones, but only as one in which we 
had to go further back than the tympanum for the seat of this asym- 
metry. A German author had tried to locate this in the motion of the 
fluids of the ear. Helmholtz’s investigation of the vibration of the drum 
was even less satisfactory than the chairman had supposed, as he treated 
it simply аз an oscillating particle. The analysis had more recently 
been extended to the case of a membrane and similar results obtained, but 
even this was still remote from the actual case of the ear drum. With 
reference to Prof. S. P. Thompson's remarks, the work of observers since the 
time of Koenig had confirmed his statements as to the presence of the beat- 
tones; but not his denial of the summation-tones. 
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ХХУП. Experiments on Condensation Nuclei produced in 
Gases by Ultra-violet Light. By Miss Maup SALTMARSH, 


Bedford College.* 
RECEIVED Maron 2, 1915. 


THE experiments described in this Paper were performed in the 
years 1907 and 1914. Those on the action of an electric field 
were carried out at the Cavendish Laboratory, Cambridge, in 
1907, and the others at Bedford College, Regent’s Park, in the 
summer of 1914. During this interval a very exhaustive 
research on the action of ultra-violet light on gases was made 
by Lenard and Ramsauer, and published by them in the 
“ Sitzungberichte " of the Heidelberg University, and it was 
not until after the completion of these observations that their 
Paper was brought to my notice. 

Lenard and Ramsauer used a steam jet to observe condensa- 
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tion, and this is a less sensitive means of detecting nuclei than 
the expansion apparatus used throughout these observations, 
and therefore it was thought that a short account of them 
might be of value. 

The Wilson expansion apparatus used is depicted in the 
diagram. Its principle is well known, and has been fully 
described by Mr. С.Т. В. Wilson,f so that a further description 
of it is unnecessary. The cloud chamber, however, was 
different in the present case. In the experiments on the 
electrical nature of the nuclei, it consisted of the bottom 
portion of a cylindrical bell jar, 19-1 cm. in diameter and 
5-1 ст. high. The edges of it were ground flat, and to the top 
one a brass plate was sealed. The other edge rested on a 
rubber ring, placed on the base of the cloud chamber, and 


* Communicated by W. Eccles. 
T C. T. В. Wilson, “ Phil. Mag.," June, 1904, p. 686. 
BB 2 
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formed with it an air-tight junction. There was a hole 1-8 cm, 
in diameter in the brass plate, and this was covered by a quartz 
plate 0-5 mm. thick, through which the ultra-violet light could 
pass. An electric field could be put on between this disc and 
another inside the cloud chamber fixed parallel to it, and 
insulated from the rest of the apparatus. 

The source of ultra-violet light was a spark about 3 mm. 
long between zinc terminals. An induction coil giving a 6 in. 
spark was used with three or four accumulators, and a Leyden 
jar was put in the secondary. 

The expansion method of observing the condensation is very 
sensitive ; the presence of only one or two nuclei which are 
“ caught " by any given expansion can be easily seen. А fog 
contains many more drops (and hence nucl2i) than a shower, 
and the drops hang for some time in the air, while the shower 
falls quickly. In the electrical observations there was an air 
space of 6 or more centimetres between the spark and the 
quartz window, and therefore the ultra-violet ravs, which are 
strongly absorbed by air, were cut out. 


$1. To observe the effect of an electric field à comparison 
was made between the behaviour of the nuclei in the field 
and that of ions produced by radium ; and, in order to facilitate 
the motion of the nuclei or ions, the apparatus was filled with 
hydrogen which contained a small proportion of air. 

Even without an electric field, the ions were less effective 
in producing condensation than the nuclei, and a shower was 
formed on the latter, when the expansion was too small to 
“catch " any of the ions. The least expansion required for 
condensation on negative ions is about 155 mm. of mercury. 

There was no marked increase in the density of the cloud 
on the nuclei, as the expansions were successively increased 
through this value, which might have been the case had there 
been many ions present. 

The differing effects of the field, which was 50 volts per 
centimetre on 1018 and on the nuclei, was very marked with an 
expansion of 189-5 mm., as shown bv the following table :— 


Nature of cloud. 


Difference | ———— ——— ————— —— a] 
of pressure | No light or radium. Radium. Ultra-violet light. 
on дм 
expansion. _ P.D.—50 С Р.О. =50 N Р.р.=50 
| ея volts рег ст. P.D.—0. | volts per cm. P.D.—0. | volta per em. 
| S| 
Large Very small |? Large Very large| Very large 
189-5 mm. | | shower shower у Род | shower | shower shower 
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Observations of a similar kind were made, and in none of 
them were the nuclei appreciably moved by the field. 

That the ultra-violet nuclei do not disappear more quickly 
in the presence of an electric field than without one was 
demonstrated as follows :— 

The time of exposure to the light was arranged so that a 
very dense shower was produced on the nuclei with an expan- 
sion of 172mm. This shower was the same in the presence or 
absence of the field. Making the expansion 2-5 minutes after 
stopping the spark a shower was obtained, and after four 
minutes a smaller one, but in both case the number of drops 
was the same, whether the field was on or whether it was not. 

With the same expansion and without an electric field a 
shower of about the same density was produced on ions 
formed by exposure to radium of suitable duration. If there 
was no field, and the apparatus was left for four minutes after 
the radium had been removed, a shower was obtained on 
expansion of about the same density as that on the nuclei 
after four minutes ; but in the presence of a field the number 
of drops formed on the ions was very small after £ second. 

The rates of disappearance of the nuclei and ions seemed to 
be about the same when there was no electric field ; but, while 
it had no effect on the rate of disappearance of the nuclei, it 
increased that of the ions very much. * 

Lenard and Ramsauer* have divided the action of ultra- 
violet light on gases into three separate divisions :— 

l. The production of electrified particles, sometimes of 
molecular dimensions and sometimes larger, the latter being 
formed by ions of molecular size joining on to uncharged nuclei. 

2. Chemical action, such as the formation of ozone. 

3. Production of nuclei, which serve as centres of con- 
densation. | 

They showed by electrometer measurements that ultra- 
violet light, which is highly absorbed by air, is very strongly 
photo-electric in air, and the permanent gases of it, also in 
CO, МНь, СВ», &c. 

Ultra-violet light of longer wave-length which passes 
through several centimetres of air is not photo-electric in the 
permanent gases of air if they are pure, but is so in atmospheric 
air, since this always contains other minor constituents, by 
which the light is absorbed (CO,, МН,, &c.). They also main- 


* Lenard and Ramsauer, Heidelberg “ Berichte," 1910 and 1911. 
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tain that the nuclei produced in gases by ultra-violet light 
are much more effective for condensation than gaseous 
ions. 

Accordingly, if both ions and nuclei be formed by the ultra- 
violet light, the nuclei would be “ caught " rather than the 
ions, and the density of the cloud might not be much affected 
by the removal of the ions. This would account for the cloud 
on the nuclei being as dense in the presence of a field as without 
one. 

If, however, some ions were formed by the light, and they 
joined on to the nuclei to form the larger carriers observed by 
Lenard and Ramsauer, they should disappear more rapidly 
when acted on by an electric field than when they merely 
diffused away. This was not found to be the case, but pos- 
sibly not many ions were formed by the light. 


$ 2. In the following series of experiments another expansion 
apparatus was used, but it was essentially the same as before, 
the only difference being in the cloud chamber. This was a 
5 in. dialyser, the large edge of which was ground so as to form 
with vaseline or rubber lubricant an air-tight junction with the 
brass plate forming the base of the cloud chamber. The small 
neck of the dialyser was cut off short, and a quartz plate 
0-1 cm. thick was sgaled to it. 

Sometimes the gas experimented upon was collected in а 
small glass bulb, shown in the diagram. It was about 5 cm. 
in diameter and had a quartz window, so that the gas could be 
exposed in it to the action of the light, and could then be 
drawn into the cloud chamber. 

Observations were made with the vapours of other liquids 
besides water in order to determine if the nuclei were equally 
effective in producing condensation of them. The water in 
the expansion apparatus was in each case replaced by the 
liquid to be experimented on. 

The values in the first table give the least expansion required 
for condensation in dust-free air. This occurs on the negative 
lons, which seem always to be present in small numbers in 
atmospheric air.* 


ЕЕ EE v,/v,—1-25 
Absolute alcohol ................ v,/v,=1-16 
о aa а ado ups Pe ee v,/v,=1-29 
Д Тро l8: сое does V/V, 71:30 


* C. T. В. Wilson, “ Phil. Mag.," June, 1904. 
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~ In observing condensation on the nuclei, in order that they 
might be egactly the same in all cases and not dependent on 
the nature of the vapour, dust-free. atmospheric air was 
exposed in the bulb to ultra-violet light from th» spark. Since 
the bulb had not before been in communication with the 
liquids, it contained none of their vapours, and the nuclei 
were therefore identical in all cases. They were swept from 
the bulb into the cloud chamber, in which the air was at 
diminished pressure, bv causing a stream of dust-free air to be 
drawn through the bulb into the cloud chamber, until the 
requisite pressure was obtained. The spark was placed near 
the quartz window of the bulb about 0-5 ст. from it; the 
light was, therefore, fairly strong and the supply of nuclei 
plentiful. 

From the table it will be seen that the nuclei were effective 
in producing condensation of all these vapours, and require 
only small expansions for condensation to occur. Almost the 
smallest expansion possible to give was sufficient to produce 
some drops. | 


Difference of 


Time of 
Vapour. pressure Cloud. 
> on expansion. 2 
Abs. alcohol ......... 15 secs 2-0 om Shower 
Toluol 22:5: 55: 1 min. 3-1 ,, Thin fog 
Turpentine ......... 1 min 53 ,, Thin fog 


Since the nuclei are equally effective in causing condensation 
of the vapours of water, alcohol, toluol and turpentine, it does 
not seem likely that the substance of which they consist 
should, by dissolving in a minute drop of the liquid, lower the 
vapour pressure, and hence help the drop to grow. The 
substance would have to be equally soluble in all four liquids. 
This explanation of the nuclei has been put forward, and a 
particular case of it is dealt with later on in the Paper. 

The effect of exposing air saturated with the various vapours 
in turn to the direct action of ultra-violet light was then tried. 
It is well known that if air saturated with water vapour is 
exposed to the action of very strong ultra-violet light, a dense 
fog appears in it after a time without any expansion having 
been made. The ultra-violet light must be very strong to 
produce this effect. In the present case the effect was not 
obtained with water vapour even when the spark was placed 
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as close as possible to the quartz plate; but it was with alcohol 
vapour. е 

Spontaneous condensation of alcohol vapour seems to occur 
on very small nuclei, if one can judge of the size of them by 
the strength of the light which forms them; but even water 
vapour would condense with a small expansion on nuclei 
formed by light which had traversed 50 cm. of atmospheric 
air between the spark and the quartz plate. · 

The following table gives some of the observations made 
with direct exposure of the air in the cloud vessel :— 


Time Difference of Distance 
of pressure of 


exposure. | on exposure. spark. 
Water ......... | 15 secs. 1-7 cm. 0-7 cm Thin fog 
Water ......... 16 secs. 1-8 ст. 50 ст Small fog 
Abs. alcohol... 1 тіп. | Noexpansion 0-7 cm Fo 
Abs. alcohol...| 1 вес. 5-7 ст. 50 ст. Small shower 
Toluol ......... 15 secs. 8-45 ,, 0:7 ,, Large shower 
Turpentine ... 1 min. 3°5 ,, 0-7 ,, Thin fog 


§ 3. The action of the light to form nuclei in various gases was 
then observed, condensation of water vapour on them being 
used to detect the nuclei. In order to determine if the pre- 
sence of water vapour was necessary for the production of 
nuclei, dust-free air was passed over H,SO, on pumice stone 
into the bulb, and left there in contact with Р.О; for some 
time. It was then exposed to the action of the light, and the 
nuclei were swept into the cloud chambers as before. 


. Difference of 
uiu ро pressure Cloud. 


on expansion. 


Three hours  ...................-. 8-1 ст. Very large shower 
TWO ABS. ане 8-05 ,, Fairly large shower 
Air not dried ..................... 11:86 ,, Very large shower 


It is not probable that the verv last traces of moisture were 
removed, but the formation of nuclei did not seem to be 
dependent on the presence of more than а very minute quan- 
tity of water vapour. 

Carbon dioxide was then tried, and in this case the cloud 
vessel was exhausted and filled Several times over with CO, 
from a cylinder of liquid CO,, and the gas was exposed in it to 
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the light. With an exposure of one minute duration and a 
difference of pressure of 12-7 cm. on expansion, a dense fog was 
obtained exactly similar to one obtained in air under the same 
conditions. 

CO, and air, probably the oxygen of it, therefore, are equally 
susceptible to the action of ultra-violet light to produce 
nuclei. | 

The next three gases experimented upon showed little or no 
nuclei formation. First of all, the bulb was filled with impure 
hydrogen from a Kipp’s apparatus, then exhausted to less 
than 2 cm. pressure by a water pump and re-filled with hydro- 
gen formed by the electrolysis of water. The gas was not dried, 
and hence water vapour was mixed with it. It was exposed 
for two minutes in the bulb and then drawn into the cloud 
chamber and there expanded to a difference of pressure of 
11:95 cm. Only a small shower resulted, while with dust-free 
air treated in the same way a thin fog was obtained. Water 
vapour alone was then tried. A little distilled water was put 
into the bulb, which was then exhausted by a very efficient 
water pump. The remaining water vapour was exposed to 
light for two minutes, and any nuclei formed were swept into 
the cloud chamber by passing a current of dust-free air through 
the bulb. The pressure of the water vapour was 1:55 cm. 
On expansion with а difference of pressure of 8:05 cm. only a 
small shower resulted, showing that few nuclei had been 
formed. 

The last gas to be tried was nitrogen, which was obtained 
from a cylinder of nitrogen. It was tested first by sparking 
over caustic potash in an eudiometer and found to be very 
pure. Nevertheless, there was sufficient oxygen for nuclei 
to be produced in profusion by the ultra-violet light. The 
cloud chamber itself was filled with the gas, and hence it was 
saturated with water vapour. In order to rid it of the remain- 
ing traces of oxygen it was sparked inside the cloud chamber 
for 20 minutes between platinum points. Four small vessels 
of caustic potasb stood on the base of the cloud chamber, and 
the cylinder in which the piston worked contained pure 
distilled water. Moist filter papers were placed on the 
metal parts of the cloud chamber to keep the space well 
saturated. 

The table shows the result of exposing moist nitrogen, freed 
from any trace of oxygen, to the ultra-violet light. From it 
we see that no nuclei were produced, but when some air was 
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let in, everything else remaining the same, an exposure of five 
seconds produced тапу nuclei. 
Time Difference of 


of pressure 
exposure. |onexpansion. 


N before sparking ...| 1 min. 6-95 cm. Thin fog 


N after ds 6-75 No drops 
9-26 No drops 
11-55 One or two drops 
15-2 Small showers 
9-65 Small fog 


In all the observations with various gases the distance of the 
spark from the quartz window was 0-7 cm. or less. 

Lenard and Ramsauer* have shown that by removing all 
traces of such substances as H,O, NH}, CO, from air or oxygen 
no nuclei which would affect а steam jet were formed by ultra- 
violet light. "They entirely removed these substances by pass- 
ing the gas through a vessel surrounded with liquid air, and 
thus condensing them out. The walls of the connecting tubes 
and the vesselin which the gas was exposed to the light had 
also to be very scrupulously cleansed by heating before the gas 
could be entirely freed of these impurities. Unless so cleaned, 
the walls of the vessel were able to give off a sufficient quantity 
of these substances for the production of nuclei, although the 
gas itself bad first been purified by cooling ; but they found 
that unless oxygen or CO, were also present no nuclei were 
formed. 

The results of the experiments which have just been de- 
scribed agree with those of Lenard and Ramsauer in showing 
that, unless oxygen or CO, are present, ultra-violet light pro- 
duces no nuclei. The small traces of necessary impurities 
must in each case have been present, but they alone are not 
sufficient for the production of nuclei. 

$4. It has been suggested that ultra-violet light acting on 
moist air might result in the formation of particles of Н,О,, 
which, by dissolving in the small drops of water, would help 
them to grow larger and become stable.T 

Ап attempt was made to test this point directly by а chemical 
method. The quantity of H,O, formed would certainly be 
very small, but there are very delicate tests for it; and а 
preliminary experiment made with actual particles of Н.О, 


* Lenard and Ramsaucr, Heidelberg. “ Berichte," 1910 and 1911. 
t J. J. Thomson, “ Conduction of Electricity Through Gases," p. 140. 
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showed that it was possible to detect their presence in a cloud. 
Titanic acid, which is ordinarily colourless, becomes yellow 
when a very small trace of H,O, is added to it, and this was 
used as a detector. 

First of all the cloud chamber was set up with water and 
dust-free air inside, so that unless the expansion was large 
enough to catch ions, no drops were formed. Then a small 
quantity of solution of H,O, was let into the cloud vessel 
through one of the tubes in the base of it. No ultra-violet 
light was used, but a few drops were always obtained on ex- 
pansion. The number of drops depended on the time between 
successive expansion. When they were made as fast as pos- 
sible on2 after the other a few drops were formed just over the 
solution. If time were allowed, the particles diffused to other 
parts of the vessel. These nuclei must have been particles of 
H,0,, perhaps already dissolved in minute drops of water; 
but they cannot have been larger than the ultra-violet nuclei, 
for in all cases an expansion was required to form condensation 
on them. 

The table gives some of the observations :— 


Time for diffusion. 


Difference of | 


pressure. 
A few seconds  .................. | 3-5 cm. Few drops just 
: | above solution 
5 minutes ........................ 3-5 ,, Very small shower 
| near solution 
; BO minutes ..........e eee een 31 ,, Small shower in 


whole vessel 


| | 
The presence of H,O, in these chown was easily detected 
with titanic acid. 

The apparatus was cleaned and the base of the cloud vessel 
covered with filter paper well soaked in solution of H,O,. It 
was then set up again with water and air, and a small open 
glass dish containing 0-44 gramme of titanic acid was placed 
in the cloud vessel in such a position that part of the clouds 
would fall into it. 

Expansions were made with a difference of pressure of about 
9-35 cm., and each time a small shower was produced, part of 
which fell into the acid. After 19 expansions, taking alto- 
gether half an hour, the acid appeared slightly but distinctly 
yellow, owing to particles of H,O, having fallen into it with 
the showers. 

The apparatus was then thoroughly cle ared at H,O, and 
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filled with dust-free air and water, about the same quantity 
of titanic acid having been placed inside the cloud vessel. The 
air was exposed to light from the spark, which was 0-7 cm. 
from th? quartz plate. 

One hundred and fifty expansions were made of 11-5 em. 
difference of pressure, and the clouds produced were very 
much larger than the small showers оп the H,O, particles. 
They were allowed to fall into the acid, but no colouring of it 
could be observed, although the nuclei were as effective in 
-producing condensation as the H,O, particles—that is, a 
cloud could be formed on them with quite as small an expan- 
sion as on the H,O, particles. 

The amount of H,O, formed by the action of the light must 
therefore, at the most, be only a small fraction of the whole 
change which occurs in nuclei formation. 

$5. That ozoneis produced by the action of ultra-violet light 
on air and oxygen has been demonstrated by many observers 
(recently by Pring, Proc. Roy. Soc., May 1, 1914). Lenard 
and Ramsauer* obtained evidence of ozone in oxygen which 
had been exposed to the action of light, and which beforenand 
had been freed from impurities by cooling; but they found 
that there were no condensation nuclei. If the small traces of 
impurities were not removed nuclei were formed in abundance. 
Ozone, together with these impurities, might, therefore, be 
one of the means by which the nuclei are formed. Ехрегі- 
ments bearing on this point were carried out as follows :— 

Oxygen from a cylinder was dried by bubbling through 
H,SO,, and was passed into a silent discharge ozoniser, and 
from it into the cloud chamber, which had been partially ex- 
hausted of air. On entering the cloud chamber condensation 
occurred at once in the ozonised oxygen, unless the amount of 
ozone was very small, in which case an expansion was required. 
The quantity of ozone was roughly estimated by the time of 
the discharge, and the table gives the nuclei formation resulting 
from the production of ozone. 


Time of discharge. D Cloud. 
pressure. 
1-14 minutes .................. No expansion ' Extremely dense fog 
5seconds .............. eere is " Fog 
с seconds сои 7А js Slight condensation 
One make and break of coil | 
causing dischage  ............ 9-35 cm. Fog 
Smaller quantity still ......... |... 275 em. Small shower 


* Lenard and Ramsauer, Heidelberg “ Berichte," 1910 and 1911. 
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In the first observation a strip of potassium iodide starch 
paper placed in the cloud vessel became dark blue; in the 
second observation a similar strip became slightly coloured ; 
while in the other observations, and about five similar ones, 
a strip of paper which was present all the time was not coloured 
at the end, although dense fogs were produced on expansion. 

The formation of ozone in oxygen by a silent discharge 
results also in the formation of condensation nuclei. These 
nuclei were not only active in causing condensation of water 
vapour, but also of absolute alcohol, toluol and turpentine 
vapours. This was demonstrated by observations similar to 
the above ones, except that the various liquids were in tum 
put in the expansion apparatus. 

$6. Experiments were then made to determine whether the 
nucleà would be destroyed by heating the air containing them. 
Two quartz tubes about 15 cm. long and 1 cm. in diameter 
were joined in series between the bulb and the cloud chamber, 
and each tube was heated for some hours by a Bunsen flame 
over a length of about 4cm. in the centre. Dust-free air 
which had been exposed to ultra-violet light while it was in the 
bulb, was drawn slowly through the tubes into the cloud 
chamber and there expanded. А comparison was made with 
ozonised oxygen, and in both case the nuclei were destroyed. 

From the table it is seen that dust-free air drawn slowly 
through the hot tubes contains practically no nuclei. Also а 
stream of dust-free air, exposed to ultra-violet light, while it 
passed through the bulb, contained nuclei sufficient to form a 
fog if it passed through the cold tubes, but scarcely any if it 
passed through the hot tubes. Similar results were obtained 
with the nuclei in ozonised oxygen. 


Time of | Difference 
Gas Tubes. | discharge of Cloud. 
orlight. | pressure. 
AP QI. RSS ed Hot None | 11.6 em. Very small shower 
ое Hot 4} mins. | 11-5 , Small shower 
7. v1 Askoren Cold | 41 mins. | 11:6 ,, Fog 
Oxygen and ozone| Hot ў sec. 10-25 ,, Very small shower 
Oxygen and ozone| Cold | $ sec. 10:3 ,, Fog 


In making these observations а curious phenomenon was 
observed. The result shown in the first line of the table was 
obtained when the air was drawn slowly through the hot tubes. 
But if the air, which was originally dust free and was not 
exposed to ultra-violet light from the spark, was drawn faster 
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through the hot tubes it was found to contain a very large 
number of nuclei, so that a fog was produced on expansion. 
This effect could not be got rid of, although the tubes were 
heated for a long time and a stream of air was drawn many 
times through them. It always happened if the air was drawn 
through the tubes too quickly. Also, there was a compara- 
tively sharp division between the rate of flow of air through the 
hot tubes when the nuclei were produced in them and the rate 
when those existing beforehand were destroyed in them. 

It is difficult to account for these nuclei, but their existence 
may possibly be explained thus: Since the tubes were of 
quartz, the nuclei may have been produced in them by light 
from the Bunsen flame, which was playing round the outside 
of the tubes ; and these nuclei may have passed away from 
the hot part of the tubes before they became hot enough to be 
destroyed. If the passage of the air through the tubes was 
slower, they and any other nuclei which were there would have 
time to be heated and destroyed. 

One other property of the nuclei which was observed was 
that it was not possible to draw them with a stream of air 
through a plug of cotton wool. They were all filtered out of 
the air like dust particles. 


Summary. 

1. Nuclei produced in air by ultra-violet light which has 
traversed à few centimetres of air are not affected by an 
electric field of 50 volts per centimetre. 

2. The nuclei are equally effective in producing condensa- 
tion of water, toluol and turpentine vapours, and they are 
formed even by light which has traversed 50 cm. of air. 

3. Alcohol vapour condenses without expansion on much 
smaller nuclei than does water vapour. 

4. No nuclei were formed by th» light unless oxygen or 
CO, were present in the gas. i 

5. No trace of Н.О, could be detected in the clouds formed 
on the nuclei. 

6. Oxygen containing ozone also contains nuclei for condensa- 
tion, and these nucl:i have similar properties to those formed. 
by ultra-violet light. 

7. The nuclei can be destroyed by heating the air containing 
them. 

In conclusion, 16 seems probable that the nuclei formed by 
ultra-violet light do not cause condensation by virtue of any 
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particular chemical composition, but that they are particles 
large enough to act like dust particles as centres round which 
condensation can begin. It is probable that some of the dust 
particles in the air are really nuclei formed by the action of 
ultra-violet light. 

I should like here to express my thanks to Mr. Wilson, Dr. 
Womack and Dr. J. F. Spencer for the help they have so 


kindly given me. 
ABSTRACT. 


1. Nuclei produced in air by ultra-violet light which has traversed 
& few centimetres of air are not affected bv an electric field of 50 
volts per centimetre. 

2. Тһе nuclei are equally effective in producing condensation of 
water, toluol and turpentine vapours, and they are formed even by 
light which has traversed 50 cm. of air. 

3. Alcohol vapour condenses without expansion on much smaller 
nuclei than does water vapour. 

4. No nuclei were formed by the light unless oxygen or CO, was 
present in the gas. 

5. No trace of H,O, could be detected in the clouds formed on the 
nuclei. 

6. Oxygen containing ozone also contains nuclei for condensation, 
&nd these nuclei have similar properties to those formed by ultra- 
violet light. 

7. The nuclei can be destroyed by heating the air containing them. 

It seems probable that the nuclei formed by ultra-violet light do 
not cause condensation by virtue of any particular chemical composi- 
tion, but that they are particles large enough to act like dust particles 
as centres round which condensation can begin. 


DISCUSSION. 


Prof. О. W. RicHARDSON said the author had succeeded in eliminating 
a number of substances to which these effects had from time to time been 
attributed. The method employed was extremely sensitive, one or two: 
ions being easily detected. Of the various substances eliminated the 
only one which he was not quite certain of was ozone. The elimination 
of this seemed to rest on the results of Lenard and Ramsauer. Did the 
author think these results were absolutely conclusive ? 

Mr. D. OwEN said that the explanation of the action of ozone in causing 
cloud formation was difficult if regarded as а direct effect. Possibly ozone 
acting on water vapour might give rise to hydrogen peroxide, in which case 
the suggestion of Mr. C. T. R. Wilson of a lowering of the saturation vapour 
pressure would apply. However the failure, in the case of fogs produced 
by ultra-violet light, to detect hydrogen peroxide by the titanium oxide 
test, which, according to Dr. Senter, can detect one part of hydrogen peroxide 
in 10 millions, seemed to exclude the action of hydrogen peroxide : this test 
is, moreover, a specific test forhydrogen peroxide even in the presence of other 
oxidising agents. Asa possible alternative, the agency of oxides of nitrogen 
might be suggested. It would be of interest to test whether the phenomenon 
occurs when nitrogen is entirely excluded. In conjunction with chemical 
tests of amount present, quantitative data enabling the resulting lowering 
of the vapour pressure to be calculated should enable the problem in question 
to be definitely solved. 
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Dr. H. Borns remarked that the detection or identification of hydrogen 
peroxide was not always easy. Іп experiments of the kind described in the 
Paper effects might be ascribed to hydrogen peroxide which were really due 
to nitrogen oxides. Such oxides would be produced when air was drawn 
through hot quartz tubes, and might help to account for the peculiar obeer- 
vations mentioned in the last part of the Paper. 

Miss SALTMARSH, in reply, was not aware of any work having been 
done on the effect of oxides of nitrogen in producing condensation nuclei. 
In reply to Prof. Richardson, Lenard &nd Ramsauer had not stated that 
ozone was ineffective. They laid great stress on the presence of minute 
quantities of impurities. They attempted to get rid of these by соп- 
densing them out at low temperatures. They held that the ozone 
reacting on these traces of impurities was instrumental in producing the 
effecta. 
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XXVIII. On the Self-induction of Solenoids of Appreciable 
Winding Depths. Ву S. BUTTERWORTH, M.Sc., Lecturer 
in Physics, School of Technology, Manchester. 


RECEIVED FEBRUARY 27, 1915. 


1. 


THE only formule which appear to have been given for the 
self-induction of solenoids in which the correction for winding 
depth is included are those of Rosa* and Cohen.t In arriving 
at these formule certain doubtful approximations have been 
made. In the present Paper formule have been developed 
which are free from such approximations,? and it is shown 
that, while Rosa's formula gives better results than that of 
Cohen, it does not possess the accuracy claimed for it by its 
author. 


2. Cohen's Method. 


The coil under consideration is divided into a finite number 
of lavers, each of which is sufficiently thin to be treated as a 
cylindrical current sheet. The self-induction of the coil is then 
found by combining the self and mutual inductions of these 
lavers according to the usual laws. For the self-inductions 
Cohen uses the formula, 


L--4nn? 16224 : 1 
4—:47t* A^ Ме =) ( ) 
in which a is the mean radius of a layer, ca the coil length, and 
n the number of turns per unit length. 

The formula is an approximation to an exact elliptic integral 
formula due to Lorenz. 

For the mutual inductions he uses 


M-—4z?n?a*(V/c--a*/A*—A/a--aj8A) |^. . . (2) 
in which а and А are the radii of the inner and outer cylinder 


* Rosa, '* Bulletin " of the Bureau of Standards, 4, p. 369, 1908. 

t Cohen, *'* Bulletin " of the Bureau of Standards, 4, р. 384, 1908. 

f The formule of this Paper are approximate in that they neglect (a) the 
insulation space between the wires of the coil, (6) the effect of the helicity of 
the winding 
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respeciively, and са is the length of the cvlinders. This is an 
approximation to a formula due to Maxwell.* 
The final formula obtained by Cohen for the thick coil is 


L/z2N?R8— -( 24-е? E 


m\V4+e 3a 


ES Ы (од "T Уға ska) 
А 


Ok c | 

— a {тт 12+ (т- 1)0m— 2), .. Ja = vua 
ôk | 

- jo mom ПА (n —2)(m - 3) +.. 1] 2... (09) 


in which m is the number of lavers, N the number of turns per 
unit length (including all the lavers), cR the coil length, А.В, 
К.К, . . . the mean radii of the layers (k,4,7 Ё,), and Ról 
the width of each laver. 

He states that tlus formula has a minimum accuracy of one- 
half of 1 per cent. when c7» 4. 

Àn a priori test of this assertion may be obtained by an 
examination of formule (1) and (2). Since the distance apart 
of contiguous layers is small compared with their radii, (2) 
should approximately agree with (1) when A=a, i.e., 


Гаете 5) COE 


should not differ by more than one-half of 1 per cent. from (1) 
when c» 4. 

Further, we may test the absolute accuracy of (1) and (2) 
by means of some exact formula, such as that of Havelock,T 


viz., 
8 1 1.31\ 351 
—.442 № 3f PERSE Ve ЕН jj 
L | tae Nta Zu sc ga) 2 32 v 9) 
in which the notation )z means that any term is obtained from 
the preceding term by multiplying by z 7 


* Maxwell, ** Electricity and Magnetism " (Vol. II., Art. 678). 

t Havelock, “ Phil. Mag.," Vol. XV., р. 332, 1908. 

$} By using this notation, computation from the formula is far more rapid 
than when each term in the series is calculated separately. 


SELF-INDUCTION OF SOLENOIDS. 373 


Table I. gives the values of L/A4z?N*a* as obtained from the 
three formule. | 


TABLE I. 
с. | Havelock. Formula (1). Formula (4). 
Ч lupe 3-2725430 3-1761 3.2481 
аи 4-2492672 | 4.1650 4.2240 
B uc 5:2333879 | 5:1596 5:2078 


The values from Havelock’s formula are calculated to eight 
figures as they are needed later. The table shows that neither 
of the fundamental formula used by Cohen are sufficiently 
accurate to give results to one-half of 1 per cent. 


3. Rosa's Method. 

The inductance (Lọ) of a cylindrical current sheet of the mean 
radius of the thick coil is calculated by any suitable exact 
formula, and the correction for thickness is got by deducting 
from L, an amount AL, where 


АТ, 
NR? — 
in which №, В, c have the same meanings as before, 2TR is the 
winding depth, and A and B are tabulated functions of T and 


c/T respectively. The following values of A and B taken 
from Rosa’s tables are required later :—- 


“cT(A+B), E 


TABLE II. К 
с. T. A. B. | 
ас 1/10 0-6922 0-3099 
ee 1/12 0-6926 0-3218 
Вах 1/10 0-6922 0:3218 


The method of obtaining A and B is to divide the coil into 
slices by planes perpendicular to the axis, such that each 
slice forms a coil with a winding channel of square section. 
The correction A arises from the difference between the self- 
induction of a coil of square section and that of a current sheet 
of the mean radius of the coil. Weinstein’s formula is used 
for the square-sectioned coil and Rayleigh’s formula for the 
current sheet. Apart from the question of the validity of 
Weinstein’s formula up to 2T=0-25 (the maximum thickness 
for which Rosa tabulates A), there appears to be no serious 
error in this correction. 

The correction B is due to the mutual induction between the 
slices. It is obtained by the method of geometrical mean 


CC2 
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distance, and herein lies the most probable source of error, as 
the method of geometrical mean distance is only valid tor 
coils whose sectional dimensions and distance apart are small 
compared with their mean radii. The latter condition is far 
from being the case with coils of the nature under consideration. 
It will be shown in Section 10 that Rosa’s correction is 2 per 
cent. in error for coils whose length is four times their radius, 
while the error in the total induction is 0-2 per cent. 


4. Present. Method. 


The coil is first taken to be a portion of an infinite coil, and 
the self-induction (L,) calculated under these conditions. The 
work to be done to remove the portion from the remainder of 
the infinite coil is then determined, and this gives the diminu- 
tion in self-induction due to the effect of the pole faces of tne 
coil. This work is due to the attraction of two pairs of unlike 
poles in contact, together with the repulsion of two pairs of 
like poles at a distance apart equal to the length of the coil, 
or, since the work to be done to separate a pair of poles is 
equivalent to the mutual induction between the corresponding 
semi-infinite coils, the end correction to be deducted from L, is 

2М(0)—2М(1), 
where M(/) represents the mutual induction between two 
semi-infinite coils at a distance, l. 

Hence, if AL, represents the (additive) thickness correction 

for L,, АМ(І) that for M(J), the total thickness correction is 


AL-—AL,—-2AM(09)2-2AM() . . . . . (7) 
5. The Correction AL.. 
The self-induction of a length, J, of an infinite coil of outer 
and inner radii a and b is given bv Maxwell* as 


L,— P NPl(*4-3ab-- 09) 


where N is the number of turns per unit length. , Hence, if 


a=R(1+T), 5—R(I—T), 1= Ве 
2 1l. 
L= tN R 1— ТУЕ 1), 


50 that the thickness correction AL, is given by 


AL 8 1 | 
-amp 34 (1-51) 0... 8} 


* Maxwell, “Electricity and Magnetism,” Vol. И.’ Art. 679. 
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6. The Correction AM(o). 


The mutual induction between two semi-infinite, coaxial, 
cvlindrical current sheets with coplanar ends is 


тала {НЕК} с. 09) 


where a and b are the radii of the two sheets (a>b) апа К and 
E are complete elliptic integrals of the first and second kinds 


to modulus b/a. When b/ais nearly unity, К and E are suitably 
expressed by the series 


410 4 2 
Сиа _ jp 42 ee 
О 1— i; 
]p.o 42 2 
4 mia PERS NUES. 
Tac (log 1334 
в: , P" 
E- 1 +alle} Ta) 
2349 1 
T3 . ji log 13 34) ce eee 
or ) 
b 


2 
in which k=l- 


If we put a=r+4 7x, b=r—Z, во that 
4ат х? 


x r r? 
= г) EU-A a t ) 


(10) becomes, on application of the usual logarithmic and 
binominal expansions, 


] Ar x læ 12 
К=5 ов (14212 ty ares j 
122 12? 
2 2 R43 
1 re Е P 3 23 923 on 
E= og (ati go But cc ) 


г За? х3 153 2* 
и Оо c 
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Applying (11) to (9) 
n 3^ Zu ate Z+ 
— tog = - ва...) 2... Q2) 


. In order to find the mutual induction between two semi- 
infinite coils, А and B, in contact, each having mean radius 
В, winding depth 2 X and n turns per unit area of section, 
divide the coils into cylindrical filaments of width ôl and add 
the mutual inductions of the filaments as follows :— 

Take the mutual induction between a filament of radius 
r-- z in coll A and one of radius r—z in coil В. Associate with 
it the (same) mutual induction between the filament r—z in А 
and r+z in В. For these two pairs the sum of the mutual 
inductions is 


OM=2n?m(dl)y? . . . . . . . (0) 


Let т vary by steps ór—ól from rZ R—X-rz to r=R-++ X—z 
The sum of the expressions óM will then give the sum of the 
mutual inductions of all filaments at a distance 2х apart. 

Perform a second summation with х varying by steps 
дх=10 from х=0 to х= Х. This will give the required mutual 
induction M(o). Hence 


x R+X—2z 
M(o) -4n*| 2: mdr . . . . (14) 
0 " R—X+4+2 
Applying (14) to (12) 


64 23X? 1 X! 

М(о)== pmax [ss R? 1600 R4 
4R/1X* 1 Xt: 

—log EN )} 


-— — m T——— — 


4R? 80 R^ 


or putting X —TR, 2nX =N, so that N is the number of turns 
per unit length in either coil, the correction AM(o) is given by 


AM(o) - 4 (т 4 99 T, 4 B 
NeR? ^ — 3a тю B 1 B) x8 55) (16) 
Т. 


In order to see whether the effect of higher powers of Т is 
appreciable, the mutual induction M(o) will now be found Бу 


(15) 
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another method. In a Paper on thick coaxial coils* the author 
has shown that the mutual induction N(o) between two semi- 
infinite coils of outer radii unity and r respectively, of zero 
inner radius, and with their ends in contact, is given by 


(ов узи] 
27273 6 : 50"? (spt) je so (17) 
K-LITE. rn 
ее "=> 24... jii) (2n-- T (2n4-3)(n4-3)(n4- 1)' 


0 
the winding density of each coil being unity. When r—1 we 
have the alternative form 


(174) 


м1 eh l1, 1 н 
In? 30x Ht e(1 gat 5i 72 ...) 
=0-122063419. . . . . . . . . (18) 


Further, the mutual induction M(o) between two similar 
hollow coils of external and internal radii unity and r is 


M(o)-(1--)N,(0)—2N(o). . . . . (19) 


Since in (17) the general term is given, any desired accuracy 
may be obtained by calculating a sufficient number of terms, 
although when r is nearly equal to unity the method becomes 
tedious, as (19) is then the difference between two nearly equal 
quantities. 

Table III. compares the values of M(o) as found by (17) and 
(19), and by (16). The second column is calculated by (17), 
the third by (19) and the fourth by (16). It is seen that the 
value of № (о) is in good agreement with (18) and that formula 
(16) is extremely accurate for all winding depths less than one- 
quarter the radius of the coils. 


TABLE III. 
| M(o)/2v*. 
WES N(o)/2z?r*. 
| By (19). By (16). 
| 1-00 0122063423 M is 
| 0:95 0125119075 0-001965839 0-0019658390 
‚ 0-90 0-12817228 0-007265462 0-0072654615 
‚ 0-85 0-13120878 0-01506643 0-015066436 
. 0-80 0-13421539 0-02462460 0-02462459 


* Butterworth, ‘ Phil. Mag.," p. 578, April, 1915. 
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8. The Correction AM(}). 


It is shown in the Paper referred to in the preceding section 
that the mutual induction. between two semi-infinite coaxial 
coils of outer radii unity and r, inner radius zero and at dis- 
tance z apart is given by 


Ne EE: Ls ait et is") 


1/2 6, 2 
deua TU E T 


ao ar itg) 


P d 


the winding density of each coil being unity and z being greater 
than 2r. 

From the laws of combination of mutual inductances and 
from dimensional considerations, the mutual induction between 
two similar hollow coils of outer and inner radii a and 6, and at 
a distance c, 13 


M(c)-eNG. 1)—2N(e, r)H-N(, 1)}. . . (21 
where z=c/a, r—b/a. 
The relation (21) ies applied to (20) converts the 


term r?^*3/7?P*! into pall —2r**-L7P*$) and the term 


2р ets ppl into des 2r?» 2п+3 2+6), 


Fi 
Since these terms have the same coefficient their sum is 

converted into 
2а? 


о2р+1 


(1—7?*"+3) (1—ғ2Р—?"'+3) 


2 (а?"+3 — p?n-8) (42-2743 — pp 2^8), $ (22) 


Or pri 


Hence, if in (20) we replace 272”"+3/-?Р+1 by the expression 
(22) we obtain the required series for M(c). Making this 
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substitution, and in addition putting a=1+T, b—1—T, we 
find on prone in — powers of T 


35 
el (1-5. a —398 т. ..) 


2 17 715 
а(н) 

1 507 2167 

tgT(1— оа Boe ) 

аи icu ve de Bs How cm ome 29) 


which holds for coils of mean radius unity, winding depth 2T, 
length c, and unit winding density. By multiplying M(c) by 
?R? we get the formula for coils of mean radius R, winding 
depth 2TR, length cR, and winding density n. Finally, since 
2nTR=:N, the number of turns per unit length 


AMI a 7 17 75 ) 


NeR? 3c\ 4с 4с 64¢° 
1T: 39 
ur T 
deu de dem aana aaa 7: 
9. 


Ав а check on (24), the value of M(/) can be calculated by (24) 
and again by (20) and (21) directly. In getting M(/) for the 
mean radius the formula 

m° NeR? 1\ $5Г\ 571 -— 
мо -sra -ia p s 0» 
due to Havelock, may be used. The first term in (23) agrees 
with (25). 
For example, with R=9, 2TR=2, cR—40, N=200, 

(20) and (21) give M=6-454,77? millihenries. 

(24) and (25) give M—6-4544,2? millihenries. 
The agreement is satisfactory within the limits of accuracy of 
the formule. 


* See footnote on p. 372. 
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10. Comparison of the Corrections. 


Table IV. shows the results obtained by Rosa’s, Cohen’s 
and the present method for three coils, for which 


c—4, 5, 6,; T—1/10, 1/12, 1/10, z?N?R3—1. 


It is seen that Rosa's correction is 2 per cent. too high, while 
the total induction is one-fifth per cent. low. 

In Cohen's method the tabulated values are for five layers. 
Although the results show very good agreement with the 
correct values, this 18 accidental, being due to the number of 
layers chosen. If a larger number of layers are taken the 
results get worse instead of better. Thus, for c—4, T— 1/10, 
with 

т= 1 2 3 4 5 10 infinity 
L= 12.10, 12-11, 12-07, 12-06, 12.09, 12.14, 12-19 


the correct value being 12-09. 


TABLE IV. 
| ОРТО РА 4 5 | 6 
d Sci 1/10 1/12 | 1/10 
AL, by (8) ......... — 1-0133333 — 1:0690236 — 1:5200000 
АМ(о) by (16) ... —0:0075138 —0-0057568 | —0-0075138 
АМ(1) by (24) ... +0-0015093 --0-0008676 ^, +0-0010621 
AL by (7) ......... ° —0-995287 —1:055775 (| —1-502848 
AL by (6), Rosa... — 1:0207 — 1-0763 — 1-5492 
Lo by (5) ......... 13090172 ? 16-997069 | 20-933552 
L present method) 12.094885 | 15:941294 | 19-430704 
L (Rosa) ............ 12-0695 15-9208 | 19-3843 
L (Cohen) by (3) | 
using 5 layers ... 12-091 15-039 | 19-162 
11. 


It is convenient to summarise the steps by which the induc- 
tance of a solenoid can be calculated. "The coil is assumed to 
have a length greater than twice its diameter and a thickness 
of winding of less than one-tenth the diameter. The formule 
are sufficient to give four figure accuracy in the final result. 
The method is as follows :— 

1. Calculate the inductance for the mean radius R without 
the end correction trom th» formula, 


L,—42?N?R*e, 
where N is the number of turns per unit length (including all 


layers) and Rc is the coil length. 
2. Apply the “end” correction to obtain the inductané 
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(L,) for a current sheet of the mean radius of the coil from the 


formula, 
8 1 1 


ЕЕ] 
З. Apply the “ thickness " correction to obtain the induc- 
tance (L4) for a coil of winding depth 2TR from the formula, . 
L,=L,+ AL,, 
in which a 


КК: T D а) 
AL,— 51141-1 ECT 


4. Apply the “insulation space " correction to obtain the 
tru» inductance Г, for which see Rosa (“ Bull.” Bureau of 
Standards, 3, p. 97, 1907). 


12. Summar y. 


l. It has been shown that the formule previously given for 
correcting for thickness in determining the inductance of 
solenoids fail to give an accuracy of one part in a thousand. 

2. The true correction formule are obtained which are 
capable of giving eight figure accuracy without undue labour. 

3. Simplified formule are also given which hold when only 
four figure accuracy is required. 


APPENDIX, 


As portions of the criticism of Rosa’s and Cohen’s formule: 
depend on arithmetical accuracy in calculation, the" arith- 
metical details for c—4, T —1/10 are appended. 


(a) Inductance of Mean Layer Solenoid. 
By Havelock’s formula (5): 
Lo —16/1—0-21220659-1-0-03125000 


— 97656+ 7630 
= 835-4 109 
= 164- 3] 
—16! 1-03132742 
—0-21319166} 
=16 x 0-81813576 
=13-090172. 
(6) Correction AL, (formula (8)). 
1 30-4 


AL,=—3x4x (10-05) =— "94 1.013333, 


10 
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(c) Correction AM(o) (formula (16)). 


АМ(о) = — 4 10:01 (3.68888 — 1.91667) —0-000005(3-69—0-05)} 


3n 
= — + {0-0177221 —0-0000182} 


= — 0-424413 x 0-0177039 
=—0-00751376. 
(d) Correction AM(l) (formula (24)). 
0-0016667—0-0001823 0-0000028 
се bh 271— +9} { 7} 
=0-0015093. 
(e) Correction AL (formula (7)). 
AL=AL,—2AM(o0)+2AM(l) 
= — ]-0133333-+--0-0150275-+-0-0030186 
=: —():9952872. 


(f) Rosa’s Correction (formula (6) and Table II.). 
AL= = to -6922-1-0-3099) 
= o. 31831 x 3-2 х 1-0021 


= — 1-0207. 
(g) Cohen’s Formula (3). 


Using five layers. 


m=). ók —0-04. 


k, =0-92 k, =0-96 k, =1-00 k, =1-04 


k,?=0-8464 k,?=0-9216 ks?=1-0000 =k? =1-0816 
1)k 2 =3-3856 m(m—1)k,? 
k 2=2-7648 (m—1)(m— 
(m—3 he? =2-0000 ae 
(m—4)5? =1-0816 (m—3)(m— 


(m—1 


“ Sum 


| 
(m—2) 
| 


(m—2)k j i 
)(m—3)k_?= e 
(m—4)k2— 


—9.2320 Sum = 36-2 Sum 


2+0 8 ne ay Ed 4-0249 


4-1045 


УЕе-Т=у16846—0805={ _ —3-2995 


k, — 31845 


—f). 75. 
аа 4104 9/9 


16:9 m(m—1)k,3—109 
11-1 (m—2)(m—3)k,2= 99 
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Substituting in formula (3) 
L=;x 3-1761-- Š (9.2320 3-2995 
—0-02 x 36-2 x 0-778 —0-056) 
—9.5409--0-39(30-461—0-617) 
—2.5409--9-5501=12.0910. 


ABSTRACT. 


The existing formule for coils of this tvpe—viz., those of Rosa and 
Cohen—are shown to be inaccurate, the error amounting to one- 
fifth of ] per cent. for the best formula when the winding depth is 
one-tenth the diameter of the coil. For greater winding depths the 
error is larger. The inaccuracy in Rosa’s formula is due to the 
neglect of curvature in correcting for thickness, while in Cohen's 
formula the error is due to the approximate method of development. 

New formulw are developed by methods which are free from such 
approximations, and which apply to any coil for which the length is 
greater than twice the diameter, and the winding depth is less than 
one-tenth the diameter. These formule are capable of giving eight-. 
figure accuracy. 

Simplified formule are also given which are suitable when only 
four-figure accuracy is required. 
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ХХІХ. Precision Resistance Measurements with Simple Appa- 
ratus. By E. H. Rayner, M.4., National Physical 


Laboratory. 
RECEIVED Marca 24, 1915. 


Tue object of this Paper is to give some hints as to the com- 
parison of resistances to a higher degree of accuracy than is 
usually attempted (except in the case of the inter-comparison 
of standards and of platinum thermometry), but which is 
often required for the determination of the constancy and of 
the temperature coefficient of resistance allovs and in the 
accurate estimation of temperature by resistance methods. 

Simple resistance thermometers of copper or iron, &c., 
ought to be capable of a sensitivity of 0-001?C. This implies 
measuring resistance changes of about 1 in 300,000. Where 
very small temperature differences are in question, such as the 
lowering of the freezing point of solutions, there would appear 
to be no difficulty in making up a simple Wheatstone bridge 
with one pair of opposite sides of copper and the other of man- 
ganin. The whole might with advantage be immersed in the 
liquid whose temperature is to be measured. This would 
avoid the troublesome corrections commonly required in 
resistance thermometry. Balance would be obtained by a 
high resistance shunt in parallel with one side of the quadri- 
lateral. Such an arrangement ought to be able to detect 
changes of temperature of the order of a ten-thousandth of a 
degree, implying a corresponding change of 1 part in 2,000,000 
or 3,000,000 in the resistance. 

It is known that small variations in the composition of 
alloys very often materially alters not onlv their resistance, 
but also the rate of change of their resistance with temperature. 
An accurate determination of the temperature coefficient 
affords a very delicate criterion of the chemical and physical 
similarity of such alloys, which will in many cases be much 
more sensitive and quickly performed than any ordinary 
chemical analysis. 

The addition of another significant figure to the accuracy 
attainable in any physical measurement has always provided 
a new tool for use in research, and in measurements of resis- 
tances high accuracy is particularly easy of attainment, and 
the results may often be correlated with other physical and 
chemical properties. 
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Measurements of this nature are often neglected, owing to 
the idea that specially accurate Wheatstone, Carev-Foster or 
Kelvin bridges are required. This is Бу no means the case, 
and the results of some little experience in precision resistance 
measurements with simple apparatus may be useful to others. 

The subject has been dealt with by R. T. Glazebrook in 
various British Association Reports, among which may be 
mentioned that of 1883, and in an appendix to the Report of | 
1906 Е. Е. Smith gives a valuable discussion of the subject. 
Inthis Paper Mr. Smith deals with precision resistance measure- 
ments more in connection with the comparison of the standards 
under his charge than with regard to practical hints as to 
everyday work. Various publications of the Bureau of Stan- 
dards Washington and of the Reichsanstalt in Instrumenten- 
xunde have drawn attention to the most likely sources of 
error, especially in the measurement of low resistances. Some 
of these are given in the bibliography at the end of this Paper. 

The use of Bridge methods only is discussed. Potentio- 
meter methods requiring great steadiness of current, which are 
sometimes of considerable magnitude, require equipment not 
commonly available. 

Though one can hardly claim much novelty in the prin- 
ciples underlying resistance measurements, little seems to have 
been written on the application of precision methods to other 
than the inter-comparison of standard resistances. From the 
number of inquiries on the subject a description of methods 
suitable to various circumstances ought to be useful. 

Many electrical indicating instruments can be read to 
| part in 1,000, and this indirectly fixes the lower limit of 
accuracy of resistances which can be of any practical use. A 
resistance box with errors of 1 part in 1,000 would, in fact, be a 
continual trouble, and a few parts in 10,000 may be regarded 
as a reasonable limit for Wheatstone bridge and similar resis- 
tances, and 1 or 2 parts in 10,000 for standard resistances. 
Precision measurements may be conveniently defined as those 
in which an accuracy of | part in 10,000 or more is attained. 

The measurements described in this Paper attain the 
accuracy of 1 in 10,000 for practically every case, and in 
favourable conditions 1 in 1,000,000, or more. The ordinary 
Wheatstone bridge with plug contacts is not suitable for 
measurements of this nature, ах it does not allow of a sufficiently 

continuous variation in resistance. If further accuracy is 
attempted in the usual manner by increasing the ratio between 
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the bridge arms the arrangement becomes insensitive. As an 
adjunct to a number of other resistances, it, or some similar 
resistance variable by 0-1 ohm up to 10,000 ohms, will be 
essential. 

In measurements of this nature it 18 much easier to follow 
the methods adopted and accuracy attainable if numerical 
examples are given, and the results of experimental measure- 
ments are reproduced for this purpose. These have all been 
made with a Broca galvanometer of 10 ohms resistance. One 
of 100 ohms would have been more suitable for practically 
every experiment quoted, and for many one of 1,000 ohms, so 
that considerable advantage can be obtained in this respect 
by choice of one of а more suitable resistance. Still, the Paper 
shows what can be done when somewhat handicapped in this 
wav. Nature has kindly allowed, when using a galvanometer 
of resistance R on à Wheatstone bridge instead of one of the 
most suitable resistance nR, that the sensitivitv varies very 
slowly for a considerable change in n. 

Thus, as the galvanometer has a resistance 25 times as high 
or as low as the most suitable value the sensitivity is only 
reduced to 0-4 of the best obtainable.* 

For satisfactory work a voltmeter ог ammeter to measure 
the main current is essential. In all measurements the galvano- 
meter circuit should be kept closed, and the current to the 
bridge reversed, aud, for quick working, resistances should be 
non-inductively wound. If reversing gives a large kick due to 
inductivity, the galvanometer circuit may be opened 
momentarily to reduce the effect. It is necessary that the 
galvanometer should not be affected electrostaticallv, and 
arrangements may be necessary to prevent this trouble. If 
the galvanometer is of the moving coil type it may be found 
necessary to connect the magnet and case to one terminal of 
the instrument, and if necessary to insulate the whole instru- 
ment separately if it has not insulating feet. 

If the galvanometer is of the moving magnet type it is 
desirable that there should be electrical conductivity from the 
magnets and damping vane through the suspension to one of 
the terminals in a similar manner. This necessitates silvering 
the suspension if of quartz or glass. The conductivity of a 
silk suspension, if not specially cleaned but left “ dirty,” 
seems to be sufficient to avoid the trouble. 


* Schuster, see Bibliography. 
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A metallic shield such as tinfoil between the galvanometer 
coils and the moving part may be used in place of a conducting 
suspension. This shield, and the portion of the instrument 
supporting the moving system, should be at some fixed, such as 
“earth,” potential. The point to bear in mind is that on 
suddenly applying or reversing the current the potential of 
the coils of the galvanometer 13 suddenly altered, and unless 
the moving part can also attain the new potential at the same 
instant, or be screened from it, electrostatic forces will come 
into play, causing a false deflection of the instrument. 


It is seldom that resistance measurements of precision are 
required, except between resistances of simple numerical ratio, 
and such measurements may be divided into the comparison of 
nominally equal resistances, and of resistances whose ratio is 
represented by some simple numerical fraction. 


Case. I. —CoMPARISON OF NEARLY EQUAL RESISTANCES. 


This measurement shares with the comparison of nearly 
equal weights and lengths the position of being capable of 
being carried out with the highest accuracy attainable in any 
physica] measurement. Differences of 1 part in a million may 
generally be easily detected between resistances if not less than 
1 ohm. It is essential for satisfactory work that they should 
be capable of carrying a reasonable current. 


Method I.—Comparison by Interchanging in Two Adjacent 
Arms of a Wheatstone Bridge. 


The two resistances are made part of a Wheatstone Bridge, 
A, B, the other two sides, P, Q, being nearly equal resistances, 
which may or may not be of the same nominal value as A and B. 
In the latter case A and B should be in series as regards the 
supply current, as this allows of the largest current to pass 
through the bridge, and is, therefore, the most sensitive 
arrangement, and it is also the most convenient. Balance is 
obtained by shunting one of the resistances with a relatively 
high resistance. If the bridge is nearly balanced without a 
shunt, a very high shunting resistance, perhaps a hundred 
thousand or a million ohms, will be required which is very 
seldom obtainable. This difficulty can be got over by shunting 
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опе of the other arms, say, Q, bv any convenient resistance Q', 
whose value is not required to be accurately known, so that 
the required shunt on P is of convenient dimensions. It has 
the advantage that the variable resistance is always connected 
to the same part of the bridge which conduces to the ease and 


Иа. 1. 


quickness ої working. Thus, suppose that S, is the shunting 
resistance required in parallel with P when A is connected to P. 
and Ss the shunting resistance when B is next to P. 


Then 


Eliminating Q 
№ ph, (18) 
в | 
© pts, (+в) 


If Tand Е. are nearly equal and small compared with unity, 
Bg a 


P 

HAE 
A tis Wo 
rens =14+4?( 5) 


2 S, 
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An example will make the accuracy obtainable more easily 
appreciated. 

Thus P=>Q=50 ohms, Q being shunted by a fixed resistance 
Q’ of about 9,000 ohms. 


A=B=20 ohms. §8,=8,572 ohms. S, =8,493 ohms. 


A 50/1 1 
B 11948493 8579 


)=14-250:000,001,08=1--0-000,027. 

Thus it will be seen that a difference of 80 ohms in the value 
of the two shunting resistances corresponds to a difference of 
27 parts in a million in the ratio —, and as this difference may 


often be observable to 0-2 or 0-3 of an ohm, the ratio of A to B 
may be determined to a few parts in ten millions when A and B 


Fia. 2. 


are nearly equal. It will be noted that absolute accuracy in 
P or in S, and S8, is not required, only that the difference 
between S, and S, should not be seriously in error. 

It is important that any leads connecting А and B to P and 
Q should remain fixed to P and Q, and should not be reversed 
when А and B are interchanged, otherwise any difference 
between them will be included in the measured difference 
between À and B. 

DD2 


390 MR. Е. Н. RAYNER ON PRECISION 


In most cases a short connecting piece between А and B is 
necessary, In which case the method may be extended as 
follows: The galvanometer is first connected so that the 
connecting piece of resistance L is first added to B, and the 


ratio of found as above, after which the galvanometer 


A 
B+L 
connection is changed so that the ratio —— А а is obtained, four 
values of the shunting resistance being observed. 

If the value of L is greater than the difference between А and 
B, then two equations of the form 


mit and 
ed —y are obtained 
A+L 
Eliminating L 
"E 
А 2 1-х 
В 1—y хр 


1—5 


and as z and y are small quantities 


To evaluate L, A may be eliminated from the first and last of 
these equations which leads to 
1 (0+2) 


В 1—2) 


and аз 1—z differs little from unity, and Е is not required to а 
high accuracy | 
L 

p7? U+) 


Example: A=B=50; P=Q=50. Permanent shunt Q', 
of about 9,000 ohms on Q. 
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The diagrams, Fig. 2, show the connections 
S,=8,465-4, 8,—8,691.8, S8,—8,653-5, 8,—8,501-5. 


A 50, 1 1 


BiL 19486918 8,4654 


B : )=1 —0-000,516, 


= 1—0-000,769, 


ат. -85015 


E —14-1(0-000,051,6,—0-000,076,9,) = 1—0-000,012,6. 


which gives the ratio to one part in 10 millions with good 
accuracy, and 

L L 

BU 4770000, 064,3. 

It is easy to estimate what value it is possible to put on the 
number of significant figures in the decimal part of the ratio 
А/В, which may be relied on in the final result by looking at the 
difference between Sa, Ss, or Sg, S,. These are about 36 ohms 
correct to about 0-1 or 0-2 of an ohm, so that the final error in 
the decimal part ought to be under 1 per cent., in other words 


the value —1—0.000,012,6 13 correct to 1 unit in the last 


figure. The value X =7,=0-000,064,3 must be constant 
during the experiment, so that being a short length of copper 
wire its temperature should not alter appreciably. In fact, 
in all resistance measurements of high precision it is the 
temperatüre which puts a limit to the useful accuracy, and 
constant temperature rooms and oil baths are necessary for the 
comparison of standard resistances. In the exp2riments 
quoted, the observations have to be repeated in the inverse 
order, and the mean taken to allow for temperature drift. Ш 
measurements of this nature each terminal block should have at 
least two, if not three, terminals in order that the movement 
of the galvanometer connection from one end of L to the other, 
and the connection of the high-resistance shunts, &c., may be 
made without disturbance of any contacts through which the 
main current passes. 

In the example quoted А, B, P and © were resistances of 
50 ohms each wound on open frames. Each resistance was 
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composed of two circuits of 100 ohms each of No. 24 constantan 
wire, forming a non-inductive arrangement when the two are 
used in parallel. They are made so that 100 volts can be put 
on the frame so as to give 2 amperes, and are regularly used in 
connection with an accurate electrostatic voltmeter for 
measuring small alternating currents, a number of frames 
being put in series or parallel as required. The design is due to 
Mr. Campbell, and affords the most accurate method of measur- 
ing alternating currents of the order of 0-01 ampere to 
20 amperes. 

The winding is equivalent to two oppositely wound spirals, 
the current always being led in at one end of the frame and out 
at the other. If the more usual way of doubling a wire on 
itself were employed the inductance would be slightly less, but 
full voltage would exist between the adjacent wires near the 
ends. The wires carrying oppositely flowing currents are tied 
together, so as to reduce the inductance as far as possible, and 
the difference of potential between adjacent wires docs not 
exceed about 3 volts. The frames are about 70x 50x 1-5 cm. 
in size, the grooves for the wires in the top and bottom bars 
being about 1 сш. apart. = 

It is not necessary to shunt the whole of one of the arms of the 
bridge by the variable resistance. It is often more convenient 
and accurate with the resistances available to shunt only a 
fraction. 

The change of resistance with increasing current of one of the 
(50 ohms) frames capable of carrying 2 amperes, was de- 
termined in this manner. The wire for these resistances was 
specially selected as having a very small temperature co- 
efficient. A bridge was made up of one of these frames as one 
arm and of nine others (three in series, three in parallel), so as 
to be equal in resistance in the adjacent arm, it being assumed 
that the heating in these being so much less would be negligible. 
The single resistance and the combination of nine were con- 
nected in series to a source of supply, so that somewhat over 
200 volts could be applied. The other two arms were each of 
10 resistances of 1,000 ohms (usable up to 1,000 volts). "These 
resistances, high compared with the galvanometer resistance 
(10 olims), rendered the arrangement insensitive at small 
currents, but the resistance of zero current can be calculated 
with good accuracy, as will be shown. One-tenth of the 
resistance Q (1,000 ohms) was shunted by a fixed resistance of 
about 5,000 ohms, and balance obtained by shunting a similar 
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section of P by a variable resistance of about the same value. 
The value of this resistance and the calculation of the relative 
resistance of P, and, therefore, of A at different currents, 1s 
shown in the following table : 


! } 21 Й . 
Current. : : . Current ?*9, 6 P + (2-6, 


Ampere. 
0-98 5049-0 9834-068 s 
1-41 5033-6 9834-26 2. 0.292 
1-74 5016-0 9833-78 — 0:90 24 0-281 
1-98 4997-2 9833-26 — 1-42 N | 0.289 
2.19 | 4978-0 9832.78 — 1:90 “6! 0-285 


The resistance P is the nominal value of the arm P as shunted 
1 1 
P=9,000+1+(r Ht i) 


ôP is the change in P from its value at 0-98 ampere, and is 


wt | | | tt tT | Tt TT О 
BINENNEENNEENENN 
NRE 


FARS 
ALL 


CAM NP E 


Change in Resistance Parts in 100.000. 
.ENEVAXGEMEM 
A 
асаа 


Е 


Current, Amperes’. 


Fia. 3. 


practically equivalent to parts in 10,000. From these values 
(assuming the bridge to be too insensitive for accurate readings 
below 1 ampere) it is impossible to determine accurately what 
would be the value of P at zero current by plotting ôP against 
current (n—1) Еіс. З. Itis much better to plot ôP against the 
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square of the current which is nearly proportional to the 
temperature rise (n=2). This gives a line with some curvature 
in it. By trial it will be found that plotting ôP against (cur- 
rent)*5 (п=2-6), a curve indistinguishable from a straight line 
results, leading to a value for ôP at zero current of +0-28. 
P for 2 amperes is —1-47, so that the total diminution in 
resistance is 1-75 in 9,800, or practically 1-8 parts in 10,000 
between the resistance measured at 2 amperes (100 volts) and 
that at a very small current. 


Measurement of Equal Resistances by Substitution. 


A very convenient method for the rapid comparison of a 
number of nearly equal resistances is to make up a Wheatstone 
bridge with one of them in one of the arms, and to substitute 
successively the various resistances in turn. The fine adjust- 
ment is conveniently made by shunting one of the arms by 
a high resistance. The other three resistances may be specially 
wound ones, and be roughly mounted on a board with all joints 
soldered as far as possible. When adjusting a number of 
resistances to equality using this method, it is converient to 
make up the bridge out of lengths of the same wire, which will 
avoid temperature changes. The choice of dimensions of the 
resistances will depend on that of the resistances to be measured 
and the galvanometer resistance, enabling the conditions of 
maximum sensitivity to be obtained when desired. For work of 
the highest precision with standard resistances with heavy cop- 
per terminals, mercury cups, &c., the method may be inferior 
in accuracy to the comparison of two resistances by inter- 
changing, but for many practical purposes it is more convenient, 
as the resistance of the connecting leads is eliminated, and there 
is more latitude in the choice of the resistances of the other 

three arms of the bridge. * 


Case П.—ТнЕе COMPARISON OF RESISTANCES OF DIFFERENT 
MAGNITUDES. 

Comparisons of this nature vary much, and only general 
principles can be suggested. To obtain a ratio of, say, 1 to 10, 
10 resistances of the smaller value are put in series, each being 
capable of direct comparison with the standard. For the 
methods of building up and verifving resistances of less than 
] 000 ohms the B.A. Paper of Mr. Smith should be consulted. 
Below 1,000 ohms special precautions have to be taken regard: 
ing the resistances of the end connections. 
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Verification of a Potential Divider. 


An instructive example in the measurement of comparatively 
high resistances is that of а potential divider commonly used 
in conjunction with a potentiometer to measure 100 or 200 
volts. A high resistance is connected across the supply voltage 
to be measured, and exactly 1 per cent. (or 0-5 per cent.) is 
tapped off and applied to the potentiometer. A voltage of 
1-0 or 1-5 per 100 ohms is commonly used, so that for 100 or 
150 volts the whole resistance will be 10,000 ohms, with a 
tapping at 100 ohms for the potentiometer. If standard 
resistances of 10,000 ohms and 100 ohms are available, the 
potential divider may be easily verified, provided the resistance 
of the internal connections can be neglected ; but for precision 
work this is not sufficient. After being on the circuit for & 
short time it will be found that the effect of the heating is 
appreciable. If the whole box changed in resistance homo- 


Fia 4. 


geneously on this account it would not matter, but the 100-ohm 
section 1s often made of thicker wire for ease of adjustment, 
and even if this is not the case it may remain cooler than the 
rest, as it 13 practically always near one end of the resistance 
box. Itis therefore desirable that the ratio of the two parts of 
the resistance, nominally, 1: 99 should be determined at the 
working voltage. To do this we may take advantage of the 
useful theorem that the value of п nearly equal resistances 
connected in series is п? times their resistance in parallel 
to a very high order of accuracy. For instance, suppose half 
of them are as much as 1 in 1,000 high, and the other half 
lin 1,000 low, the n? law holds to one part in a million. 
Suppose, then, we have 10 resistances of 1,000 ohms, which 
can be put in series or parallel, and also a resistance of 100 ohms, 
the 10 of 1,000 ohms in parallel can be compared with the 
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100-ohm resistance by inversion with very high accuracy. By 
putting the 1,000-ohm resistances in series, we fow haveftwo 
resistances of а nominal ratio of 100: 10,000. It is assumed 
that these resistances are sufficiently liberally designed so as 
to be unaffected when 100 volts or more is applied to them in 
series. The volt box ratio to be proved is nominally 100 : 9,900, 
which may be converted for the purposes of measurement into 
100 : 10,000 by two methods. The one is to.add a variable 
resistance of about 100 ohms to the 9,900, making it up to 
10,000, and the other is to shunt the 100-ohm section of the 
volt box with a variable resistance of about 10,000. This is the 
more delicate method, as 100 ohms change in this resistance 1s 
equivalent to 1 ohm in the first method. In the second 
method 10,000 ohms shunting the 100-ohm section of the volt 
box reduces the current in it by 1 percent. The effect of this is 
neglected. Instead of resistances of 100 and 10x 1,000 ohms, 
other convenient resistances of the same ratio can be used. It 
is possible that the actual resistances of the volt box sections 
will differ from their nominal value, and correction must be 
made for this if necessary, when using extraneous resistances In 
series or parallel with parts ot it. 

The following is an example from experiments on one of the 
best makes of commercial potential dividers rated for 150 volts. 

Resistances, nominal, of the two sections 100 and 9,900 ohms. 


I.—Verification of Nominal Value by Comparison with Known 
Resistance of 10,000 ohms. 


Using the nomenclature of Fig. 1. 


ÀA-10,000 known. B=volt box. P=Q=50. Q’=4,000. 
S,—5,111. 8,—93,987. 


5,711 


Ay 5 9874-50 
(в оов slo e 
А =1-003,95, 


The volt box, as а whole, is therefore low by nearly 40 ohms 
in 10,000. 


II.— Determination of Auxiliary Ratio 100 : 10,000. 


A resistance of 10 parts of 1,000 ohms each 13 arranged to 
be easily changed from series to parallel. Let F be the ratio of 
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the 100-ohm resistance to the resistance of the 10 of 1,000 ohms 
in parallel. From observations similar to those (Fig. 1) 


50 1 1 
E | ә; 
Е=1+. (861057 ii) 1-0:000,028. 


II1.—Balancing the Auxiliary Resistance Against Volt Вот. 

(a) Ву Addition of а Variable Resistance, В, of about 100 ohms. 
The testing voltage is supplied at К and at Mor N. If supplied 
at M the resistance of the short wire L is added to the 100: 
section of the volt box and is appreciable. The mean of the 
values, found when current is led in at M and N alternatelv, is 
taken. Thus, current led in at M, R=95-6; in at N, R=96-5 ; 
mean 96:05. This converted to volt box units (x 1-000,395) 


—96.43. Then 
А Е 99-969 
B^ 100% x (+5 в)= 9.900 ` 


(b) Ву Shunting the 100-ohm Section о] the Volt Bor.—Current 
in at M, R’=10,176; current in at N’, R’=10,268; mean, 
10,222 ; corrected for “ volt box unit " 10,263. 


A Е _ 10,263+100 99-969 
B 100 10263 9,900 


The two methods agree. These measurements were done 
with 10 volts. 

After the application of 100 volts for half-an-hour the two 

99.95 . 
methods gave К апа mug showing & change of 1 part 
in 10,000 due to the heating, the discrepancy between the 
two methods being 1 in 100,000. 

The change of ratio which is caused by the application of 
150 volts for 80 minutes, and the subsequent cooling when 
10 volts is substituted is shown in Fig. 5. 

The wire is wound round two parallel wooden cvlinders 
separated such а distance apart that about half the total 
length is stretched in air between the cylinders, and the other 
half is in close contact with them. The free part very quickly 
takes up a certain temperature difference above the surrounding 
air. This accounts for the sudden change during the first 
minute. The temperature rise of the rest of the wire is 
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delayed by the heat capacity and conductivity of the wooden 
cylinders as indicated in the rest of the diagram. 

It may be thought that measurements of the ratio of such an 
apparatus as a potential divider for 100 volts to an accuracy 
of the order of 1 part in 100,000 is far beyond the accuracy to 
which an apparatus can be usefully emploved. It must, 
however, be remembered that it is one important link in the 
maintenance of the voltage of commercial supply networks 
at their correct value throughout the world. 

Though it might not be generally expected, the accurate 
measurement of voltage is of prime importance in photometry. 
It is found that a series of photometric comparisons can be 
made to an accuracy of one part in a thousand. As the candle- 
power of a lamp varies four or five times as quickly as the 


Change in Ratic Parts in 100.000. 


10 20 30 4 50 60 70 80 9% 100 110 120 130 
Time, Minutes. 
F1G. 5. 


voltage, this amount would be accounted for by a change of 
1 part in 5,000 in the voltage. It is, therefore, necessary that 
any errors in the electrical measuring instruments should be 
known to an accuracy of 1 in 10,000, and measurement of the 
magnitudes of these errors to the order of 1 in 100,000 is not 
superfluous. 


A simple method of proving the ratio of such potential 
dividers under working conditions may be of use to makers, 
as the above results show that there is room for improvement 
in those at present obtainable. 
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Use of Continuous and Alternating Currents Superposed. 


The author has shown in a Paper* read before the Institution 
of Electrical Engineers that useful information could be 
obtained by superposing a continuous potential of a few volts 
in series with an alternating one of several thousand when 
testing insulating materials, measuring the amount of continuous 
current passing, and also the alternating current and power. 

The experiments on the volt box just described indicate 
the importance of measuring their ratios under the working 
voltage. As continuous voltages of 100 or more are not 
always so easily obtainable as alternating voltages, and still 
less is a voltage of 1,000, a similar superposition of a small 
measuring continuous voltage on a larger heating alternating 
voltage was tried on the same volt box. The continuous 
voltage was 13, and the alternating voltage 100. The rate of 
change of ratio after the application of the alternating voltage 
was practically the same as if 100 volts continuous were applied. 
Balance is first obtained with the continuous potential alone, 
before switching on the alternating potential The heating 
effect of the 13 volts is negligible, compared with the 100 volts, 
the virtual voltage being +/ 100--{ 132—100-8. With a moving 
needle galvanometzr it is possible that any alternating current 
passing through it may affect it, but if a balance with con- 
tinuous current is first obtained the alternating current will 
have an insignificant effect. If the time constants of the 
various parts of the circuit are notably different, which is not 
likely, as wire of high resistance per unit length is used for such 
resistances, some disturbance may be caused. "This, however, 
is not likely to be of serious importance, as it is change of 
resistance for some time after application of the full rated 
voltage that is being looked for, due to rise of temperature, 
rather than instantaneous effect on switching on the alternating 
voltage due to differences of time constant. 


Kelvin Double Bridge. 


For the comparison of unequal resistances, especially when 
one or both is less than 1 ohm, the Kelvin double bridge 
cannot be surpassed. 

In the comparison of equal resistances of the order of 50 ohms 
it has been seen that the short piece of wire connecting À and B 


$ Е. Н. Rayner, “ High Voltage Tests and Energy Losses in Insulating 
Materials," ‘‘ Journal of the Inst. of Electrical Engineers," Vol. 49, p. 47, 
1912. | 
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affects as much as the last three significant figures attainable in 
the ratio А:В. If it were practicable to connect the galvano- 
meter exactly to the resistance centre of this wire, allowing for 
the uncertain contact resistances at the ends, then it would be 
unnecessary to double the number of observations which are 
required to eliminate its resistance, Fig. 6. The elegant method 
of surmounting this difficulty adopted in the Kelvin bridge is to 
connect the galvanometer, not to the middle point of the wire, 
but to the middle point of a resistance in parallel with it which 
is high in comparison with that of the joining wire, Fig. 7. Тһе 
ends of this resistance should not be joined to the terminals 
through which the main current passes, but to a separate pair 
(the potential points of the resistance when these are provided). 
The resistance may be from 2 to 200 ohms, according to 
circumstances. In the general case where the two main 
resistances to be compared are not equal, this connecting 
resistance must be divided in the ratio of the main resistances. 


The resistances P, Q, are connected to the other potential 
points of the two resistances. 

In commercial forms of the apparatus P is commonly made 
equal to Капа Q equal to S, Fig. 8. Taking А to be a standard 
resistance, P and R may be of some simple value of about 20 to 
100 ohms, апа Q and $8 can be varied together from 0-1 to 
1,000 ohms, and the ratio of B to A is read off at once to four 
figures. The sensitivity of the arrangement increases if low 
resistances, rather than high ones, are used for P, ©, В, S, but 
the resistance of the connecting leads makes 10 or 20 ohms the 
lower limit. 

If the resistance of L is small compared with A and B, the 
values of R and S need not be so accurate as those of P and Q, 
and it becomes practicable to make R less than P, and В less 
than Q, with an increase in sensitivity without appreciable 
loss of accuracy. When measuring small resistances of 0-001 
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ohm or less, when L may be as large or larger than A or В, 
accuracy in В and S is nearly as important as in P and Q. The 
correctness of R/S mav be verified by breaking the main 
circuit at L, when it will be seen that the system ought still to 
remain balanced. Practically the whole voltage of the source 
ofsupply will now come on to Rand Sin series, and care must be 
taken that these are not damaged if small resistances are used. 
The equation representing the general condition that there 
be no current through the galvanometer is that 
| RL Q ES) 
В+ YI RS 


As in the case of resistances of an ohm or more, precision 


B-A. uis 


measurements are only required as a rule between resistances 
having а simple nominal ratio which enables the apparatus to 
be considerably simplified. 


Special Form of Kelvin Bridge. 

The necessity for apparatus of this nature for verifying the 
resistances used in precision alternating electrical measurements 
has led to the construction of a special Kelvin bridge for the 
purpose. The resistances to be verified vary from a few ohms 
to 0-001 ohm, and all have a simple numerical value. Thev 
are used in the current circuit when making alternating power 
and current measurements, and give a 2-volt drop of potential 

at their rated current. 

The apparatus consists of two rows of resistances of 20 ohms 

each, there being 25 in each row. One row forms the part 
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P, Q, and the other В, В, as many of the resistances being used 
as required and connections are taken off for the galvanometer 
circuit. 

As the resistances of the leads connecting the apparatus to 
the resistances to be compared cannot be made negligibly 
small, compared with 20 ohms, the end coils of the two rows 
have been adjusted to be 1 part in 1,000 low (0-05 ohm), and 
the leads used are adjusted to be 0-05 ohm. 

These end coils must, therefore, always be used, and the 
bridge is adjusted to the correct simple ratio by short-circuiting 


Г. 


25 RESISTANCE OF 20 OHMS IN EACH ROW 


2—2 


Ето. 9. 


as many of the other coils as may be necessary. For соп- 
venience the two rows of 25 resistances are put in concentric 
circles, and copper straps are used for short-circuiting the 
necessary coils, these straps being also used for the galvano- 
meter connections, which are arranged concentrically at the 
centre of the circle. The arrangement has the great merit 
that all the resistances have the same value, and so can be 
adjusted to equality with high accuracy. The absolute 
accuracy is quite immaterial. Balance is obtained by shunting 
A or B, whichever is relatively the higher. 

The apparatus is capable of comparing any resistances of 


. m 
the ratio =, where т апа п are any integers whose sum does 
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not exceed 25. Though it is possible to measure ratios of 
24:1, lower ones such as 10:1 and 5:1 can be somewhat 
more accurately measured, as then at least two coils can be used 
in each of P and Q, and the small uncertainties of the resistances 
of the temporary connections, &c., become of less importance. 

Tn the diagram the bridge is shown arranged for measuring & 
ratio of 5 : 1, P consisting of 10 coils, © of 2, R of 5 and S of 1. 
It has been found satisfactorv to mount the terminals directly 
on the wooden base which is soaked in hot wax. The holes 
through the wood are tapped, and the terminals screwed up 
tight, and locked by brass nuts in the usual wav. This 
effectually prevents the terminals working loose, which is 
inevitable in wood if they pass through clearance holes. 

The arrangement shown for the galvanometer keys has been 
found very satisfactory. When one key is depressed the 
galvanometer is first of all shunted by a resistance which can be 
varied from 0-1 to 50 ohms, and further depression makes & 
second contact connecting the galvanometer to the circuit. 
When approximate balance has been obtained the other key is 
depressed instead, which connects the galvenometer to the 
circuit without any shunt. It has been found much more 
satisfactory than the usual arrangement of a kev with a 
resistance in circuit when half depressed which is cut out on 
applying more pressure. А mercury cup reversing kev for the. 
main current is provided. 

In order to compare a resistance of, say, 0-001 ohm with one 
of 1 ohm it is necessary to do so in a series of steps, using 
intermediate resistances of, sav, 0-1 and 0-01 ohm with а ra‘io 
of 10: 1in the bridge resistances every time. Any inequalities 
in the bridge resistances will cause а cumulative error in the 
final result, so that they should be very accurately adjus:ed to 
equality. These differences have been kept down to 2 or 3 
paris in 100,000, so that in a “step-down " of 3 steps the 
accumulated error 402$ not exceed 1 in 10,000. 


Resistances of Incommensurable Ratios. 


The accurate measurement of resistances of this nature 
is very seldom required. There is one case, however, in con- 
nection with the use of standard cells which is of practical 
importance. In apparatus of a potentiometer nature it is 
usual to adjust the current very exactly to some simple value, 
such as 0-01 ampere, and the easiest way to do £o 13 to pass it 
through & resistance of 100 times the nominal value of the 
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voltage of a Weston cell (100 х 1-0183 ohms at 20°C.). If the 
potential divider has a number of equal resistances in series, - 
each designed to have 10 volts on its terminals, it is a simple 
matter to connect a number of these, mostly in parallel, such: 
that their resistance is exactly that to which the cell resistance 
has to be adjusted, which can therefore be done with great 
accuracy. Sixteen such resistances arranged in a certain 
manner will give a resistance equivalent to the voltage 1-0184, 
which is the voltage of Weston cell at 17°C. Other combina- 
tions may be made which will give slightly different values 
corresponding to the voltage of the cell at other temperatures. 
The subject has been dealt with in a previous publication.* 


General Remarks. 


The following points should receive attention in such measure- 
ments as have been described :-— 

1. The current should be as large as practicable, having 
regard to the change of resistance with temperature. 

2. It should be measured by an ammeter. 

3. In order to enable large currents to be used resistances 
should be liberally designed. 

4. For ratio arms and other resistances frequently used it is 
of great advantage to wind them on open frames. The 
terminal blocks should have three terntinals each. Two от 
three resistances of this nature of each of such values as 10, 
100 and 1,000 ohms each will be very useful. They mav be 
wound with two circuits so as to be very non-inductive. 

5. Ten equal resistances which can be quickly changed from 
series to parallel are very useful. In order to avoid un- 
certainties due to contacts and differences of current paths in 
the two arrangements, 1,000 ohms each is desirable. These 
may be wound on micanite, which allows of better cooling than 
several layers on a coil. If heavy copper ends and mercury 
cups are used, 100-ohm units may be used instead of 1,000 ohms. 

6. In Wheatstone bridge arrangements final balanée is best 
obtained by a shunt of relatively high resistance in parallel with 
some part of the circuit. The higher the relative resistance the 
more delicate is the adjustment, and the less the importance of 
the accuracy of the shunting resistance. The system mav very 


* Paterson, Rayner and Kinnes, “ The Use of the Electrostatic Method 
for the Measurement of Power," “ Journal of the Inst. of Electrical 
Engineers," Part 221, Vol. 51, p. 315, 1913. 
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often be put intentionally out of balance to enable a suitable 
shunting resistance to be employed. 

7. It is generally worth while, as far as possible, to design 
apparatus to be “self-checking,” t.e., in such а manner that 
the ratios of the various parts can be easily determined without 
the use of an external resistance whose value is required to be 
accurately known. Absolute accuracy of adjustment of 
resistances, though convenient, is not essential in most 
laboratory apparatus. It is only the relative proportions of 
the parts that are of importance in such instruments as potential 
dividers, potentiometers and Kelvin double bridges. It 1s 
only when resistances are used for the measurement of current 
that absolute accuracv becomes of importance. 
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ABSTRACT. 


The Paper describes methods by which the comparison of rexis- 
tances can be made to an accuracy of I in 10,000 or higher by using 
simple apparatus usually available in electrical laboratories, ог 
which caa be easily constructed with little skilled assistanco. 

The comparison of nominally equal resistances of I ohm and 
upwards by the usual method of shunting one side of a nearly 
balanced quadrilateral by a high resistance is mentioned, and 
variations on this when only part of one resistance is shunted are often 
useful. The great advantages of having resistances capable of 
carrying comparatively large currents is illustrated, especially for 
measuring changes of resistance of commercial apparatus under 
working conditions. The determination of errors in a volt box for 
use with a potentiometer is described at some length. This is of 
especial importance in precision photometry. 

If а sufficient continuous-current voltage is not available for 
testing such apparatus as high-potential dividers, it is shown that 
using sufficient continuous current to secure sensitivity the heating 
may be supplied by superposed alternating current. 

Resistances in common use are very generally of simple numerical 
value, and a Kelvin bridge specially designed for the comparison of 
such resistances is described. It consists essentially of two rows 


of 25 resistances of 20 ohms each. 
EE2 
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DISCUSSION. 


Colonel SQUIER thought the Paper was very useful and likely to be 
generally helpful. 

Mr. Е. E. SmirH made several suggestions which, he thought, would im- 
prove the Paper. First, the conventional lettering of the arms of the bridge 
should be adopted, and an equation showing the sensitiveness of an ordinary 
bridge should be inserted. The Kelvin bridge arrangement could not be 
brought forward too prominently. If the equation representing the balan- 
cing condition was inserted it would be clear to all what errors might 
be introduced if the resistance of this lead was too high. With regard 
to the interchange method of comparing nominally equal resistances it waa 
not the best or simplest for coils with potential leads. Suppose Р, Q, К, and 
S (Fig. 10) each have a nominal resistance of 1 ohm, but that P is provided 


Ета. 10. 


with potential leads, and it is the value of P between these which is: 
desired. Let L, and L, be the resistance of the leads of P. Then, when the 
connections a e as in full line we have 


QR 
Пра, 9 . б • . . . . . . (1). 
S' being the shunted value of S necessary to obtain a balance. 


By means of a switch the connections are now changed to those shown by 
the dotted lines, when 


(Q+L,)\(R+L,) 


P= WM AL ae est ee ek, GR. Be ae (г. 17 
- з (2) 


S^ being the new shunted value of В. 
Adding (1) and (2) and neglecting very small quantities we have 


(+) 


The sensitiveness of this method is identical with the method of interchange, . 
and it is much more convenient for coils with potential leads. The thermal 
E.M.F.s in a bridge, especially with coils containing Ni are often troublesome, . 
and in the method of interchange the E. M.F. through the galvanometer is 
often reversed on interchanging. This should be remedied by reversing the- 
galvanometer connection, or it may at times be remedied by reversing the 
position of a coil. Regarding heating effects, about three years ago, in collabora- 
tion with Dr. Glazebrook and Mr. Bousfield, 1 published some results on the- 
increase of resistance with increase of current, but in no instance was any: 
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‘difficulty found in obtaining the resistance for an infinite small current by plot- 

ting the change of resistance against С?. Of course, all the curves were not 
straight lines. With resistance alloys such as constantan and manganin we 
do not expect them to be. The rise in temperature was, however, in all cases 
strictly proportional to C?, and the temperature resistance curve could 
be plotted from the observation. Does the author think the constantan he 
worked with behaved differently, and if there was any real advantage in 
plotting change of R against C26 instead of С? Mr. Rayner's Paper will 
undoubtedly be of value to those who have to measure resistances with fair 
precision. There is, however, а bridge which for accuracy, ease of working ` 
and range (if suitably designed) is difficult to surpass. I refer to certain 
types of thermometer bridge. In potential, then, no matter what the resis- 
tance may be. between certain values, it has to be measured with very great 
accuracy. The bridge is readily calibrated, and requires no external appa- 
ratus for building up values. It is readily adapted to measure any resistance ` 
from about 0-1 ohm to 1,000 ohms, and the coils may have potential leads. 
1 fear that because some bridges have been designed for precision work they 
are regarded as unsuitable for other work of a lower degree of accuracy. This 
fortunately is not true. 

Mr. DupDELL said that with regard to the building up of resistances 
he had in his laboratory a large number of 1,000 w coils which were 
‘capable of carrying 0-1 ampere. By arranging these units in series and 
parallel combinations he could readily obtain any ratio he wished, and 
the building up of a potentiometer with these coils was very easy and 
convenient. An advantage in the use of high resistance coils such as 
1,000 о for work of this kind was the relative unimportance of the con- 
nection errors, which were very small if the resistances had substantial 
plug contacts. 

Мг. А. CAMPBELL said that he had introduced the system of non- 
inductive winding on chanelled frames about 16 years ago, and it had 
been publicly in use in the National Physical Laboratory for many years. 
It appeared to have been patented recently by a foreign firm. The 
lessening of the inductance is obtained by winding a left and right- 
handed coil in the same set of channels and connecting them in parallel, 
tving the contiguous pairs of wires closely together. "The capacity is 
well distributed if many channels are used. In a simpler method, which 
he has also used for many years, a single wire is twisted into a large 
number of loops, in each of which the wires are very close together, and 
each channel carries a single loop. 

Mr. С. С. Paterson said that it was inevitable when working with 
ordinary resistances on a high voltage that a good deal of heat should 
be dissipated. In potential dividers one makes the coils all of the same 
wire, measures the ratios at low currents and relies on these remaining 
the same at high currents. This is not the case, however, the ratio 
altering by an appreciable amount depending on the precise position of 
the portion from which the voltage is picked off—e.y., at the end or the 
middle of the coils—on account of unequal temperature distribution. 
He instanced a case in which errors of two or three parts in 10.000 were 
introduced from this cause, and said that the method of superposing an 
alternating voltage on а small direct.current voltage was very useful for 
determining the ratios under the working coaditions of heat dissi- 
pation. 

Mr. D. OWEN welcomed a Paper on this subject. Emanating from the 
National Physical Laboratory, it would be regarded as embodying the 
soundest methods for use under the simple conditions which alone are 
generally attainable. The claim (in the first test quoted) of an accuracy of 
one part in 10 millions under simple conditions, when neither temperature 
nor the value of the testing current was specified, was misleading, and apt 
to propagate the mischievous illusion that sensibility of the bridge and 
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accuracy of the measurement were one and the same thing. The proof put 
forward of the formula for the method of interchange was, unfortunately, 
not rigorous, as the resistance of the leads at the outer ends of P and Q was 
not taken into account. The extension of the method which the author 
advocated, requiring four balances, appeared unnecessarily cumbrous ; by 
connecting the galvanometer to a terminal fixed midway along the lead L 
the number of balances was reduced to two without loss of accuracy. In 
the test of effect of current strength on resistance of a coil the neglect of the 
heating effect in the adjacent arm was unjustifiable, as it amounted to 10 per 
cent. of the variation to be determined. 

Dr. С. У. DRYSDALE (communicated): The two great principles upon 
which all standard bridges are based are those of Carey- Foster and of Kelvin, 
and in 1907 І combined both these principles т a bridge which is simple in 
construction, capable of working to the highest possible accuracy with 
resistances of any value, very rapid in use, and which gives the difference 
between the standard and test resistances directly in millionths of their 
value. This is when the two resistances to be compared are practically 
equal, and it is preferable and nearly always possible in a good laboratory at 
the present time to have a standard of approximately the same value as the 
resistance to be determined. In order, however, to arrange for stepping up 
or down, a self-contained ratio bobbin was devised embodving the principle 
laid down by Lord Rayleigh, having five coils of relative values 1, 3. 3, 3, 1. 
By suitable and convenient combination of these coils, which is now effected 
bv solid bars and mercury contacts, not only can most of the uneven ratios 
required be obtained, but the arrangement is sclf-checking, and it forms an 
accurate series of standards built up from a single unit. It is true that when 
uneven ratios are employed, shunting has to be substituted for the slide-wire, 
but this is only necessary when comparing or adjusting a series of standards 
of different values, and it can be done with perfect facility on the same bridge. 
Apart from the convenience of adjustment, Mr. Rayner’ s bridge appears to 
sutfer from the defects that contact errors in connecting his ratios are not 
eliminated, and that it is not self-checking. Except where the resistances 
have very appreciable and ditferent time constants, also, it is decidedly bad 
practice to use a galvanometer key at all. Alterations of sensitiveness should 
be secured by varving the main current. Mr. Rayner correctly states that 
great advantage as regards contact errors can be secured without great loss 
of sensitiveness by keeping the resistance of the ratio coils moderately high, 
instead of attempting to fultil the mathematical conditions for maximum 
Rensitiveness. [n practice it is possible to work to an accuracy of one or two 
parts in. 10,000,000, when the ratio coils are never reduced below 10 or even 
100 ohms. 

Mr. Ваупег replied as follows: Аз to lettering the different arms of the 
bridge P, Q, R, S, which Mr. Smith says is the conventional manner, neither 
the Americans nor the Germans seem to have adopted a conventional nota- 
tion, and Т have been troubled in following the discussion of various methods 
by the difliculty in keeping in mind the significance of the main and secondary 

resistances when P. О, В and 5 are used. As to the change in resistance 
varying as the 2-6th power of the current, Mr. Smith considers the effect is 
most likely due to the non-linearity of the temperature coeflicient rather than 
divergence from Newton's law of cooling, which his experiments on resistance 
thermometers seem to show hold with great exactness. Mr. Owen 
considers the neglect of an equal amount of heat generat ed in the nine other 
frames may account for it. Ido not think it would make much difference. 

аз the change of resistance at such а small temperature rise is very small. 
The point is not of great importance, ав in practice a slight draught of air 

will make a considerable difference. The experiment is only quoted ns an 
example of a method, and to give an idea what the effect may be in the case 
of resistances of a certain design intended for а much higher voltage and 
current than is usually employed. Mr. Smith has drawn my attention to the 
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fact that the statement in the description of Fig. 1 that for greatest sensi- 
tiveness resistances of similar values should always be put in series is in- 
correct. In practice, however, as resistances of different denominations are 
usually designed to withstand the same watts and not to carry the same 
current, the arrangement in the Paper is nearly always preferable. He also 
states that on reversing an equal armed bridge the potential of the galvano- 
meter does not vary. This is the case if the reversing switch in the hattery 
circuit connects directly to the bridge. If there is a regulating resistance for 
adjusting the main current added between the rev ersing switch and the 
bridge, then the potential of the galvanometer circuit is changed. For this 
reason an adjusting resistance should be put on the supply side of the rever- 
sing switch. [agree with Mr. Duddell as to the size of unit to be used when 
resistances are to be put in series or parallel. They should not be less than 
1.000 ohms unless errors are carefully guarded against. Regarding the errors 
due to change of ratio of potential dividers mentioned by Mr. Paterson, the 
application of the method of superposing an alternating on & continuous 
potential for the accurate measurement of the effect was largely his sugges- 
поп. Lagree with Mr. Owen that a sensitiveness to such a figure as, say, 1 in 
10,000,000, does not necessarily imply similar accuracy of measurement, and 
the proof of the full use of the sensitivity lies in reproducing the numerical 
value on repeating the measurement. All the examples given have been 
reproducible in this sense. This does not mean that identically the same 
shunting resistances have been required on repeating a series of measure- 
ments, as very small temperature changes in а few minutes will affect the 
result ; but it does mean that if, for instance, on repeating a given experi- 
ment, а different shunting resistance is required in the one position, an 
exactly equivalent change is found in the other position, showing that the 
measurement takes full advantage of the sensitivity available. There is all 
the difference between the measurement of small differences of temperature 
to a small fraction of a degree, such as has been suggested in the Paper, and the 
measurement of temperature generally to the corresponding fraction of a 
degree. Platinum silver, perhaps, one of the most stable materials for use 
аз а permanent standard, is quite unsuitable as a working resistance bv 
reason of its comparatively large temperature coctticients. Manganin and 
constantan can usually be obtained with a temperature сосћсіепё of one- 
tenth the value. The suggestion of connecting the galvanometer to the 
middle of L in Fig. 2 is impracticable by reason of the resistance of the end 
contacts, Dr. Drysdale in his communication suggests the use of а com- 
bination of Carey-Foster and Kelvin bridges, using а bridge wire for the fine 
ad just ment. It could hardly be termed a simple apparatus whic 'h could be 
made in апу laboratory workshop, such as has been the aim of the Paper to 
describe. With bridge wire methods the thermoelectric force generated 
at the point of contact of the galvanometer circuit and the bridge wire is 
liable to cause trouble. Tt will vary in intensity when the contact is moved, 
and if contact with the wire is maintained to mask the effect some wear takes 
place. If the contact is broken before movement takes place the galvano- 
meter moves from its false zero and must come to rest before the main 
current can be switched оп. These and other difficulties have caused Mr. 
Smith to discard such methods in favour of shunting methods, in which the 
galvanometer circuit is always closed. The precision measurement of cer- 
tain resistances of high and low values has been forced on us by the con- 
tinually increasing demands for accuracy in technical electrical measure- 
ments, and the methods which have been described in the Paper have been 
ed for some of these largely because they could be satisfactorily used 
to the accuracy required with the simple apparatus available. Fora higher 
accuracy than that comtemplated in this Paper reference should be made to 
the papers named in the bibliography. Dr. Drysdale’s series of articles 
in ‘The Electrician” give a most valuable account and criticism of standard 
resistances. 
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XXX. On Electrically-maintained V ibrations. By S. BUTTER- 
worTH, M.Sc., Lecturer in Physics, School of Technology, 


Manchester. 
RECEIVED APRIL 20, 1915. 


1. In a Paper published some time ago by the author,* it 
was shown that when a vibrating svstem of one degree of 
freedom was set in motion by the action of a current, then, if 
the forces acting are proportional to the current, the system 
· behaves аз a parallel combination of a capacity, a conductance, 
and an inductance. 

In some experiments arising from the theory, use was made 
- of a wire carrying alternating currents, and stretched between 
the poles of an electromagnet. This system does not conform 
to the type discussed in that it enjoys an infinite number of 
degrees of freedom. . It is proposed in the present Paper to 
exiend the theory so as to include the possibility of a large 
number of degrees of freedom. 

The only limitations imposed on the motion of the systems 
considered will be those usually assumed in the theory of small 
motions—viz., that the displacements from a position of stable 
equilibrium are so small that their squares may be neglected, 
and that the frictional forces are proportional to the velocities. 

Two classes of displacing forces will be considered :— 

(A) Those that arise when a coil carrying currents is in the 
neighbourhood of permanently magnetised bodies. The 
mechanical force at any point is then proportional to the 
current in the coil. 

(B) Those due to the action of a charged condenser on elec- 
trified bodies. The mechanical force is then proportional to 
the E.M.F. across the plates of the condenser. 

2. If the system possesses only one degree of freedom, its 
equation of motion is 


(aD?+BD+y)y=Y. . . . . . ... (0) 


where pn a, D, y are the constants of inertia, damping and 
restoration respectivelv, y is the displacement, and Y the dis- 
placing force. 

For systems of class A, 


PII "uA 


+ Butterworth, “ Proc." Phys. Soc., XXVI., p. 264, 1914. 
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where I is the current through the coil. Hence, in this case, 
the power to be supplied to maintain the motion is AIDy, or 
the E.M.F. due to the motion is 


ESAD 2.2 voe ox аа 9) 
Eliminating y from (3) by means of (1) and (2), 
h.e SP (4) 
where p=A?/(aD+B+y/D). . .. «| (5) 


Hence, if r and l are the resistance and inductance of the coil 
and E its terminal E.M.F., | 


E-—(u4d4r-IDeUE. .. .. .... (0 


If the motion of the system be prevented, and we place in 
series with the coil a parallel combination of a capacity (Ca), а 
conductance (Sa), and an inductance (La), the new terminal 


E.M.F. is 


e—yul, . . 


E'—-(iu-rEr-HD), . . . . . . . (1) 
where B =1/(CaDHSa+ 1/LaD), . к. (8) 
(6) and (7) are identical if ш’ = и, that is 
Camala, Sam B/A; DAT. фана 09) 
For systems of Class B, 
У-= ВЕ, . . . . . . . . . . (10) 


where E is the E.M.F. across the plates of the condenser. 
Hence, in this case the power to be supplied to maintain the 
motion 1s BEDy, or a current 


(BD xou 2 dex Ge 2 We = DL 


must be supplied in addition to that maintaining the charges 
on the condenser plates. Eliminating у from (11) by means of 
(1) and (10), 

QE, onu 


where v-B*/(aD4-B--y[D. . . . . . 03) 


Hence, if s and c are the conductance and capacity of the ссп- 
denser, and I the total current, 


1=(0+84+ср)Е. . . . . . . . (14) 


If the motion of the svstem be prevented, and we place in 
parallel with the condenser a series combination of an induc- 
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tance (L,), a resistance (R,) and a capacity (C;), the new total 
current 1s 


VY=(p’+stcD)B, . . . . . . (035) 

where ‘’=1/(L,D+R,4+1/C,D), .:. . . (16) 
(14) and (15) are identical if у=, that is, 

L,=a/B?, В, 2 p/B?, C, = B?/y. се Af) 


3. We now develop the corresponding theory when the 
system enjoys m degrees of freedom. 

Let the generalised co-ordinates be y,, Yo..¥m, and the 
generalised velocities be ¥,, Yo..Ym- Then, for small motions 
about a position of stable equilibrium, the kinetic energy (T), 
the dissipation function (Е), and the potential energy (V) are 
given by 

T= Lap YP 2 Хау, 
IF = УВ, у, 2 Beye г... . (Q8) 


. 5 Ya 2 ° ^ | 
DV = Sore? Хунин, 


Using Lagrange’s method we obtain the m equa:ions of motion, 
of which the rch is 
d/dIN dT dF dV 
D ae dà, du 
where Y, is the generalised force corresponding to the co-ordi- 
nate у,. 

Lei the co-ordinates be so chosen that Е and V reduce to 
sums of squares, so that 


Dr. — rs ==0, 


and substitute the values of T, F, and У in equations (19). 
The rth equation now becomes 


Y,—(a,, D? - В+»). Ха,.0?у,, б а ao $ (20) 


i d 
in which р= 2. 


For systems of class А the displacing force at any point 
is proportional to the current, so that 


A Ade. вона o &. el) 

The power to maintain the motion is then given by ZY,Dy,, 
or the E. M.F. due to the motion is 

е А.О, = Хе, (бау); 5 e ovo 22) 

where CAD uuo sede o xs 129) 


Y, . . . (19) 
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Eliminating y, by means of (23) in (20), and using (21), 
Al (an DH nEeD + XanDeAs 20.0.0. 04) 


If a,, were zero the equivalent electrical system wouid be 
obtained by combining in series » parallel combinations of 
capacity, conductance and inductance, the values of which for 
the rth combination would be 


C= Gf A, Sue DA, L,— Ase S Trt e . œ (25) 


for this combination would satisfy the current-E.M.F. equa- 
tions (24) and the relation e= Хе,. 

When a, 15 not zero, the series arrangement of condensers 
must be replaced by a condenser network. The equivalent 
electrical system is then built up as follows : Connect m+1 
points Po, P,..P, bv condensers such that every point is 
connected to every other point once and once only. m(m4-1)/2 
condensers will be necessary. Let K,, be the capacity of the 
condenser connecting P, to P,. Join successive points (P,_,, 
Р,) by parallel combinations of conductance and inductance 
(S5, Le). Let a current I enter the system at Р, and let it 
leave at Pn. 

Then, if 4,,..2,,41—14,...—4, are the currents entering the 
condenser network at Po,..P,,..Pi, respectively, т’, is the 
current through the conductance §,,, 2”, 1s the current through 
tlie inductance L,,, we have 


I= + 1421 =la tH t at M "PPM 14-0 mtt m- ... . (26) 
Also, if о, is the potential of P, 
1,7 Ky,D(ry wi 2 - Ko.D(ty—v,) +... ii 
(4—1, = K,gD(v,—"v)-- K ,,D(v,—ve,)4 . | 


in which K,,-- K,,. 
Replacing the actual potentials by P.D.s between successive 
points (that is, putting v,..,—^,—e,) and solving for t4, ta. ., 
220, Det C,,De.-- EET | (27) 
iL =C,,De,+C,,De.+ e eee i | 


in which C,,==C,,. 
Also, /,-S,e,, V, =e, Lp D.. . . . . . . . . (28) 
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Adding equations (28) to the rth equation of (27) we have 
‘from (26) 


I=(C,,D+8,,41/L,,D)e-+20C,De. . . . . (29 
Again. if eis the total P.D. between P, and Pm, 
| £e. oa & № & =e & -& ЦОО) 


A comparison of equations (29) and (30) with’ (24) and (22) 
.Shows that the electrical system is equivalent to the mechanical 
system provided that (25) holds, and 


C, a,,] A, Ay. г HE ae o Gu GER 4 (351) 


For systems of class B, the displacing force is proportional 
to the E.M.F. (E) across the plates of а condenser, so that ш 
(30) 

Xo Doa шо фи 4. 492) 

The power to maintain the motion is, as before, ХҮ,ру,. 
so that by (32) the current * to be supplied to the condenser in 
-order to maintain the motion is 


i= XBQDy,—XNX4(sav). ...... (93) 
where Q—B,QDy. . . . . . ... (34) 


Eliminating y, in equation (20) by means of (34) and using 
(32), 


B,E=(a,,D+ B+ y, /D)i, /B, — Xa,,Di,/B,. sad n (89) 


The equivalent electrical svs.em follows immediately from 
(33) and (35). It is simply m series combinations of inductance. 
resistance and capacity arranged in parallel, and possessing 
mutual inductance between the various coils. If L,. Re, 
C,, are the values of the inductance, resistance and capaci:v 
for the rth combination, and L,, is the mutual induction 
between L,, and L,, the conditions for equivalence are 


Ly = Orr /B,?, R,-=; riB? \ 
Ch ВУ, L,,— a,,/ B, B, | 


4. A stretched wire in a transverse magnetic field affords the 
simplest illustration of а svstem of class А enjoying an infinite 
number of degrees of freedom. 

Instead of following the general method of section 3. the 
normal equations will be derived from the partial differential 
equation of motion. 


(36) 


* This current exists in addition to the charging and leakage currents. 
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Let the wire be fixed at two points at distance 21. Take the: 
centre of the wire as origin and the undisplaced position of the 
wire as the axis of =. If the intensity of the magnetic field at 
zis H and a current I flows through the wire, the equation of 
motion 18 

д?у ie д?у Е 
mate 2l =T HL eae we e 120 
in which T, is the tension, m the linear density, and р the. 
damping per unit length. The end conditions are 


y—0 when z——4,and z—---Fl . . . (38) 


Whatever the form of the wire when displaced we may 
expand y in a Fourier series which holds from z——41 to z— --I. 
Thus, let 


у= b (y, sin a,z-4-z2,cos b,£), . . . (39) 
r=1 
a,, b, are determined by the conditions (38) giving 
a,—rz[l, b,—(2r—1l)n/2l . . . . . (40), 
in which r is an integer. 
H may be expressed in a similar series, viz., 


H= X (H, sin a,z+K,cosb,z).. . . (41) 


r—l 
Substituting (39) and (41) in the equation of motion (3%) 
E {(my,+ оу, T ,a,2y,—H, I) sin a,xcos 6,27 
р + (mz,+02,+T ,b,?2,—K,1) =0, . . (42) 
whence the normal equations of motion are 
(mD?+ oD+-T a)y, =H r!) 
(mD?+ oD4- T45,?):, =K,If 
Before we can apply the results of section 3, it may Бе гесез- 
sary to multiplv these equations by a constant factor. To find 


this factor it is only necessary to form the expression for the- 
kinetic energy. 


i 
We have 2T =m = 
-i 


(43). 


aes 


с 2 MES 
by (39) and (40). 
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Referring to (18), a,,-=ml, so that (43) is identical with (20) 
if we multiply the former by l. We therefore have 
a,, —nl, В. = 1 | 
Ут = Та, when А,= Hl; 
Ут = Та, when A,=:K,/ ) 


a, —0. 


(44) 


The values of Н, апа К, are determined by the form of Н 
when expressed as a function of z ; if H is an even function of 
z, H, vanishes, if an odd function K, vanishes. 

For example, suppose Н to be zero when za and z< —a, 
and Н to be constant when a>x>—a. Then bv the usual 


method. 
H,.=0, К, 24H sin (2rz—1)za/2lf(2r—1l)x . . (45) 


5. Returning to the case of one degree of freedom, a svstem 
of class А behaves as a parallel combination of capacitv, con- 
ductance and inductance, in series with an inductive coil, 
while a system of class B behaves as a series combination of 
inductance, resistance and capacity in parallel with a condenser. 

The electrical equivalent of system A is unrealisable owing 
to the absence of resistance in the inductance, but the elec- 
trical equivalent of system B can be realised if the damping is 
sufficiently large. Moreover, a system of class B may be made 
to balance a system of class A on a Wheatstone bridge by 
placing the two systems in the conjugate arms (Q, В) and pure 
resistances (S, P) in the other arms. 

The condition of balance 13 then by (6) and (14) 


u+r+D -Sp 
v+s+cD 


so that by (8) and (16) the balance will be independent of the 
form of the current if 


ТС R,/8,=1,/C,=7r/s=l/e=S8P. 


) 


Hence for large dampings the constants of system А сап Бе 
found by balancing with the electrical equivalent of system B. 
This method may be extended to the general case. The 
resistance operator (м) of svstem A is obtained by eliminating 
the m Е.М.Е.з (еу, е... .e en) from the m+1 equations (29) 
and (30). This gives 
—А l= â'e, 


p n 
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where 
A= 0 1 1 1 | NS Nuus Ais 
1 ku hy» kis ka kaz hog 
1 ky, Es» kas ks hizo Es 
Е du Kas: Kis PE i 
in which 
k,p-=C,,D+S8,,+ 1.9 
Ek 0 Des 
Hence —— AMA! ,. 
Similarly for system В the resistance operator is 
ljv=—A’,/A,, 
where 
A= 0 1 1 1 А’. = | la (12 bs 
1 lu lis lis | ls, loo lag 
1 m loo l3 lai ls 33 
Ll dads d TE 
.. .. .. | 
in which 


Ll, —L'D4- Rpt l/r D 
lys ББ L',D gx Lo 
the accents being introduced to distinguish system B from 
system А. | 
The condition for a complete balance when the two systems 


are in conjugate arms of a Wheatstone bridge is as before that 
ulv shall be independent of D. This will be the case if 


Vo Hu lec us 


The constants of a svstem of class B can be found by balanc- 
ing with its equivalent electrical system in the adjacent arm ot 
а Wheatstone bridge. 

6. The balances discussed in the previous section are mainlv 
of theoretical interest only. If we use alternating currents of 
frequency p/2z, then the measurements may be considerably 
simplified. 

For a system of class À and of one degree of freedom, if the 
natural frequency of the vibrating system is ро/2л so that 


Po =1/LaCa =y, . . . . . . (46) 
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then when there is no damping and p< p, the system behaves 
as an inductance 


Ij-L,—») . . . (47) 
in which п=р/ро, 
and аз а capacity 

C,—C,Uu—1/n) . . . . . (48) 


if p> po. 

These results follow from (8) with 8,=0 If S, is not zero, 
then we must suppose S, to be placed in parallel with L, or Co. 
In this case the moving system behaves as an inductance 


p о/(1- pL.) А . " . А • (47а) 
in series, with а resistance 


Вор.) . (75 
when P< Po 
and as a capacity 


С=С Јр . aaa (88а) 


in series with а resistance 


Ro =Ба ($2 po?) . . . . . . (4%) 
when p< ро. 

For а svstem of class B and of one degree of freedom the 
system behaves as a capacity {cC,/(1—n?)} in series with a 
resistance (Вь) if p< po, and as an inductance {L,(1—1/n?)} in 
series with the same resistance р> pg. 

If the svstem pcssesses many degrees of freedom, the mcde 
of procedure is to arrange the degrees of freedom in the order 
of their natural frequencies. If of class A, those below the 
frequency of the current behave as capacities and those above 
behave as inductances. Ву combining these inductances and 
capacities in series, we obtain the resultant effect as a single 
inductance or capacity. 

A similar process will hold for class B, using parallel com- 
binations for the various degrees cf freedom. 

The procedure thus outlined only holds when a,,=0. 

As might be inferred from general considerations the pre- 
ponderant effect is due to those degrees of freedom whose 
frequencies lie in the immediate neighbourbood of the source 
frequency. 

The case of a wire in a magnetic field will now be considered 
in detail. 
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T. It will be supposed that the damping of the wire is 
negligible except when the source frequency is in the imme- 
diate neighbourhood of one of the natural frequencies of the 
wire. 

If the magnetic field is symmetrical about the centre of the 
wire then the frequencies of the possible normal modes of 
vibration are odd multiples of the fundamental frequency 
which by (40) and (44) is given by 


(49) 


If the source frequency is in the immediate neighbourhood 
of the fundamental of the wire, all the harmonics of the wire 
behave as inductances of which the rth has the value 


Lrr/t{ 1 —n?/(2r—1)}, 
in which n=p/p,. 


Further, when the field is bibo throughout the length of 
the wire, we have by (45), (14) and (40) 


64 Нз - 
Luc T L.—L,/Gür—lf . . . . (50) 


Hence, the apparent inductance due to the wire harmonics is 
D 1 
е —~ p» 0 ]M! 2 
= (2—1) n? Mr—1ype 


By expanding each term of this series in ascending powers of 
n, it may be written 


I=L, ,(a,ta,n?+ani+....), . . . . (51) 


where a,-=37"+57-'+y7"+.. 
The values of a, are known (Dale s Tables, p. 92). Thus :— 


a,-=0-01468, a, =0-00145, a, —0-00015, а 10 —0-00002. 


The series (51) will give 1 per cent. accuracy Юг [50 long as 
the source frequency is less than 1-4 times the fundamental 
10 per cent. up to twice the fundamental. In the latter case 
l is less than 0-02 1. 

If the field, instead of being uniform, tapers ой towards the 
ends of the wire, the effect of the harmonics is less than that 
estimated above. Hence, for frequencies up to 2p, we may 
treat the wire as a system of one degree of freedom with a 
small extra inductance in series with it. 

VOL. XXVII. FF 


! 
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8. An estimate of the inductance L,, for the wire may be 
obtained as follows : Let the wire be of material of density д 
and specific resistance p. Then, if the cross-section is a, the 
resistance В, is 2pl/a, and the mass per unit length т is ахд. 
Hence, by (49) and (50), 

Lipi 8H? 


(92) 


R л2рд’ 
a quantity independent cf the length and cross-section of the 
wire. 
Thus, for phosphor-bronze, 0105 c.g.s., so that if a wire 
of this material is tuned to a frequency of 100 per second and is 
placed in a uniform field of strength 10,000 c.g.s., 


L,, ‘<2 millihenries per ohm, 


while for other frequencies of tuning and cther field strengths 
L,, is proportional to H?/p,?. 

9. The notation employed in the preceding sections has been 
used for convenience in developing the theory. For experi- 
mental purposes with systems of class A and of one degree of 
freedom it is preferable to revert to the notation and nomen- 
clature of an earlier Paper.* A vibrating system of this type 
behaves as a parallel combination of capacity, conductance 
and inductance. We will denote the elements of this com- 
bination by C,, 8,, and L,, and refer to them as the vibration 
capacity, vibration conductance, and vibration inductance 
respectively. Since their values are independent of the fre- 
quency of the current employed, they will be spoken of 
generally as the vibration constants. It has been shown in the 
Paper quoted how these constants can be measured on an 
alternating-current bridge, in which a balance is obtained 
which is independent of the form of the current. 

The method is, however, difficult to carry out, and for most 
purposes it is preferable to make use of the results of section 6 
and to treat the moving system as an inductance and series 
resistance (equations 4y, and 47) when the source frequency 
is less than that of the vibrating system ; as a capacity and 
series resistance when the source frequency is greater than that 
of the vibrating system. Except for large dampings the 
apparent inductance or capacity is given to a sufficient degree 
of accuracy by (47) or (48). 


* Butterworth, “ Proc.” Phys. Soc., XXVI, р. 264, 1914. 
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Hence, if the source frequency is / and the natural frequency 
is fy, the apparent inductance (Lọ) is given by 


Lj—L,/(1—»?), рез X m 499) 
in which n=//f,, when f € fe, and the apparent capacity (Cy) by 


C,—-C,(1—1/m2), . . . . . . (54) 

when f> fo- 
A consideration of the magnitudes of Lọ and C, for a given 
system shows that it is in general simpler to measure Ш, 
although by using some form of capacity bridge, say, the 


modified Carey-Foster bridge, the apparent capacity C, could 
no doubt be measured. 

Table I. shows how the apparent inductance of a vibrating 
wire was found to vary with the frequency of the source. In 
order to check whether the experimental values satisfy (53) the 
values of [4 are plotted against Lof? in Fig. 1. The result is a 
straight line, which is in accordance with (53). From the 
constants of this lme, 


[9—287, L,=24-3 microhenries. 


Using these values and recalculating Lg from (53) the values 
ГЕ 2 
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given in the last column in the table are derived. It is seen 
that they agree with the observed values to within 2 per cent. 


"TABLE I.—Variation of Apparent Inductance Lg of Vibrating Wire with Source 


Frequency (f). 
NM ONE m L | 
^. per 8ec | microhenries. : (calculated). | 
— | 
228 | 64-5 | 3-35 x 108 65-9 | 
231 | 69-5 | 3.71 69-0 
| 234 | 73-5 4-03 72-5 
| 237 76-0 4.27 76-4 
К 240 | 80-0 4-61 80-7 | 
: 243 | 87-0 | 5-13 85-5 | 
| 246 92-0 5-57 91-4 
249 | 99-0 6-14 98-0 
252 104-0 660 ` 106-0 
| 255 | 115-0 7-48 114-8 ! 
261 | 139-0 | 9-47 139-8 | 


By varying the magnetising current exciting the electro- 
magnet used to produce the field the inductances tabulated in 
Table II. were obtained. In these observations the source 
frequency was maintained at 240~ рег second and the tension 
increased, the effect of increase of tension being to reduce the 
inductance, but at the same time to reduce the effect of 
fluctuations in source frequency. Since the apparent induc- 
tance (Ls) varies as the square of the field Н, it follows that if 
we plot Lt against the magnetising current we obtain the 
form of the hysteresis loop for the electromagnet. This is done 
in Fig. II. 

TABLE IT.— Variation of Ly with Magnetising Current (T) of Electremagnet. 


| L, (microhenries). 


| I Current direct. | Current reversed. Current 

| Amperes. — c ———— —— direct 

| | Rising. Falling. Rising. Falling. | Rising 
000 | .. 1.0 ... 1-0 Е 
0.23 22-4 23-4 16-5 23-0 16-5 
0-30 25.6 28.8 22.3 28-4 22.3 
0-40 31.8 34-8 30.2 34-4 30-4 
0-50 37-4 38-8 35:2 38.8 34-8 
0-00 | 396 41-0 382 | 4L6 384 | 
0-70 | 41-6 43-2 41-2 42-8 410 | 
0-80 ' 42-6 43-8 a 44-2 42-2 | 
0.90 43-8 44.8 44.2 45-4 43-8 
1-00 44-8 46-0 44-8 46-6 45.0 
1.40 49.2 i 49-6 | m 48:2 


10. The results just quoted were obtained for a loop of 
phosphor-bronze wire of 10cm. vibrating length and kept 
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in tension by means of aspring. The arrangement was placed 
in the air-gap of an electromagnet, the width of the air-gap 
being 2 mm. and the pole faces 6х4 cm. The measure- 
ments were made on a modified Anderson's bridge,* using as 
detector a Duddell vibration galvanometer. The source was 
a small alterna.or, whose fundamental frequency could be 
varied fram 60 to 100^. per second. The wave-form of the 
source indicated that it possessed а pronounced third har- 
monic. As the detector could only be tuned to a minimum 


0 H 0-6 0-4 0 0 О ‘oy. 0-6 0-8 1-0 
SA Pe ILL. 
Fl 


ЕЕН. 
Р 


Fio. 2. 


frequency of 150^, per second, the measurments relate not to 
the fundamental of the source, but to the third harmonic. The 
fundamental frequency of the source was generally measured 
by a reed-frequency meter, but as this instrument was not 
always available use was sometimes made of a Campbell 
frequency bridge. The results were concordant. In order 
to reduce the influence of the fundamental а wave-form 
sifter,T suitable for low frequencies, was employed. 


* Butterworth, ‘ Proc." Phys. Soc., XXIV., р. 210, 1912. “ Electrician," 
Vol. LXIX., p. 777, 1912. 

+ Campbell, i Phil. Mag.,” Vol. XV., p. 155, 1908. 

+ Campbell, “ Proc." Phys. Зос., XXIV. ‚р. 107, 1912. 
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11. An interesiing application of the theory for systems of 
class В is supplied by the phenomena of absorption and resi- 
dual charge in condensers. . № has been pointed out * that 
these phenomena can be imitated electrically by connecting in 
parallel with a perfect condenser, another condenser (or set of 
condensers) with a series resistance. Now, the present theory 
shows that an electrically charged system when set in motion 
by a varying charge on a condenser, behaves as a set of series 
combinations of inductance, resistance and capacity arranged 
in parallel across the original condenser. If the free periods 
of the dynamical system are high the capacity effect is pre- 
ponderant, so that the dynamical system would cause the 
original condenser to exhibit the phenomena of absorption and 
residual charge. The theory, however, is not sufficiently com- 
prehensive to explain by atomic or other motions the whole of 
the phenomena exhibited by dielectrics, as only small moticns 
about a position of stable equilibrium are assumed in the 
dynamical equations. 


12. Summary. 


1. A vibrating system of one degree of freedom when set in 
motion by the interaction of a current on a magnetic field is 
shown to behave as a parallel combination of capacity, con- 
ductance and inductance. 

2. When set in motion by the interaction of charged bodies 
on an electrostatic field it behaves as a series combination of 
inductance, resistance and capacity. 

3. The corresponding electrical equivalents for systems of 
many degrees of freedom are obtained. 

4. Methods of balancing the systems on alternating-current 
bridges are discussed, and it is shown how the constants of the 
systems may be determined by such bridge measurements. 

5. Experiments illustrating the theory in the case of a 
vibrating wire are quoted. 

6. lt is shown that a moving system of charged bodies is 
capable of explaining the phenomena of absorption and 
residual charge in condensers. 

Ir conclusion, I wish to thank Prof. W. W. Haldane Gee for 
the interest he has taken m the work, and Mr. W. W. Stainer, 
B.Sc., for assistance in the experimental work. 


* Fleming, “ Proc." Inst. E. E., Vol. XLIX., p. 323, 1912. 
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XXXI.—Numerical Relationships between Electronic and Atomic 
Constants. By Н. STANLEY ALLEN, M.A., D.Sc., Senior 
Lecturer т Physics at University of London, King's 
College. 


RECEIVED FEBRUARY 25, 1915. 


ONE of the chief aims of the physicist is to reduce the number 
of quantities in terms of which natural phenomena can be 
expressed, that is to increase the number of derived units at the 
expense of the so-called fundamental units. For example, the 
four units length, mass, time and charge of electricity may be 
reduced to three by assuming that mass is wholly electro- 
magnetic in origin. The quantum-theory has introduced a new 
quantity in Planck's constant л. At the Birmingham meeting 
of the British Association Jeans pointed out that hc, where 
c is the velocity of light, has the same physical dimensions as 
the square of an electric charge. “ In point of fact, hc/27, if 
not exactly equal, is almost equal to (4ле)?, .e., to the square 
of the strength of a tube of force binding two electrons. This 
suggests that the atomicity of h may be associated with the 
atomicity of e."* 

This equivalence between A and e is strongly supported in an 
interesting Paper by Lewis and Adamsf, who conclude that the 
quantum is merely the square of the fundamental unit of 
electricitv, e, with a simple numerical coefficient depending on 
the units chosen. They believe that, ultimately, “ all 
universal constants will prove to be pure numbers, involving 
only integral numbers and л,” and decide, without hesitation, 
“ to take the electron charge as the first of the two fundamental 
constants needed for the final determination of the ultimate 
units." 

Their procedure mav be briefly summarised as follows :— 

The gas law may be written PV=nRT, where п is the 
number of mols. If m is the total number of molecules and N 
is the number in one mol, m--nN, and the gas law becomes 


PV —m(R/N)T =, 
where А is a universal constant, which always occurs to the same 


* Jeans, “ Report on Radiation and the Quantum-Theory,” Physical 
Society of London, p. 80, 1914. 
T Lewis and Adams, “ Phys. Rev.," Vol. III., p. 92, 1914. 
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poweras Т. The value of К, the gas constant reckoned for one 
molecule, is Re/F, where F is the Faradav equivalent in the 
same units ase. This gives k=1-372 10716, 

The fundamental assumption made by Lewis and Adams is 
that the constant a of Stefan's law, Е —aVT^*, can be expressed 
in the form 

a - k'[(2e)$. 
The occurrence of 4ze here and elsewhere in their results need 
cause no surprise, as it would be easv to invent a system of 
units in which 4ле is the unit of charge. 

This assumption gives for the numerical value of а, 7-60X 
10715, from which we may obtain at once as the value of the 
radiation constant, 


g = —==5-10 х 1075, 


4 
which is in excellent agreement with recent experimental 
determinations. 

Again, by integrating the Planck equation we obtain 
EN uU 
E 
and identifying this value of а with that previously assumed 
we get 
15c343 =8л5(4ле}в, 


< a 
or ch -= auf (4ле)?. 


This is the equation giving h in terms of the electron charge. 
Taking Milhkan’s value for e=4-774 x 10-19 E.S.U., this gives 
for h, 6-558 х 10727, which again is in good agreement with the 
accepted value. 

Two Numerical Constants. 
The relation between А and e obtained by Lewis and Adams 
may be written in the form 
4 ле (l (15/12; " 
=, sav. 
We? (xj fou 
Here p is а pure number whose value is 5-30096 x 107». 
We shall find it convenient later to put p=q? where 
тС. (15/12) _ 
hc | (da)? — 
and qis 1-285077 x 10-3. 
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Electronic Constants. 

Now it is a curious fact that several of the fundamental 
constants of Physics. expressed in the usual electrostatic units, 
contain simple multiples of the number p. 

The charge on the electron, according to the careful 
determination of Millikan* is 

e=4-77440-009 x 10719, 
If we put e—9px 1079 we obtain 
e=4-771x 10716, 
which agrees with Millikan's value within 0-1 per cent. 

Buchererf has reviewed the more recent determinations 

of e/m. 


Classen, 1908 .................. 1-776 107 E.M.U. 
Bucherer, 1908 oo... eee eee 1-763 x 107 
Wolz 1900 сане онно: 1-767 x 10? 
Malassez, 1911................... 1.769х 107 
Bestelmeyer, 1911............... 1-766 x 10? 


If we put px 1022 we obtain 


< =5:30096 x 1017 E.8.U. 


от =1.767 x 107 E.M.U., 


in close agreement with the most recent determinations. The 
error is not likely to exceed 0-1 per cent. 

The value of m, the mass of the electron, is determined 
from these two results. Consequently within very close limits 
we obtain 


m —(9px 1079)-— (px 10°) 
=9 x 10°?" gm. 

In view of the fact that the fundamental units, the centi- 
metre, the gram and the second are in one sense arbitrary, it is 
difficult to regard the occurrence of exact powers of 10 in these 
expressions as other than accidental, just as we regard the 
approximate expressionf for the velocity of light, viz., 2x 10!9, 
as а coincidence. The repeated coincidences do, however, 
suggest a question as to whether there mav not be some 
accidental connection between the units of length, mass and 

* Millikan, “ Phys. Rev.," Vol. IL, p. 143, 1913. 


T Bucherer, “ Ann. d. Physik," Vol. XXXVII, р. 597, 1912. 
f The accurate value is smaller than the conventional one by about 1 part 


in 3,000. 
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time involving the number 10. Such a connection may arise 
from the way in which the units were originally defined. The 
metre was intended to be one ten-millionth of the quadrant of 
the earth from the equator to the pole. The second is defined 
with reference to the period of axial rotation of the earth. If 
we express the velocity, v, of a point оп the equator in terms of 

66 . . T v 
the “natural unit of velocity” с, we find 2 38x 31x 105 
If it were possible to express such a velocity in terms of the mass 
and dimensions of the earth, a relation between the funda- 
mental units could be established. But as no satisfactory 
theory determining th» rate of rotation of a planet has ever 
been given, there appears no hope of further progress in this 
direction. 

The only alternative is to consider the possibility of a con- 
nection arising from the definition of the gram. The kilogram 
was intended to have the same mass as that of a cubic decimetre 
of water at the temperature of its maximum density. Now, if 
N be Avogadro’s constant,* one gram of water contains N/18 
atoms of oxygen and N/9 atoms of hydrogen. The atomic 
volume of hvdroxylic oxygen, according to Le Bas, is exactly 
twice the atomic volume of hydrogen. Consequently if we 
knew the exact volume to be assigned to the atom of hydrogen 
(assumed spherical), it should be possible to determine the 
volume occupied by the given number of atoms when the 
density is a maximum. Unfortunately we are at present 
unable to specify the atomic volume of hydrogen, that is its 
sphere of action, in terms of primary constants. It 13, however, 
suggestive to find а cube root occurring in the numerical 
constant g. This might be introduced in expressing the 
diameter of the sphere of action in terms of the volume. We 
conclude that although it is not possible to determine the form 
of the connection between the centimetre and the gram from 
our present knowledge, such & connection must exist, and 
there is no reason why it should not involve the number 10. 


Derived Quantities. 
If we accept the expressions for e, m and cin the forms 
e=9p x 10-8, m==9 x 10-28, c=3>x 1019, 
as being at least arithmetically convenient, it is clear that we 


* [t is shown later in the Paper that N is approximately a 102°, 
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can express all derived units depending upon them in terms of 
simple integers (2, 3 or 4), powers of 10, р and л. As some of 
these derived quantities contain 4/p it will be convenient to 
put pg? and use д т our expressions. 


The following results may serve as illustrations :— 
е= (Зах 10-3), 
e[m —(q x 101 }?, 
т==(3 х 10714)? 
h/2x=the unit of angular тотепіат := (39)? х 10-22, 


3 5 
he/Anme?=5 magnetons=279°/20?=,( 54, ) , 


à; 2/ qi 
a=radius of electron = (4 ) 


3\19 
А, Лайіцз of Н atom on Bohr's theory —( 4 Y, 
2 4 14 
vo —fundamental frequency 524 2E -> 
= оа 0, 
No=Rydberg’s constant = 6 un 


The last result is interesting as affording a means ot testing 
the degree of accuracy to be obtained bv these approximations. 
Substituting the value of д we find №-=109,300 instead of the 
value 109,679 found by Curtis, or 109,724, Bohr's value for a 
massive nucleus. The calculated value is smaller than the 
Observed by less than 0-4 per cent. 


Atomic Constants. 


If we turn from quantities connected with the electron to 
quantities connected with the atom, we find results of a similar 
character, but the numerical agreement is not nearly so good. 
The fundamental quantity in connection with the atom is 
Avogadro’s constant, №, the number of molecules in one mol. 
The estimates which have been given of this number vary 
widely, but there can be no doubt that the most accurate value 
is that derived from electrical measurements. We take Milli- 
kan's value of е=4.774х 10719, “Since the value of the 
Faraday constant has now been fixed virtually by international 
agreement (atomic weight of silver 107.88, E.C.E. of silver 
0.01118) at 9,650 electromagnetic units, and this is the number 
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N of molecules in a gram molecule times the elementary 
electrical charge, we have 


N x 4-774 10719.29,650 x 2-9990 х 1019, 
N=6-062 x 1923.” 
From the value of N we can deduce at once the mass of the 
l ан 

atom of hydrogen, my, for тих. This gives my==1-649 
X107?! от. The value of m/m, the ' atomic mass of an 
electron,’ may be determined without assuming a knowledge 
of the value of e. For we have, taking Bucherer’s final value 
for e/m, 


£ .=5-307 x 1017, 
m 
and e - 
-£....9,650 X 2-999 x 1019. 
Myu æ 
mo... 
Hence -—— =5.453 x 1074. 
тн 


This suggests taking = =10p, in which case 
My 


=" =5-30096 x 10-4, 

Myu 
and there is a difference of about 3 per cent. between the 
observed and the assumed value. On this assumption the mass 
of the hydrogen atom would be equivalent to 1,886 electrons, we 
should have 


пи =т/10р=9х 10-??/p, 
and N= Px 1029-5-89 x 10%, 


which is about 3 per cent. smaller than Millikan's value.* 

It would, of course, be possible to express other quantities 
depending on the mass of the hvdrogen atom in the same 
fashion, but in view of the considerable error mvolved, no 


* A further comparison with experimental determinations is rendered 
possible by assuming that the magnetic moment of an electron revolving 
with the unit of angular momentum is equivalent to 5 magnetons. For the 
revolving electron the magnetic moment 274? /2e:— 33-0689 x 10-31 Е.Б. 0. = 
92-066 » 10-22 E. M.U. If we divide Weiss's value for the magnetic moment 
of the atom gram, 1123.5, by Millikan's value for Avogadro's constant we 
obtain as the magnetic moment of the magneton 18:54 x 10-22 E. M.U., and 
for 5 magnetons 02-7 x 19-22 E.M.U. The calculated and the experimental 
values differ by less than 1 per cent. 
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useful purpose would be served. The results suggest that the 
relation between the mass of the hydrogen atom and that of 
the electron is of a more complicated character than the 
relations between the electron constants. 


ABSTRACT. 


It has been pointed out by Jeans that hc, where № is Plauck's con- 
stant and c is the velocity of light, has the same physical dimensions 
as the square of an electric charge. Lewis and Adams have sug- 
gested a relation between these quantities of the form. 


зу 
15 


9ле? (Vil?) B 


This may be written 


пе (Amy 


where 4 is 7-28077 x 10-3. The square of this numerical constant is 
р=5:30096 x 10-5. The charge e on an electron in E.S.U. is found 
to be, within 0-1 рег cent., 9p x 10-6. The ratio e/m of the charge to 
the mass is found to be рх 10:2, with the same order of accuracy. 
The occurrence of powers of 10 in these expressions may be acci- 
dental or may depend on the way in which the units of length, mass 
and time were originally defined. Derived quantities, depending on 
e, m and c, can be expressed in terms of simple integers (2, 3 or 4), 
powers of 10, p and m. The “ atomic mass of an electron ” is ap- 
proximately 10р. 
DISCUSSION. 


Prof. О. W. RicHanpsow said it was curious that the value of e and 
e/m should happen to be simple multiples of the quantity p. These two 
quantities were the key to the situation, as the other relations followed 
more or less directly from them. 

Mr. S. D. Снльмек$ Said it was possible almost with any set of quan- 
tities to obtain striking numerical relationships. It was only when a 
physical significance was sought for that it could be seen whether they 
were anything but coincidental. 

Dr. W. Wirsow said that if the units of mass, length, temperature differ. 
ence, &c., were 80 chosen as to make the universal constants such as 
Planck's h, the gravitation constant, &c., each equal to unity, the unit of 
mass which had to be adopted was p gram. 

Prof. ZELENY emphasised the importance of searching for the physical 
significance attached to these relationships. 
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XXXII. On a Method of Calculating the Absorption Coefficients 
of Different Substances for Homogeneous X-radiation. Ву 
Н. Moore, A.R.C.S., B.Sc., Assistant Lecturer in Physics, 
Unversity of London, King's College. 


RECEIVED Арки, 30, 1915. 


Ir has been shown as a result of the work of various obser 
vers,* that the ionisation produced in a gas when a beam of 
X-rays passes through it is due to electrons liberated in the 
gas by the X-rays. If we take two gases at the same pressure, 
and subject them to identical beams of X-rays, the numbers 
of electrons liberated m the gases per unit length of the X-rav 
beam are not identical, the quantitv of electronic radiation 
liberated in a gas depending on the chemical nature of the gas. 
This electronic radiation is an atomic phenomenon ; it depends 
solely on the nature and numbers of the atoms constituting 
the gas, being entirely independent of the way in which these 
atoms are combined.t 

In a recent Paper (“ Proc.” Roy. Soc., Мау, 1915) it was 
shown Бу the author that the quantity of electronic radiation 
liberated from an atom by a beam of X-radiation is directly 
proportional to the fourth-power of the weight of the atom— 
i.c., if two elemental gases, having equal numbers of atoms рег 
unit volume, are subjected to identical beams of X-ravs, the 
numbers of electrons liberated in these gases per unii length cf 
X-ray beam are proportional to the fourth powers of their 
atomic weights. The liberation of electrons in a gas bv the 
passage of an X-ray beam through it is accompanied bv an 
absorption of the X-ravs in the gas. The absorption of the 
X-ray beam in a given length of a gas is proportional to the 
number of electrons liberated bv the X-rays in traversing this 
portion of its path. This being so, it is evident that the 
coefficients of absorption of a given type of X-rays in two 
elemental gases must be proportional to the fourth power of 
their atomic weights, provided the number of atoms per unit 
volume is the same in the two gases. 


* Barkla and Simons, * Phil. Мае. Feb., 1912: C. T. В. Wilson, Roy. 
Soc. " Proe., June, 1912; Вата and Philpot, * Phil. Mag.," June, 1913. 
t H. Moore, © Phil. Mag., Jan., 1914. 
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The liberation of electrons in a compound gas by X-rays 
being an atomic phenomenon, the absorption of X-rays in 
such a gas must also be atomic—z.e., the absorption in a com- 
pound is thesum of the absorptions that would be produced, if 
the various constituent atoms were present in the same 
numbers but not in combination. This atomic property of 
the absorption in compounds was shown by actual experi- 
ment by Bencist as early as 1901. 

The present Paper shows how, for any type of homogeneous 
X-radiation, the absorption coefficient in a hvpothetical, 
monatomic vapour of any element at a pressure of 76 cm. can 
be calculated, if the coefficient of absorption of these rays is 
known in air, and provided that the radiations excited in the 
hypothetical vapour belong to the same sets of series as those 
excited in air by the same incident beam (see pp. 436 and 437). 
From the absorption coefficient calculated for this hypothetical 
vapour the absorption coefficient for the same type of X-rays 
can be calculated for the same element in any condition, а 
simple density law holding good whether the element is solid, 
liquid, or gaseous. Ву an additive law, the absorption coef- 
cient of any compound can be calculated from the absorptions 
of the various constituent elements, and thus it should: be pos- 
sible to calculate eventually the coefficient of absorption of any 
substance of known constitution for any type of X-radiation 
whose absorption coefficient is known in air, provided the 
radiations excited in all these cases belong to the same sets ol 
series (see pp. 436 and 437). It isshown inlthe Papertolwhich refer- 
ence has been made* that if a monatomic vapour of an element 
ata pressure of 76 cm. could be subjected to a homogeneous 
beam of X-ravs from copper, the number of electrons liberated 
in unit length of the vapour could be expressed in the form 
(atomic weight )* 

а constant 
same beam of X-ravs in passing through unit length of air is 
taken as unity, the mean value of this constant was found to be 
1:05 х 10°. This constant is based on the ratio between the 
electronic radiations liberated in the vapour and in air, and 
should, therefore, have the same value for all tvpes of X-radia- 
tion, provided the result of the absorption is similar in all cases 
(see also pp. 436 and 437). Calculations based on this assumption 
show a fairly good agreement with observed values for radiations 


If the number of electrons liberated bv the 


* Moore, “ Proc." Roy. Soc., May. 1915. 
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other than copper, thus bearing out this conclusion. It has, 
of course, been abundantly shown that the absorption coeffi- 
cients of two materials bear a constant ratio for all X-radia- 
tions, provided the tvpes of secondary radiation excited in the 
two materials are similar. | 

A beam of X-radiation passing through unit length of one 
of these hypothetical vapours would cause the liberation of a 
quantity of electrons which can be calculated in terms of the 
quantity emitted in unit length of the same X-ray beam in 
air, the aperture being supposed to be the same in both cases. 
The absorption coefficients for this hvpotheiical vapour and 
for air would bear the same ratio to each other as these quan- 
tities of electronic radiation, and thus, if the absorption соећ- 
cient in air 1s known for this X-ray beam, the absorption 
coefficient in the vapour can be calculated. The density of the 
vapour is calculated from its atomic weight. 


Absorption in Aluminium. 

Aluminium is taken as an example of the method of calcula- 
tion, because the absorption coefficients of different radiation 
are usually determined in thicknesses of aluminium. 

A monatomic vapour of aluminium at 76 cm. would have an 
absorption coefficient for any type of radiation, equal to 
(27)4 
105,000 

monatomic aluminium vapour at 76 cm. 

À—5:06x Янг. 
The absorption coefficients of this vapour for different types 
of radiation have been calculated on this assumption, and will 
be found in column 3, Table I. These numbers are based on 
the absorption coefficients found experimentally for the same 
radiation in air. 

The density of the vapour would be 0-00121 grm. per cubic 
centimetre, and the density of solid aluminium 15 2-7 grin. per 
cubic centimetre; applying the density law, the actual соећ- 
cient of absorpiion in aluminium sheet will be 2,230 times the 
absorption coefficient for this hypothetical vapour, or 

A41772,220 x 5:06 X Aur. 
Values for 241, caleulated for different radiations by this method, 
are given in column 4, Table L, ard in column 5 of the same 
table are the coefficients aciually determined. by various 
experimenters. 


times that of air for the same radia‘ion—z.e., for 
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TABLE I.—Absorptions in Aluminium. | 


Ain , E 
, Р А іп `A in 
Ain hypothetical aluminium aluminium 
Radiator. air aluminium heet shast 
observed). vapour | 
( ) (calculate d). | (calculated). | (observed). 
Iron .......... 0-0201 0-1017 | 227 239 
Copper ....... 0-0109 0-055 123 128 
Zino .......... 0.00898 0.0455 | 102 106 
Bromine ...... 0-00389 0.0197 i 43-9 44-0 
Silver. ......... 0-00076(2) 0-0038(5) 8.5 6:75 
T n РЕР 0-00050(3) 0-0025(4) 5-6 4-24 


Note.—The observed values are taken or deduced from the values given 
in Kaye's book on “ X-Rays.” 

The agreement between the observed and calculated values 
is quite close for the iron, copper, zinc and bromine radiations, 
but is less exact for the harder radiations of silver and tin. 
Even in these cases, the difference is not more than 25 per 
cent., and is probably within the limits of accuracy obtainable 
in the majority of the experiments from which the observed 
values are quoted, at any rate for the harder rays. The 
determination of absorption coefficients is rendered ex- 
tremely difficult by the enormous scattering correction which 
has to be applied, this correction being greater for the harder 
rays than for rays of longer wave-length. The scattering 
coefficient is only approximately known, and this could easily 
Jead to errors of 25 per cent. or over, in the values obtained for 
the absorption coefficients of the harder rays. 


Absorptions in Other Elements. 


If different radiations are supposed to be absorbed in various 
elemental substances, and values for the coefficients of absorp- 
tion are calculated as for aluminium, a sudden disagreement 
occurs in some cases between the calculated and observed 
values as the atomic weight of the absorber becomes greater 
than that of the radiator. 

This is shown in the following table :— 

TABLE II.—Absorptions in Various Metals. 


| A (calculated) for radiations from | A (observed) for radiations from 


Absorber a a CE a Oe a Oe Oe 
Fe Cu. | Br Ag Sn Fe Си. | Br | Ag | Sn 
ee | 107 | 57-3 | 206 403 2.67! 139. 72 3.82 | 

A] cases: 227 | 193 | 430 85 56 | 239. 128 44 | 6:75. 424 

[Re cis 630. 330; 112 219 145, 520 21000  .. 137 
TUN 765' 413 | 148 290 191] 746) 458  .. | 22 
и 986 531° 191 | 375 247, 830 552. .. 217 
qe 5,600 3,300 11,085 | 213-5 ` 141 4,000 225 ... , 139 


| VOL XXVIL | GG 
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The values for magnesium and aluminium give approximate 
agreement, wherever observed values are available for com- 
parison with the calculated values. The calculated and ob- 
served absorptions in iron, however, though of the same order 
of magnitude for iron radiation, are entirely different for the 
radiations from metals of higher atomic weight, the calcu- 
lated values being much greater than the observed. 

Nickel and copper, on the other hand, show an approximate 
agreement throughout the whole range of radiations con- 
sidered, notwithstanding the fact that the atomic weights of 
the radiators are some above and some below the atomic 
weights of the absorbers. 

Silver is different again, giving calculated and observed values 
of the sameorder of magnitude for radiation from iron, but the 
values for all the other radiations are of entirely different orders. 

These anomalies are connected with the selective absorption 
of X-radiation in the different metals, and are probably due to 
the fact that in some cases the homogeneous radiation corre- 
sponding with the K series is absent (see also p. 437). 


Absorption in Compounds. 


With compounds, the absorption coefficients calculated on 
the additive law by similar methods agree fairly well with the 
observed values where known, provided the constituent ele- 
ments have atomic weights below that of the radiator. 

As an example of this, the value was calculated for the 
absorption coefficients of SO, for different radiations. The 
coefficients for monatomic vapours of sulphur and oxygen at 
76 cm. were first calculated and the value for SO, determined 
bv addition; the results obtained are given in Table ПТ. А 
similarset of values calculated for ethyl bromide gave no agree- 
ment whatever with the observed values, bromine having an 
atomic weight greater than that of the radiator used, the K radia- 
tion from bromine being, therefore, not excited (see p. 437). 


"Тав ПТ. —АбяогрНопз in SO __ 


A for radiations from 
Absorber. о 
Fe. Си. | Br. Ag. | 


ef ee | —MÓ——» | LL——— ————ÁÁ——- 


at 76 em. (hypothetical).| 0-201 | 0-1085 | 0-0389 | 0-00762 
Monatomic oxygen at 76cm. 


m———— ааа | 
t 
Monatomic sulphur vapour | | 
| 


(hypothetical) ............ 0-0125 | 0-00672 0-00241 | 0-00047 , 0-00031 
SO, (calculated from above), 0-226 | 0-122 ' 0-0437 | 0-0085 . 0-00565 
SO, (observed)* ............. | 0-24 0.134 ; 0-050 | 0-0079 | 


* Barkla and Collier, ** Phil. Mag.," June, 1912. 
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The sudden disagreement between the calculated and ob- 
served values of the absorption coefficients, which occurs as the 
atomic weight of the absorber becomes greater than that of the 
radiator, is very marked in the case of iron, though it is hardly 
shown at all with copper and nickel. It would appear that . 
this discontinuity is associated with selective absorption. 

If a radiation of definite wave-length, say, the K radiation 
from some element, is allowed to fall on materials of atomic 
weight less than that of the radiator, the absorption would pro- 
duce characteristic radiations from the absorber belonging to 
all the series K, L, M, &c. When the atomic weight of the 
absorber is greater than that of the radiator, the K radiation 
from the absorber is no longer excited, and the absorption 
produces the L, M, &c., radiations only. The sudden cessa- 
tion of the K radiation might be expected to produce a dis- 
continuity in the relation between the absorption coefficient 
and the atomic weight of the absorber, and this would corre- 
spond with the change noticed. 

It might be supposed that the atomic absorption for a given 
radiation is an additive quantity. 

For the K radiation excited in the absorber, the absorption 
may be some quantity Az‘, where A is a constant, and х the 
atomic weight of the absorber. The L radiation excited de- 
mands a further absorption Bz‘, the M and other radiations 
(if any) requiring absorptions Cx*, 024, &c. In each case a 
fourth-power law holds good, but a discontinuity occurs when 
one of the radiations ceases to be excited, the absorption 
coefficients being given bv (A+B-+C+D--..)z* when all the 
radiations are given off, and changing to (B+C+D-..)z‘ 
when the K radiation ceases. 

Prof. Bragg and Mr. Pierce * have shown that the atomic 
absorption coefficient does vary in some such way. А fourth- 
power law is obeyed fairly accurately up to a certain value of 
the atomic weight, but at this point а discontinuity occurs. 
For absorbers of higher atomic weight the atomic absorption 
is still proportional to the fourth power of the atomic weight 
or of the atomic number, but the constant coefficient is 
different. 

In their calculations, the atomic absorptions were compared 
with the fourth power of the atomic numbers of the absorbers. 
The accuracy of the absorption coefficients determined is not, 


+ “ Phil. Mag.," Oct., 1914. 
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however, sufficiently great to determine whether the atomic 
number or the atomic weight should be used. 

There is no doubt that the absorption of X-radiation requires 
much further investigation before it is at all completely under- 
stood, and the present Paper is only offered as a possible 
solution of one part of the phenomena connected therewith. 
In any futher investigations it will be essential to ensure strict 
homogeneity of the X-ray beam used, and every attempt 
should be made to obtain a higher order of accuracy than has 
been attained in most of the experiments up to the present. 


ABSTRACT. 


The action of X-radiation when passing through a gas is to liberate 
electrons from the gas. The number of electrons emitted by any 
atom in à beam of X-rays is proportional to the fourth-power of its 
atomic weight (or possibly its atomic number). (Moore, '' Proc." 
Roy. Soc., May, 1915.) Thus, equal numbers of atoms of different 
elements, when subjected to similar X-ray beams, will liberate 
amounts of electronic radiation proportional to the fourth powers of 
the atomic weights of the elements. 

The absorption coefficients are proportional to the amounts of 
electronic radiation liberated, and, therefore, the absorptions of two 
elements, when equal numbers of atoms are present, will be propor- 
tional to the fourth powers of their atomic weights. 

The corpuscular radiation liberated in the vapour of an element if 
it could be obtained аз а monatomic vapour at 76 cm. can be ех- 
pressed as 1:05 х 105 х (atomic weight)‘, taking the corpuscular 
radiation in air as unity. The absorption coefficient of such a 
vapour would, therefore, be this number of times the coefficient of 
absorption of air for the same type of X-radiation. The absorption 
of any element is proportional to the number of atoms present, and 
having calculated the absorption in a hypothetical vapour of this 
type, the absorption in the same element in any condition can be 
calculated by a simple density law. 

This is done in the Paper for several elements (metals), and also, 
assuming an additive law, it has been calculated for some com- 
pounds. The agreement between the calculated values and the 
values obtained by different observers by direct experiment is quite 
close over a considerable range of radiations and absorbers. When, 
however, the atomic weight of the absorber is higher than that of 
the radiator, so that the K series is absent from any secondary radia- 
tion excited in the absorber, the agreement ceases. А possible 
explanation of this is suggested in the Paper. 


DISCUSSION. 


Prof. О. W. Втсндвозох thought the Paper made a considerable addi- 
tion to our knowledge of the process of ionisation by X-rays. The 
primary rays in being absorbed produce some ionisation, and, in addition, 
excite secondary radiation, which in turn produces more ions. The 
Paper helps to make clear the part played by these two causes in the 
production of the total ionisation. 
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Dr. S. Russ felt that the Paper conveyed the impression that one 
would find in practice the same value for the absorption coefficient as 
obtained by calculation. The phenomenon of selective absorption must 
surely set severe limits to the range of wave-length over which these 
relations hold. This range should be specified. How would the author 
calculate the absorption coefficients, say, for aluminium and water ? 
If there were no selective absorption \/p should be constant, but he had 
recently found it to vary over a wide range. 

Prof. NicHOLSON said the results were of interest to those engaged in 
the attempt to construct models of atoms and molecules. The pheno- 
mena appeared to be atomic in nature, thus bearing out the idea brought 
forward by Bragg that the atom preserves its identity in the molecule. 
In connection with the law connecting the absorption with the fourth 
power of the atomic weight, it would be interesting to know whether it 
was really the atomic weight or the atomic number that should be em- 
ployed. 

The AvTHOR replied as follows: The formula should only be used 
where all the types of radiation excited in air are also excited in the 
material. He had had considerable trouble in getting reliable coefti- 
cients owing to the large and uncertain scattering corrections which had 
to be applied. In one case he believed an observed value of 0-42 had to 
be corrected to 0-2 or less. He had calculated some coefficients for gases, 
and with SO, the agreement was as good as for solids. It should be pos- 
sible to calculate the true absorption coefficient for water and aluminium, 
but he could not say how near these would be to values actually deter- 
mined on account of the uncertain scattering. He had experiments in 
progress which should determine whether the atomic weight or the 
atomic number was the significant quantity. 
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At the meeting of the Society held on Friday, May 28, 1915, 
at University of London, King’s College, the following demon- 
strations and exhibitions were given :— 


Two Experiments Illustrating Novel Properties of the Electron 
Currents from Hot Metals were shown by Prof. O. W. 
Ricuarpson, M.A., D.Sc., F.R.S. 


THE first experiment demonstrates the cooling of a tungsten 
filament when an electron current is allowed to flow from its 
surface. This effect is analogous to the cooling due to latent 
heat when a liquid evaporates, or to the similar phenomenon 
due to the heat of reaction when a gas is emitted by chemical 
decomposition of a solid. 

An experimental lamp containing a fine filament of double 
tungsten is placed in one arm of a balanced Wheatstones 
bridge actuated by the current which heats the wire. When 
the electron current is allowed to flow, by completing a side 
circuit from an electrode inside the lamp to a point in the 
adjacent arm of the bridge, the galvanometer is deflected in a 
direction which corresponds to a reduction of the resistance 
(and temperature) of the hot filament. The precautions 
necessary fully to eliminate disturbances due to various sub- 
sidiarv phenomena are considered in the following Papers by 
Н. L. Cooke and the writer (‘ Phil. Mag.,” Vol. XXV., 
р. 624, 1913, and ibid. Vol. XXVI., p. 472, 1913). 

The second experiment, in which a similar experimental 
lamp is used, demonstrates the flow of electron currents from 
a hot filament to a surrounding cylinder against various 
opposing potential differences up to about 1 volt. On account 
of the large currents from tungsten this effect can easily be 
shown on a galvanometer. The data can be used to find the 
velocities of the emitted electrons (cf. “ Phil. Mag.," Vol. XVI., 
р. 358; Vol. XVII., р. 890; Vol. XVIII., p. 681). 


On Hi4h Permeability in Iron. 


Pror. E. Witson gave a short account of the experiments, 
and exhibited the apparatus, which he had recently described 
in Papers read before the Royal Societv. In these was dis- 
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cussed the increase of permeability of silicon iron produced by 
heat treatment with application of magnetic fields during 
cooling, and by demagnetisation while screened from the 
earth’s magnetic field. 


An Experiment Showing the Difference in Width of the Spectrum 
Lines of Neon and Hydrogen was shown by Mr. T. R. 
MERTON. 


For accurate measurements of the widths of spectrum lines 
an interference method must be employed, in which the optical 
difference of path between the inferfering beams can be varied, 
the widths being calculated from the limiting difference of 
path at which interference fringes can be seen. By “ cross- 
ing " a Fabry & Perot etalon with a single prism spectroscope 
it is possible te discriminate between lines arising from different 
elements, by the “ visibility of the fringes.” In the experi- 
ment shown а vacuum tube containing neon and hydrogen is 
examined in this way. The neon lines being narrow, show 
sharp interference fringes, but for the hydrogen lines, which 
are broader, the limiting order at which interference can be 
seen is too low for fringes to be visible. 


)‹ 
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XXXIII. The Cohesion of Solids. By ProF. HERBERT 
СнНАТТЕХ, D.Sc. (Lond.), M.I.C.E I. 


RECEIVED DECEMBER 13, 1914. 


Іт is a remarkable fact that the force which links the particles 
of the earth to those of the distant sun 13 much better under- 
stood than that which connects those earth particles together. 
The most plausible hvpothesis would seem to be that which 
identifies the two. Lord Kelvin favoured this view, but there 
are several difficulties. 

T wo salient facts arise from any investigation, viz. :— 

(a) The attractive force which we term cohesion has а very 
minute range, but appears to be considerably greater than 
gravitation at minute distances. 

(b) There is a repulsion between small particles of matter 
as well as an attraction. 

In order to appreciate the second fact correctly it 15 necessary 
to make a preliminary conjecture as to the nature of the 
ultimate particles of matter. Elaborate investigation has 
shown that solid matter has a whole series of discontinuities— 

1. Crystalline structure bounded Бу interfaces, with occa- 
sional minute cavities between the crystals. This structure 
is usually visible in microscopic sections. In the case of 
“amorphous " solids it may, perhaps, be assumed that the 
un are of molecular dimensions. 

. Molecules consisting of а geometrically arranged group 
of себ ог more atoms bound by electrostatic (?) forces (chemical 
affinity) immensely superior in intensity to gravitation or 
cohesion. 

3, Atoms consisting of electrons, each atom forming a 
dynamic complex of immense stability. 

4. Possible etheric sub-structure, such as Osborne Reynolds’ 
* granules ” of " negative matter.” 

It would appear that under ordinarv circumstances the 
atoms behave as indefinitely rigid minute solids, so that dis- 
continuity of substance or delav in the transmission of momen- 
tum arises solely from the fact that the molecules are separated 
by appreciable distances. 

The elastic compressibility of solids shows that— 

(а) The molecules or the atoms in the molecules may Бе 
brought closer together. 

(b) Such closer proximity develops a mutual repulsion in 
the molecules, and “ strain energy " is stored in the substance, 
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which will return the parts to their original positions (or nearly 
80) when the compressing force is removed. 

Elastic tension similarly indicates the presence of a mutual 
attraction and separability. | 

A solid under no stress has its particles in a state of equi- 
librium. Disturbance of that state in the direction of separa- 
tion or approximation is accompanied by a restoring force. 
‘Temporary application of stress is, therefore, followed after its 
removal by harmonic oscillations, which are at first congruous 
and then become degraded into heat, which is radiated or 
conducted away. 

The application or removal of heat causes a difference in the 
equilibrium position of the particles. The addition of heat 
causes expansion, implying an increase in the mutual repulsion, 
diminution in the attraction, or both. Conversely, the sub- 
traction of heat implies a decrease in the repulsion, increase 
in the attraction, or both. This phenomenon, together with 
certain others, has led physicists to believe that heat in solids 
consists in a vibration of the particles, the kinetic energy 
varving with the total heat. If the absolute zero of tempera- 
ture is also the zero of heat, the mean kinetic energy of the 
particles. varies approximately as the absolute temperature. 

If it is assumed that the vibrations are linear, simple, 
harmonie oscillations (an assumption which is certainly not 
quite true),then we may wri i 

Total heat=number of molecules X mean kinetic energy per 
molecule. 


т. л?. Д? 
и 
where M=mass of unit volume=n°n, 
s—mean specific heat from zero absolute to 0, 
0 —temperature (absolute), centigrade, 
J=mechanical equivalent of heat, ergs per gram- 
calorie, 
n3— molecules in unit volume, 
m=mass of a molecule, 
A —mean amplitude of oscillation, 
T —mean periodic time of oscillation. 


ЈМ50= п? 


Ы 


À | . 4A 
The mean velocity of the particles is тои 
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For example, steel at temperature of 300deg. absolute 
(27°C., 80°Е.), 


ту x 107 x 0-11 x 300—11,850 cm. рег second. 
4A 
0= —41,400 cms. /sec. — 1,555 ft. /зес. 


А dull red heat corresponding to a temperature of about 
600°С. (say 900 deg. abs.) will then involve a velocity of about 
1-7 times the above, say 2,500 ft./sec., ог 80,000 cms. /sec. 
Optics shows that the vibrations in light of that colour have a 
frequency of about 400х 101? per second, so that on these 
assumptions „| 

80,000 Ж 
A at 900 deg. abs.= 0x TO in 5х 10-8. 

2A, the molecular swing, would then be 1:0х 10-8 cm. 
which agrees moderately well with otherwise determined 
molecular dimensions. 

Such oscillators would present great resistance to com- 
pression applied in the direction of oscillation, but, per se, 
their attraction would not be different from the usual gravita- 
tional one, and even at the small distance of 0:5 х 107? cm. 
the gravitational force is small. 

The force of gravitation follows the law 


Ст ут, 


і (dynes)= do 


where С=6.6х 10-8; m,, m, are the attracting masses 
(grammes) ; d is the distance, centre to centre, centimetres. 

| М 1 

If we write тут 5, where n=-, 


d 
Умей, 
n 


t=G 


where M=mass per unit volume —specific gravity. 
Thus, in steel, specific gravity, say 8-0, 


t=6-6x 107 8x 64x (0-5 х 19-7}, 


ап excessively minute force, apparently quite incapable of 


explaining cohesion. 
НН? 
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It seems difficult to understand how the molecules can be 
brought much closer together than the above-mentioned dis- 
tance without developing repulsive forces greatly in excess of t. 

At very low temperatures there is a contraction which may 
reduce the distance to perhaps half that given. Cohesion does 
increase at such low temperatures, but still the gravitational 
force seems insufficient. 

Kelvin was of opinion that cohesion could be explained by 
supposing the actual mass of substance to be concentrated into 
volumes quite small as compared with the whole volume. The 
density at such centres would be extremely high, and this 
intense density would. he thought, so increase the force of 
gravity between pairs of molecules very close together as to 
account for cohesion without necessitating апу deviation from 
the inverse square Jaw (“ Pop. Lect.,” Vol. L, and “ Proc.” 
Roy. Soc, Edin., April 21, 1862, Vol. IV. ). 

It appears to ше that an inconsistency is involved in this 
hypothesis. In a mass of apparently homogeneous substance 
the average distance from centre to centre of the molecule 
pairs will not have any directional relation, so that in the case 
of a longitudinal tension resisted by cohesion (say in a bar 
under tension) there seems no particular reason to suppose 
that the longitudinally cohering puirs are closer together than 
the lateral pairs, and vet Kelvin’s hypothesis would seem to 
require this. 

NoTE.—Sir James Dewar, in the “ Encyclop. Britt." llth edition 
Vol. XVI., article * Liquid Gases," p. 756c, says :— 

`` CoHESION.—The physical force known as cohesion is greatly increased 
by low temperatures. This fact is of much interest in connection with two 
conflicting theories of matter. Lord Kelvin's view was that the forces 
that hold together the ultimate particles of bodies may be accounted for 
without assuming any other forces than that of gravitation, or any other law 
than the Newtonian. An opposite view is that the phenomena of cohesion, 
chemical union, &c., or the general phenomena of the aggregation of mole- 
cules, depend on the molecular vibrations as a physical cause (Tolver 
Preston, " Physics of the Ether," p. 64). Hence, at the zero of absolute 
temperature, this vibrating energy being in complete abevance, the phe- 
nomena of cohesion should cease to exist and matter generally be reduced to 
an incoherent heap of `“ cosmic dust." This second view receives no support 
from experiment. Atmospheric air, for instance, frozen at the temperature 
of liquid hydrogen, is а hard solid, the strength of which gives no hint that 
with a further cooling of some 20 deg. it would crumble into powder. On 


the contrary, the lower the scale of temperature is descended the more 
powerful become the forces which hold together the particles of matter." 


Consider the case of a square bar 1 em. on a side, subject to a 
critical tension f==2,000,000 grammes. Let the specific gravity 
be 8, and the number of molecules per centimetre 2x 10°. 
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This gives very approximately the conditions in an iron or 
steel bar somewhat above the elastic limit. 

If we assume that thé cohesion is fairly well represented by 
(2х 108)? inter-molecular links, the tension in each link is 
(2x 108) /(4 1019) =0-5 x 10-10 grammes, or say 5x 10-8 dynes. 
This is, then, the tension between a pair of molecules on the 
two sides of an imaginary normal section. Assuming that the 
bond along the line connecting the two is (almost) wholly due to 
their mutual attractions, we have 


Gm? 


r -8... : 
5х 10 T: 


where G is the gravitational constant, m is the mass of a 
molecule and d is the distance from centre to centre of a linked 
pair. G being 6-6х 10-8, and our figures being very rough, we 
have approximately 


m?/d?=1, so that m=d, 
m(grammes)=8/(2 х 108)35—107?* grammes, and 4=19-24 cm. 


Моте.—т here agrees with the mass of a hydrogen atom rather than an 
iron one, but this discrepancy is immaterial for our purpose. 


This makes d smaller than the reputed diameter of an elec- 
tron (3:0 х 10-13 ст.), or even than a Reynolds’ granule (5:5 
X 10-18 cm.), which is apparently absurd. 

If the number of molecules is reduced to as low as 2x 109 
per centimetre, we have 


2 x 108 


ix 10: 57:0: x 1079 grammes, ог 5-0x 107* dynes. 


8.0 \2 
6-6 10-8 (sig) 
9-0x 10-4#= T 


and d—approximately 10-20 cm. 


Even allowing for the additive effect of other molecules than 
those in the pair on the tension along the line between the 
pair it seems difficult to increase d to a reasonable figure, and 
in any case there seems to be no very good reason why it should 
differ from the reciprocal of n. 
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If, on the other hand, we assume that cohesion follows a law 
_ Gn? 
-—À ` dy 


Gm? 


and d 1з equal to 1/n, so that a 


n 
where £ is the link between two molecules, m 18 the mass of a 
molecule, d is the inter-molecular distance, and y is an expo- 
nent we have 


Q0 /8-0\2 


n NY 
o) | 
approx. nin^Y —2x]107H 
say n==10? 


107*r—2x 10-22, 


Neglecting the 2, y —6, which agrees with Boscovich's theory 
that the attraction at molecular distances follows a variation 
with a high exponent. 


NoTE.—Relation of inter-molecular distance to size of molecular fields 
according to the Newtonian law :— 


И cM 
081f с( ;) Got 
MELLE M а Sr. (e — specific gravity}, 

981 fn4 


1 
so that, other things being the same, d oc = 
n 
Relation of variational index if inter-molecular distance equals size of 
molecular ficld :— 


^ 
P N 
3 i 
М 
> 


981 fnt 
y log n=log Ge 
] 


9817 
Go? 


og n 


og 
у=4+ 


The above theory assumes that when the molecules are near 
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the limit of equilibrium the attraction (repumon being dis- 
regarded) follows either the law 


Gd-? or Gd`Y. 


The previous reasoning assumes that for the given stress 
between the molecules the repulsion is zero. This may not 
be уегу incorrect if the strain is such that the molecules have 
been dragged to the extremity of the molecular field. This 
condition would be indicated by an extension of not less tban 
one-fiftieth, or in the case of simple tension, where the lateral 
approach of the molecules reinforces the longitudinal attrac- 
tions, as much as one-quarter (for steel or iron). 

Being ignorant of the arrangement of the molecules and of 
the laws of their repulsion and attraction, it is almost impos- 
sible to say exactlv what ratio there is between th? actual bond 
along a line between two molecules and that which there 
would be if these two were isolated. The ratio cannot well 
be less than unity, and may, perhaps, be as high as 50. Taking 
it as unitv, let us consider two isolated molecules. 

There is а repulsion between them which varies in some 
inverse sense with the distance from centre to centre. There 
is also an attraction which similarly varies, but in the position 
of equilibrium the two are balanced. If brought closer 
repulsion prevails to an extent which increases continuously 
with proximity. It may not become infinite, since chemical 
(*.e., electrical) change may occur such that the atoms re- 
arrange themselves (possibly even interpenetrate), but still 
closer proximity than this will experience enormous resistance 
from the dynamic repulsion of the extremely energetic electron 
systems. 

A law of the form 

t,—k,d n 


may serve for the repulsion where ¢, 13 the repulsion (negative 
attraction), k, is a coefficient, d is the inter-molecular distance, 
y, is an index not less than unity. 

The effective attraction during separation does not increase 
in this way, but, on the contrary, approaches a limit generally 
within a distance less than 24, where d, is the position of 
equilibrium. Outside this range it diminishes and becomes 
equal to the gravitational attraction at a distance of а few 
times 4. (Various experimenters have found that cohesion 
is inappreciable at distances more than about 1075 cm.) 
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If we consider the effective bond to be the resultant of an 
attraction and a repulsion we have 


and it will be found that ¢, (the molecular attraction) may also 
be written in a form 
п 


and agree with the experimental facts (see sketch). 


 OContraction—> 

Normal 
is ae Ар 
Equilibrium | 

| 

ea a 

Я 
Ес. 1. 


Hooke’s law shows that for small increases or decreases z in 
the neighbourhood of do, t is of the form cz, where cis a constant. 
The conditions will be approximately satisfied if the curve 
representing ¢, 13 asymptotic to the d axis more rapidly than 
that representing t, and is asymptotic to the ordinate axis (or 
perhaps to one parallel thereto) less rapidly than that of t,. 

Since at equilibrium ¢,=¢, and d is common, 


kido "= Род”, 
and since the slope of the ¢, curve exceeds that of the t, curve, 
— yk d- m+ > — y e d- sto 


and since d-vtU-g-v-—d 
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t=t,—t,= 2(d-2—d-3}. 
dt 


а=-—224-*— 34-4). 


tisa max. when d=1°5. 


Fia. 2. 


452 PROF. Н. CHATLEY ON 


for the value do, 
—y(hydg do) > — v. (kdo Y*- do) 


and kido "=. 
Then —5,» — уз. 
Vi Yr 


The attached graphs show the curves 
t =24-8; t,=2d-? and t,—1,, 
and also the curves 
#1 =0-125 (0— 0-53; t,=2d-? and t.—t,, 


indicating how for functions of this type there is an equilibrium 
value below which the first exceeds the second, and above 
which the second exceeds the first. It will, of course, be under- 
stood that no particular importance attaches to the indices 
used in these examples. In fact, the functions themselves 
may be of a different kind if they satisfy the required con- 
ditions. 

If the coefficient k, is increased the equilibrium point is 
advanced. If decreased the equilibrium point is retracted. 
This corresponds to the effect of heat in causing expansion and 
contraction. Similarly, by sufficiently increasing k,, the 
equilibrium point may be abolished, corresponding to the 
gaseous state. 

The resultant curve in the neighbourhood of dy corresponds 
to the stress-strain curve obtained in experiments on materials. 
On the compression side there is an apparent discrepancy in 
the increase of the stress-strain ratio, but it should be observed 
that this curve refers to pure contraction without shear. 

There does not seem to be any satisfactory method of ascer- 
taining the values of у; and у», but there are several indirect 
wavs of attacking the problem which are suggestive. The 
theory of gravitation and electrostatic potential suggest the 
index 2 for the attraction, but, as already mentioned, the 
coefficient “ G ” does not seem to agrce, and if it does not agree 
at infinitesimal ranges there must be а change in the law at 
some point. j 

The kinetic theory of gases suggests that the repulsion 
varies inversely as the molecular distance. 


L = = ох dio pe 43; Fonda a] 


п? 
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This, however, seems to disagree with the conclusion as to 
y12 72 if both are more than unity. 
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The oscillation theory of repulsion is complicated by the 
fact that it will not simultaneously explain cohesion and 
temperature effects without including a potential energy store 
in addition to the kinetic energy. Thus, a piece of material 
compressed becomes heated, but when it has lost its excess of 
temperature by radiation and conduction it would appear that 
the amplitude of the oscillations had decreased, and that the 
frequency, after temporarily rising, had fallen to its original 
value. The kinetic energy of the oscillator has then decreased, 
but, nevertheless, the body contains strain energy if it is 
elastic. (Similarly, as Kelvin has shown, tension causes 
cooling.) 

Some means of storing potential energy must be predicated 
in this case unless we can suppose the frequency to remain at 
a higher value than before straining and yet not show a per- 
ceptible temperature effect. This does not seem probable, 
but experiments on the combined effects of heat and stress 
may throw some light on the question. 

Still another method is to consider the limits within which 
the forces are appreciable. Most metals when expanded by 
heat about one-fiftieth (linear), say one-sixteenth (volume), 
become liquid, so that for uniform dilatation of metals the 
net attraction (attraction-repulsion) would seem to become 
inappreciable when d has increased from the normal position 
of equilibrium to about 1-02 of that value when the tem- 
perature is raised to the melting point. Tension experiments 
at ordinary temperatures indicate that as much as 25 per cent., 
or even 50 per cent., extension can occur in the same materials 
before the net attraction begins to diminish ; but in this case 
the mutual attraetion, although perhaps diminished by the 
separation, is reinforced bv the lateral approach of the particles. 
In the case of liquefaction it is clear that the heat greatlv 
increases the zepulsion, whereas in an isothermal tension test 
this does not occur. In the liquid state the molecular repul- 
sion slightly prevails over the attraction, and is only prevented 
from causing dispersion (7.e., vaporisation) by the atmospheric 
or other pressure. 

The theory of elasticity in metals shows that in the absence 
of lateral strain a force of about 1-2 times that with lateral 
strain 1s required to produce the same longitudinal extension. 
Hence, it may, perhaps, be concluded that the limiting cohesion 
in pure dilatation is about 1/1.2—0-83 times the ultimate 
stress in uni-directional tension. 
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When cooled to absolute zero from usual temperatures, 
steel has a contraction (linear) of about 0-003. It possesses 
a greater cohesion at very low temperatures, a fact which may 
be due to the reduction of the repulsion or to increase of the 
attraction. The former seems more probable. In anv case, 
it indicates that repulsion is not whollv due to the kinetic 
energy of temperature oscillations, or that these are not zero 
at the absolute zero of temperature. 

Apart from the suggestions of Boscovich, Kelvin and Tolver 
Preston, there do not seem to have been formulated any exact 
theories as to cohesion, but two recent theories of gravitation 
are of some interest in this connection—viz., Osborne Reynolds’ 
“ granular medium ” and the electronic theory of Lorenz and 
Crehore. 

In the former (“The Sub-Mechanics of the Universe,” 
Cambridge University Press, 1903) Revnolds finds that cohesion 
and gravitation can be explained by the mutual attraction of 

“inequalities ”” (t.e., deficiencies) in an universally diffused 
granular medium of “ negative mass.” He says :— 

“ Cohesion between the singular surfaces of negative in- 
equalities results from the terms which were not taken into 
account ш the first approximation which correspond to 
gravitation. These secondary terms involve the inverse dis- 
tance to the sixth power, and therefore have a very short range, 
and so correspond to efforts of cohesion of the singular surfaces 
as well as surface tensions having no effect unless the singular 
surfaces, or molecules, are within a distance very small com- 
pared with the diameter of the singular surface.” (Т., $5.) 

* In the analysis for the effort of attraction of negative in- 
equalities the ratio of the volume of the grains absent divided 
bv the volume enclosed bv the singular surface has been 
neglected, and it is this simplification ‘only which renders the 
law of attraction—as the inverse square—the law of attraction 
of the singular surface at a distance. 

“ But this in no way limits the variation of the stresses over 
those portions of the space in and between the parts of the 
two singular surfaces which are within indefinitely small dis- 
tance of each other. Such limits can onlv be determined by 
taking into account the higher terms which have been neg- 
lected. 

“This analvsis I have not attempted. But it seems to me 
verv important to notice this omission, as it appears that the 
attractions expressed bv the higher powers of l/r, when the 
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surfaces are indefinitely near, must be of great intensity, so 
that, owing to sudden variations, the work done in separating 
the surfaces must be extremely small. 

“ These characteristics are those of cohesion and surface 
tension, and thev promise to account by mechanical considera- 
tions for the hitherto obscure cohesion between the molecules 
as belonging to the attractions resulting from the finite dia- 
meter of the molecules divided by the curvature resulting from 
distortion, or we might sav the complement of gravitation." 
(XIV., $227, slightly abridged.) 

Revnolds’ theory is open to objection on the ground of the 
apparent instability of the configurations which he deduces 
and seems to have been shelved, if not displaced, by the 
electrical theorv of matter; but it is interesting to note his 
reference to the sixth power of the distance and the curvature 
effect. 

Dr. Crehore has set forth an electrical theory of gravitation 
(" Electrical World," 1912; “Scientific American Supple- 
ment," No. 1,893, April 13, 1912, p. 233), in which, bv assuming 
that the velocity of electrons in their orbits about the centres 
of atoms differs only slightlv from the velocity of light,* he 
arrives at an expression for the mutual attraction of two 
atoms as follows :— 


200 | e.c 
= > 2° 1392 _ d 
has Ка? 
q=velocity of electron, 


w=thickness of “ magnetic sheet " due to the quasi- 
polarisation of each electron, 


К =specific inductive capacity, 
v=velocity of light, 
R=-distance from centre to centre of atoms, 
a —radius of electronic orhit, 
e and e' are the charges on the atoms. 
Dv equating this to the gravitational formula, he finds that 
if e—e' — 4-95 1072 electrostatic units and д almost exactly 


equals. v, w==1-6x 10739 em., and that 99 per cent. of the 
induction (which causes the attraction bv differential action 


* This hypothesis does not receive confirmation from spectroscopic 
investigations, 
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at the two opposite points of the electronic orbits) is included 
within this thickness 1  0—у==3:9 x 10-38 cm. /зес. 

He states that this equation is true for both great and small 
distances, but “ It must be remembered that in deriving this 
formula the magnetic induction in the sheet accompanying 
the corpuscle was considered to be uniform throughout the 
volume of the positive sphere of the attracted atom. When 
the distance is very small the induction should be integrated 
_ throughout the volume, and the expression must not be used 
in case R is nearly equal to а.” 

If we assume that at absolute zero the molecular fields are 
almost in contact, the minimum value of В would seem to be 
2a for the outside electrons. Remembering that the electrons 
are probably in several ring systems, В =4а seems to be a fair 
estimate for the minimum. The expansion from absolute zero 
to ordinary temperatures being taken as 0-25 (an excessive 
value for many substances), a normal value, R=5a, may be 
appropriate for solids. 

It is noteworthy that а curve of the form varying inversely 
as the sixth power of the distance is tangential to a curve of 
the form varying inversely as R?—a? at a point R—1-225a. 

The differences between the curves are very small for a 
range of about 0-05a above and below this value ; but as the 
value R=1-225a would imply interpenetration of the molecular 
fields it would seem that either the sixth power rule does not 
apply or that the induction correction for small values of R 
makes an appreciable difference. 

Crehore's formula has the great advantage that it enables 
the gravitational constant to be retained even at the smallest 
distances, the variation. being simply due to the second term 
in the denominator or the expression 


CG. m? 


Ааа) 


where ła is the mutual attraction, G and m are as before, and 
d —R, a being the radius of the mean eflective electronic orbit. 
The argument as to the indices y previously mentioned still 
applies to functions of this form, so that we may, perhaps, write 
the repulsion | 
Gm? 


hi nan) 


where y, is greater than 2. A value of 3 for y, gives a resultant 
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curve, ¢,—t,, in which the net attraction persists at a high 
value through a range of several times a. 

Larger values of y, decrease the range of the net attraction, 
so that experimental information on that subject indirectly 
leads to y, if Crehore's rule is true for the attraction. 

Some information might, perhaps, be expected from astrono- 
mical research. Newcomb has discussed the possibility of the 
index 2 in the gravitational rule being slightly inaccurate as an 
explanation of certain irregularities in the perturbations of 
the inferior planets; but Brown's exhaustive investigations 
of lunar theory fail to confirm this supposition. Crehore’s 
formula would lead to the conclusion that the force is very 
slightly in excess ої the inverse square law (which would make 
the index less than 2 for anv particular distance), but the 
difference becomes inappreciable when the ratio d/a exceeds 
1,000. 


The Effect of Atomic Weiyht on the Cohesvon of Solid Elements. 


A scrutiny of the tensile strengths comparcd with atomic 
weights for the elementary metals shows that there is no simple 
relation between the two quantities. ‘There mav possibly be 
а periodic one, in which case it should throw light on the 
occurrence of gases and liquids in the series. The very exis- 
tence of these at normal temperatures and pressures indicates 
that the conditions of infra-atomic equilibrium vary with the 
number of electrons (2.e., the atomic weight), and it is to be 
presumed that the cohesion is similarly variable among the 
different sclids. Extremely high atomic weight does not give 
high cohesion, nor, on the other hand, does it appear in the 
elements very low in the scale. There would seem to be no 
doubt that the high atomic weights imply a large proportion 
of irreducible volume or a smaller number of atoms per unit 
mass, and this will doubtless affect both the attraction and 
repulsion ; but, as the effective cohesion is the difference 
between these, no conclusion can be drawn. 


The Effect of Molecular Combination on Coheston. 


It is in this direction that the most surprising results occur. 
Minute variations of constitution (as in the case of the iron 
and copper compounds) cause great differences, and, again, 
the combination of two gaseous elements may produce asolid, 
or two solids a gas. The heat produced by or absorbed in 

VOL. XXVII. II 
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combination doubtless suggests an explanation, but, anyway, 
it is clear that the mutual chemical attraction of the atoms can 
immensely exceed cohesion. 


The Effect of Density. 


Small increases of density unaccompanied by chemical 
change or perceptible structural change can produce great 
changes in cohesion. This may partly be accounted for bv 
considerations of invisible crystalline structure, the surfaces 
of the crystals being brought into more intimate contact or 
gaining in mutual tenacity by dimensional relations ; but it 
would appear to be true of matter with no super-molecular 
structure, although the question then arises whether, apart 
from ervstalline structure, it is possible for matter to have two 
densities under the same conditions of pressure, temperature 
and chemical composition. 

The specific gravity of metals of constant chemical com- 
position varies considerably, but it seems probable that this 
variation is accompanied in all cases bv ervstalline change. 
Nub-ervstalline structure, although oriented, is probably of 
almost maximum density. Super-molecular structure can 
only be of maximum density if the crystals completely fit 
one another or are pressed together so that all parts of the 
surfaces of each crystal are in contact with others except on 
the free faces of the solid. Pressure such as this must destroy 
the geometrical form of the solid, and possibly these damaged 
angles give rise to points of relative weakness. 
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XXXIV. Some Novel Laboratory Experiments. Ву Е. W. 
Товрлх, A.R.C.S., B.Sc. 


RECEIVED APRIL 25, 1915. 
A Vacuum Flask Condensation Calorimeter. 


Ir occurred to me that the errors in the condensation methods 
of measuring the latent heat of a vapour could be almost 
eliminated by adopting the following method : Asteady stream 
of the vapour is passed for a certain time through a vacuum 
vessel containing an empty suspended bulb, and the mass of 
the condensed vapour is determined. In the second experi- 
ment the same steady stream of vapour is passed for the same 
time through the vessel, and condensed on the same bulb filled 
with water. If the experiments be performed under identical 
conditions, the difference between the masses of condensed 
vapour will be that required to raise the temperature of the 
water to that of the vapour. Errors arising from losses of 
heat bv convection and radiation, condensation in the tubes 
and wetness of the vapour can in this wav be almost eliminated. 
The capacity of the bulb can be made large, and the masses of 
condensed vapour can be determined with an ordinary balance 
which will carry a load of 500 gm., and is sensitive to 0-01 gm. 
As a test of the accuracy of the method it was decided to 
measure the latent heat of steam. 

A sectional view of the steam trap and calorimeter as de- 
signed for this purpose is shown in Fig. 1. The steam from the 
boiler was delivered by an upward sloping wide tube to the 
steam trap, where the separation of the suspended water 
globules from the steam was effected by centrifugal force 
brought into play by the rapid motion of the steam through the 
spiral tube A. The steam was delivered from the boiler at the 
rate of 14 gm. per minute, and the calculated centrifugal force 
of several hundred times its own weight on à water globule was 
considered to be sufficient to drive it to the side of the spiral 
tube before the escape of the steam. The steam was finally 
delivered to the vacuum vessel bv the tube B, which was sur- 
rounded bv the coils of the spiral tube. The condensed water 
was drained off periodically bv way of the tube C. 

The mouth of the thermos flask was closed bv a slightly 
conical shallow brass cup. fitted with an outer ring of india- 
rubber to reader it steam-tight. The steam was spraved 
evenly throughout the interior of the flask by the perforated 
brass tube D. The exit tube E was of suthcient width to allow 
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of the insertion of a thermometer, and to prevent spurting of 
the condensed vapour from the lip of the tube. The loss of 
heat from the stopper was minimised by a filling of cotton-wool 
and a covering disc of cork. The latter prevented absorption 
of the steam by the cotton-wool, and was removed before 
weighing. 

The brass bulb H was suspended by a thread looped over the 
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inlet tube. This bulb could be filled by way of а small opening 
in the lid and closed by a small screw plug. The initial tem- 
perature of the bulb was оМашей by lowering а thermometer 
through the exit tube into the re-entrant tube of the bulb. 

In conducting an experiment the empty bulb was suspended 
inside the flask, and possible inequalities of temperature were 
removed by drawing a rapid current of air from the room 
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through the flask with a Lennox blower. The flask, together 
with the stoppers for the tubes, was then weighed. The 
thermometer was inserted into the bulb, and the initial tem- 
perature recorded after an interval ot several minutes. The 
thermometer was then removed, and at a given instant the 
short indiarubber tube F was connected with the steam 
delivery tube. At the end of 10 minutes the supply of steam 
was stopped momentarily bv pinching ап indiarubber con- 
necting tube; the vacuum flask removed, quickly stoppered 
and then weighed. It was found that this method of closing 
the mouth of the flask was quite satisfactory, and the weight 
remai.ed perfectly steady to 0-01 gm. for many minutes. The 
flask was then emptied, dried and cooled by a rapid current of 
air to the temperature of the room. The bulb was almost 
filled with distilled water at room temperature, and the experi- 
ment repeated under almost identical conditions. 

А preliminary experiment showed that the temperature of 
the full bulb attained an almost stationary value after the fifth 
minute, so that 10 minutes was an ample time to allow the 
bulb and the condensed steam to acquire the temperature of 
thesteam. It was found as a result of a number of experiments 
under identical conditions that, in spite of the passage of а 
large amount of steam through the flask, the weight of con- 
densed steam could be relied upon to about 0-01 gm. or 
0-02 gm. The supply of steam could have been reduced after 
the second minute, but it was considered that the test would 
be more rigorous by maintaining а rapid supply of steam 
throughout the experiment. A reduction in the rate of supply 
of the vapour can be resorted to when waste of the vapour has 
to be avoided. If the quantity of condensed vapour is at all 
large it is better to catch the condensed vapour from the bulb 
in а shallow cup just beneath the bulb before allowing it te 
drip on to the bottom of the flask, where it can onlv be heated 
slowly bv conduction from the upper surface. The time of 
passage of the vapour can then be reduced to six or seven 
minutes, 

The thermal capacity of the flask and empty bulb may be 
determined to the nearest unt bv measuring the steam con- 
densed in the first minute in the calorimeter. In calculating 
the thermal capacity, loss of heat тау be neglected, and an 
approximate value of the latent heat will be quite sufficient. 
The error arising from an omission oi the correction for the 
thermal capacity of the vessel need not exceed 1 part in 200 
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in a suitably designed calorimeter, if the initial temperatures 
of this in the two experiments do not differ by more than a 
degree centigrade. 

The preliminary experiments showed that аз the dimensions 
of the apparatus were increased the final results became more 
concordant, and there is hardly any doubt that the latent 
heat of а vapour or the specific heat of a liquid, and m many 
cases that of a solid, could be measured to 1 part in 500. 

The following dimensions of the vacuum vessel may serve 
as а guide to any alterations or improvements. The thermos 
flask was of the ordinary pint pattern ; the diameter of the 
mouth was 2-7 cm., and the largest bulb that could be intro- 
duced had a capacity of 60 cubic cm. А thermos flask with a 
wider mouth and same internal volume would have given 
better results. The thermal capacity of the flask and empty 
bulb was about 23 calories. The weight of condensed steam on 
which the final result depended was about 9 gm. The steam 
was supplied at the rate of about 14 gm. per minute in most of 
the experiments ; but this would have to be increased during 
the initial heating for a bulb of larger capacity. The initial 
temperature was read correctly to about 0-1?C. on an ordinary 
thermometer. The balance could carry a load of 500 gm., ard 
the weight was measured to 0-01 gm. It may be remarked 
that an error of a few milligrammes in the set of w eights, and 
this is a common fault, macters but little in this experiment. 

The results obtained in six successive experiments for the 
latent heat of steam at 100°C. were 539-9, 539-3, 538-4, 540-1, 
540 and 538-5, givmg a mean value of 539-8, а result which 
agrees as well as can be expected with the accepted value of 
510 at 100°C. in terms of the caloric at 20°C. 

I have since shown, as the result of experiments with another 
steam calorimeter, to be described later, that the wetness of 
steam generated at atmospheric pressure is very small, ard а 
separator of the ordinary pattern is quite sufficient to prevent 
condensed water in the delivery tubes from entering the calori- 
meter. 

A Steam Calorimeter. 


The loss of heat from the outer surface of the calorimeter can 
be prevented almost entirely by first raising rapidly the tem- 
perature of this surface almost to that of the steam bv a sudden 
Immersion in a current of steam, and then admitting this to the 
interior of the calorimeter. In order to test the accuracy of 
this method it was again decided to measure the latent heat of 
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steam and the apparatus as designed for this purpose is shown 
in Fig. 2. 

The calorimeter A was made of hard thin sheet brass, and 
fitted with a screw-down lid, B. The latter was made steam- 
tight by a washer of moderately hard rubber. The steam when 
required was admitted to the interior of the calorimeter 
through the short inlet tube C, by removing the stopper in the 
exit tube D. The brass bulb E was constructed in the same 
way as for use with the vacuum vessel, and was suspended by 
a loop of thread from two small hooks on the lid of the calori- 
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Fic. 2.—A STEAM CALORIMETER. 


meier. The bulb E was shielded from any exchange of heat 
with the inner surface of the calorimeter by the radiation 
screen Е. This consisted of a thin sheet copper vessel, per- 
forated at the sides for the admission of steam and supported by 
three spring legs of thin wire on the base of the calorimeter. 
The upper edge of the screen was cut away to form three small 
projecting spikes and an alternative path for the steam. The 
pressure of the lid of the calorimeter against these spikes 
sufficed to hold the screen in position. The gain of heat by 
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the bulb from the radiation screen during its heating by the 
steam will involve a condensation of the steam on the screen, 
and this is included in the final weight. Thus, the introduction 
of this screen makes it possible to use a bulb of large thermal 
capacity. In the vacuum vessel the gain of heat by the bulb 
from the inner surface of the vessel is correcied by a condensa- 
tion of the steam on this surface, and consequently this dith- 
culty does not appear. The comparatively cool water con- 
densed on the bulb was collected in a shallow copper cup, H, 
supported by three thin wire legs inside the radiation screen. 
The bulb was in this way almost isolated from exchange of 
heat with the inner surface of the calorimeter. 

The calorimeter was suspended from the lid of the steam- 
jacket N by a circular nut of hard wood, K, screwed on to the 
exit tube D. A light umbrella of thin sheet copper prevented 
any cool-condensed water from falling on to the lid of the 
calorimeter. The steam before admission to the jacket was 
freed from suspended water by a rotary motion in the spirally 
divided inlet tube М. Thi; spiral motion of the upward current 
of steam also contributed to a more rapid and uniform heating 
of the outer surface of the calorimeter and more consistent 
results were obtained with this device than in its absence. 
The additional mass of condensed steam, before the iniro- 
duction of this device, did not amount to more ihan 0-1 gm., 
even when 200 gm. of steam was circulated through the calon- 
meter. Hence, the quantity of suspended water in the steam 
must have been very small, and ihis conclusion was still 
further verified by the fact that the progressive condensation 
in the calorimeter onlv amounted to a few centigrams in five 
minutes. Many indifferent results can be accounted for not 
so much by the presence of suspended water globules as bv the 
transfer of condensed water along the surfaces of the tubes to 
or from the calorimeter. Ах an instance of this it may be noted 
that, during the course of an experiment on the latent heat of 
steam Бу a modified Berthelot’s apparatus, it was found that 
0-5 gm. of steam was condensed in the short inlet tube, whilst 
24-5 gm. was condensed in the calorimeter in 14 minutes. The 
correction for the condensation in the inlet tube was, therefore, 
far trom small, and under these conditions exceeded the 
correction. for loss of heat from the calorimeter itself. In 
Derthelot's original experiment the effect of this condensation 
in the inlet tube was minimised bv a rapid flow of the vapour 
and absorption of heat from the rmg-burner. 
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In conducting an experiment the empty bulb E was sus- 
pended from the cover, the calorimeter was fitted together 
аз shown in the figure, and weighed together with the stoppers 
for the inlet and exi? tubes. The calorimeter was then attached 
to the lid P of the vapour jacket and a rapid stream of air was 
drawn through the calorimeter by a Lennox blower to equalise 
the temperatures of the various parts. The temperature just 
before immersion in the vapour jacket was taken with a ther- 
mometer inserted into the bulb Е. During these operations 
steam was got up in the boiler and passed through the jacket 
for two or three minutes. The exit tube D of the calorimeter 
was stoppered and the lid of the vapour jacket, supported by a 
cord handle, was held in readiness. The temporary hd of the 
jacket was removed at a giver instant, and the calorimeter was 
suddenly immersed in thesteam. At the end of 20 seconds the 
jet of steam from the exit tube R in the lid was well developed, 
and this was considered to be the best instant for diverting the 
greater part of the steam from the outside to the inside of the 
calorimeter. This was effected by removing the stopper in the 
exit tube D of the calorimeter, and reducing the escape of steam 
from the exit tube R in the lid of the vapour jacket by inserting 
a small nozzle. The steam in every case appeared at the exit 
tube D of the calorime:er a few seconds after this adjustment. 
At the end of two minutes the supply of steam was reduced to 
about a third bv lowering the bunsen flame. This adjustment 
can be conveniently and repeatedly accomplished by fastening 
a long arm to the handle of the gas tap, and swinging this from 
one stop to another. At the end of six minutes the exit tube 
D was sioppered ; the calorimeter was quickly withdrawn from 
the jacket, and rs inlet tube stoppered immediately. The 
calorimeter was allowed to cool and then weighed. The 
existenceof any leaky joint was rendered evident by an increase 
oi weight, and everv care was taken to avoid this defect. The 
rubber stoppers and washer answered perfectly well in this 
respect, and there was no trouble from leakage. Air was 
finally admitted and the calorimeter weighed. 

The choice of these intervals of time was the result of a 
number of trial experiments. The first interval of 20 seconds 
was selected for the reason that an error of a second or two 
in its estimation affected the weight of condensed steam only 
to a slight extent. The next interval up to the end of the 
second minute was the result of an observation on the rise of 
temperature of the bulb when filled with about 100 cubic cm. 
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of water. Thesteam was supplied initially at the rate of about 
20 gm. per minute, and the temperature of the bulb rose to 
about 40°C. at the end of the first minute, and 90°C. at the end 
of the second. The lag of the thermometer made it impossible 
to be precise in stating the first of these temperatures. The 
temperature was practically steady at the end of the fourth 
minute, and hence the selection of 6 minutes was considered 
ample to allow the bulb to acquire the temperature of the 
steam. 

In the second experiment the bulb was nearly filled with 
water, and the experiment repeated under almost the same 
conditions. The additional amount of condensed steam was 
considered to be that required to raise the temperature of the 
water to that of the steam. 

The correction to be applied for the thermal capacitv of the 
empty bulb and radiation screen amounted only to 1 part in 
1,000, when the initial temperatures of the calorimeter in the 
two experiments differed by 1°C. The corrections for air 
displacement applied to the weights affected ihe weights of the 
condensed steam and water in the bulb equally, and can, 
therefore, be omitted. 

The following data in connection with this apparatus may 
serve as a guide to any improvements and alterations. The 
height of the brass calorimeter was 18 cm., its diameter 6-6 ст. 
and из weight 250 gm. The brass bulb had a capacity of 
about 105 cubic em. of water, and condensed under ordinary 
conditions about 15 gm. of steam. The weight of the mterior 
parts was about 100 gm., and the combined thermal capacity 
about 9 calories. The weight of steam condensed in the calori- 
meter with the empty bulb was about 1-7 gm. in six minutes, 
and the weights obtained in successive experiments under the 
same conditions agreed to about 0-02 gm. 

The results obtained in seven successive experiments for the 
latent heat of steam at 100°C. in terms of the calories at 20°C. 
were 539, 539-9, 540-1, 538.8, 539, 539-6 and 539, giving a mean 
ralue of 539-3, a result which differs but little from the accepted 
value of 540 at 100°C. -These results justify the use of this 
apparatus as a steam calorimeter when an accuracy of not more 
than L part in 400 is aimed at. 


A Differential Telephone Receiver. 


The use of this instrument for electrical measurement is not 
new, but it may be of some interest to know that the ordinary 
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receiver can be used in conjunction with a simple differentiallv- 
wound transformer to serve the same purpose. 

А core, composed of a bundle of soft iron wires or а soft iron 
rod, 1s overwound differentially with two primary coils P, P, 
Fig. 3, and the secondary coil S, which is connected to the 
telephone receiver T, is arranged so that it can slide over the 
primary coils P, P. The advantage of this construction is that 
it is possible, by moving the secondary § to a particular posi- 
tion, to obtain almost complete silence in the receiver T, when 
the primary coils P are traversed oppositely by equal alternate 
currents. It would be difficult to wind the core of an ordmary 
recelver with two coils so that they were exactly differential. 


Fia. 3.—A DIFFERENTIAL TELEPHONE RECEIVER. 


The resistance of ал eletrolyte can be measured with the 
aid of this instrument by the differential arrangement shown in 
Fig. 3. The terminals of the secondary coil of a small induction 
coil are connected to A B, and the current is divided between 
one of the primary coils P in series with the electrolyte X and 
the other coil P in series with a dial box of resistance coils R. 
The telephone receiver will be silent when R=X, and this 
method is quite a sensitive one for this measurement. 


The Thermal Conductivity of a Narrow Bar by a Modified 
Gray's Apparatus. 

In Gray's apparatus the narrow bar is soldered at one end 
into the side ot a copper boiler and at the other into a copper 
sphere. Theheat conducted alongsuch a narrow bar, when опе 
end is heated by boiling water and the other cooled by contact 
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with the copper sphere, is so small that the temperature of the 
copper sphere has to be observed in some cases for 40 minutes. 
In order to increase the rate of transmission of heat four parallel 
metal bars, each about 2-5 mm. diameter and 8 cm. long, were 
soldered at their lower ends into a copper steam pipe A and at 
their upper ends into a thick copper plate В, 4 mm. thick, 
forming the base of the water calorimeter. The latter was 
chosen for two reasons, firstly, because it is more convenient 
and in accordance with practice, and, secondly, because an 
exact knowledge of the specific heat of the copper of the calori- 


Fic. 4.—THerMaL CONDUCTIVITY OF A Narrow Bar BY a МортЕер 
TRAY S APPARATUS. 


meter is not required. The use of four narrow bars, and rot à 
single one of the same total cross-section, is necessary in order 
to ensure a large area of transmission of heat to the water. an 

thus minimise the difference of temperature between the latter 
and the upper ends of the bars. A measurement with thermo- 
junctions attached to the bars showed that the error, con" 
mitted in assuming that the terminal temperatures of the bar 
were identical with the stezm and water, if this be kept «tirrel, 
is of the order of 4 percent. The error in some experiments 0" 
thermal conduciivity, arising from the use of several therme 
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meters, for the measurement of temperature gradient and con- 
ducted heat, may amount to 2 or3 per cent. if the thermometers 
have not been previously compared and corrected for stem 
exposure. Hence, in an elementary experiment it is justi- 
fiable to make an assumption like the foregoing ard reduce the 
measurements as much as possible. The steam pipe, bars ard 
calorimeter were lagged with cotton wool, and exchanges of 
heat between the calorimeter and its surroundings can Бе 
compensated by Rumford’s methed. 

The final expression for the thermal conductivity approxi- 
mates to the ideal one that holds for steady flow conditions, 
and the experiment can yield almost as good a result as other 
experiments in the absence of refinements and troublesome 
corrections. 


Method of Measuring Poisson’s Ratio for a Rectangular Beam 
or Lath. 


The beam is bent into an are of uniform curvature by equal 
couples applied to the two ends as shown in the figure. Let 


Еа. 5.—Метноо OF MEASURING PoissoN's RATIO FOR A RECTANGULAR 
Bream. 


В and r be the clastic and anti-clastic radii of curvature respec- 
tively. Then Poisson’s ratio 
С == —. 
r 

The clastic radius of curvature 13 easily calculated from the 
elevation of the centre of the beam, ard the distance between 
the knife-edge supports. To determine the anti-clastic radius 
of curvature I attached, at a little distance from one of the 
knife edges, two strips of plane mirror glass, A B, to the ver- 
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tical sides of the bar, so that viewed from the front of the figure 
their surfaces overlapped. А vertical illuminated scale was 
set up to one side of the common normal to the two mirrors 
at a distance of about а metre from the beam. А telescope was 
directed towards the mirror A, so that an image of the scale S 
formed by two reflections at the mirrors could be seen in the 
field of view. The anti-clastic curvature was rendered in this 
way quite evident and easily measurable. The mirrors were 
fixed near to the knife-edge support to mmimise their elevations 
on bending the beam. 

Let s be the change of scale reading on bending the beam, 
d the distance of mirror B from the scale, and 2b be the distance 
between the mirrors. Then the change of angle between the 


mirrors is and the anti-clastie radius of curvature 
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If the ends of the beam be gripped m the two hands and ап 
image of the horizontal bar of a distant window be viewed after 
two reflections at the mirrors A and B, then the existence of the 
anti-clastic curvature on bending the beam at once becomes 
evident by a displacement of the image. The value of Pois- 
son's ratio for a boxwood scale obiained in this way was 0-29. 


А Method of Measuring the Coincidence Period of Two 
Pendulums. 


Each pendulam was fitted at its lower end with a platinum 
wire which made contact with a narrow pool of mercury at the 
centre of its swing. The knife-edge support and pool ої one 
pendulum were connected electrically in series with the pool 
and knife-edge support of the other and with a cell and a tele- 
phone receiver. Thus, a click in the telephone was heard 
whenever the pendulums made contact simultaneously with 
the pools of mercury. The clicking in the telephone will per- 
sist over а short mterval of time, which will depend on the 
widths of the pools of mercury and the amplitudes of the 
pendulums. This interval in one case was 10 seconds when 
the coincidence period was about 7 minutes. The coincidence 
period can in this мау be measured correctly to one or two 
seconds, and the change of period of a Kater pendulum with 
diminishing amplitude can be readily detected. This method 
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appeals to students on account of its simplicity, and the only 
unfortunate feature of the device is that very little is left to 
test the skill of the student. 


Achromatic Interference Fringes. 


The number of visible fringes in white light produced with 
the aid of a Lloyd's mirror can be considerably increased by 
interposing a simple grating, G, of about 20 or 30 lines to the 
millimetre between the slit S and the Llovd’s mirror M (Е ig. 6). 

The mirror M consisted of a strip of good plate-glass mirror 
30 em. long and 5 em. wide, with the silvered surface exposed 
to the light from the slit. The varnish at the back of this 
mirror was removed with turpentine and the film of yellow- 
scaly oxide underneath this bv caustic potash. The silver 
surface was then washed, dried and polished with a pad of 
chamois leather. The vertical edges of the mirror were 
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blackened to obstruct the transmission of light through the 
glass. 

The grating was made Бу ruling the lines on a smoked-giass 
plate With а simple dividing eigine in the following way : The 
anvil of a micrometer screw gauge was removed and the handle 
was firmlv clamped to the edge of a table. The rounded end 
of а rod about 4 ft. long was inserted in the place of the anvil, 
and pressed against the screw bv an elastic band. А specially 
pointed needle was fixed to the other end of the rod, and this 
was guided with a cork handle during the ruling. The greater — 
part of the weight of the rod was supported by a counterpoise 
to reduce the pressure on the needle point and minimise the 
bending of the rod. The smoke on the glass plate was made 
more than usuallv adherent bv flowmg over it a weak solution 
of shellac in alcohol. To obtain the best results the first order 
spectra should be of predominant intensity and this was 
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effected, in accordance with theory, by making the opaque and 
transparent elements of the grating of nearly the same width. 

The slit S was adjusted to à width of about 0-05 mm., and 
was illuminated by the light from a Nernst filament N. The 
mirror M was adjusted so that its surface was parallel to and 
in a line with the slit, in which position only the diffraction 
fringes were observable with an eve-piece at a distance ot about 
50 ст. from the slit. The grating С had about 30 lines to the 
millimetre, and all but a width of a millimetre was screened from 
the light from the slit. The grating was arranged at a distance of 
about 5 cm. from the slit, with the rulings nearly parallel to the 
length of the slit, and just in front of the mirror M. The best 
width and position of the narrow grating is that in which it will 
just admit the first order spectrum to the mirror M. The 
direct white light from the grating will then fall to one side of 
of the mirror and interfere but little with the distinctness of the 
fringes. If the distance of the grating from the slit be in- 
creased to about 10 em. the colour of the fringes can be varied 
without altering their width by moving the grating laterally. 
The lineal displacement of an element of the vertical spectrum 
of such a grating from the slit is very nearly proportional to its 
wave-length, and therefore the condition for the production 
of achromatic fringes is fulfilled. Interference between the 
lateral spectra of this grating will give the same result without 
the mirror M, but only if the diffracted beams overlap. For 
instance, in the above experiment, if the mirror M is removed, 
the achromatic fringes will not become visible until the width 
of the grating is such that, in the neighbourhood of the eve- 
piece, the diffracted beams overlap. Moreover, it is necessarv 
that the lines of the grating should be more strictly parallel 
to the slit, whereas with Lloyd's mirror this adjustment need 
not be so exact. 

Interference between spectra of higher order than ihe first 
will occur as the width of the grating is increased, but since 
these spectra are comparatively faint, the interference effects 
are scarcely observable, except with monochromatic light. 
The direct light from the grating mterferes somewhat with the 
distinctness of the fringes, but not to the extent that one would 
at first imagine. The whiteness of the fringes 15 also impaired 
by an admixture of diffracted coloured pencils of light, but 
this adds to the colour effect and appearance of the fringes. 

The direct light can be made very feeble by using a trans- 
mission grating in which the elements are of equal width, and 
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alternate elements are made of a thin film of gelatine of a thick- 
ness sufficient to retard the light by half the average wave- 
length of the most intense portion of the spectrum. I have not 
been able to procure such a grating, but its effect can be seen by 
viewing a sodium flame on a batswing burner edgewise through 
a small portion of the edge of a phase-reversal zone plate. The 
direct image of a white source of light will be coloured according 
to the element of the spectrum that is suppressed by the phase- 
reversal. The direct image will be very faint and the first 
order spectrum will appear almost as bright as the direct 
image given by a smoked-glass grating. Such a grating for the 
particular purpose of this experiment ought to give better 
results than the grating on smoked glass. 

It may also be remarked that the structure of a phase- 
reversal grating which is almost invisible in diffused light, 
becomes easily visible under the conditions of this experiment 
owing to the appearance of the fringes formed by interference 
between the lateral spectra. If the slit be widened these 
fringes would vanish, and the grating would present almost 
the same appearance as in diffused light. The same remark 
applies to the case when the grating is viewed through a micro- 
scope. 

ABSTRACT. 
CONDENSATION CALORIMETERS FOR THE MEASUREMENT OF LATENT 
AND SPECIFIC HEATS. 


(a) Itisshown how an ordinary vacuum jacket flask can be converted 
into a suitable condensation calorimeter. Errors arising from loss 
of heat and wetness of the vapour are almost eliminated by making 
two experiments. 

(b) Another condensation calorimeter is constructed on a different 
plan with a view to the elimination of the same errors. 


THE THERMAL CONDUCTIVITY OF A NARROW METAL BAR. 
Gray’s apparatus for the measurement of the conductivity of a 
narrow bar has been modified for the purpose of rendering the loss of 
heat relatively small and reducing the time taken in the measurement, 
thus introducing the experiment to the elementary student. 


THE MEASUREMENT OF Polsson’s RATIO FOR A RECTANGULAR LATH, 
Two mirrors are attached to opposite sides of the bent lath for the 

measurement. of the anti-clastic radius of curvature, and Poisson’s 

ratio is then deduced from the observations in the usual manner. 


A METHOD oF MEASURING THE COINCIDENCE PERIOD OF A KATER 
AND A CLOCK PENDULUM. 
The Kater and the clock pendulums are electrically connected 
so that when at the centres of their swings a momentary current 
passes through a telephone receiver. 


VOL. XXVII. KK 


476 MR. Е. W. JORDAN. 


A DIFFERENTIAL TELEPHONE RECEIVER. 


An ordinary receiver is connected to the secondary of a simple 
differentially wound transformer, and it is thus converted into a 
differential receiver for the purpose of electrical measurement. 


EXPERIMENT ON INTERFERENCE FRINGES. 


The fringes produced by a Llovd’s mirror in white light are nearly 
achromatised by a simple grating on smoked glass. Other suggestive 
interference effects with the grating are also described. 


DISCUSSION. 


Mr. Е. E. Ѕмітн asked why in the thermal conductivity experiment 
four rods were used instead of one of four times the cross-section ? 

Мг. Н. Moore admired the ingenuity of the pendulum experiment, but 
thought that to make an experiment too simple and free from corrections 
made it much less instructive to students. He thought the eye and ear 
method of observing coincidences was one in which students should be 
trained as much as possible. 

Mr. JORDAN, in reply to Mr. Е. E. Smita, said that the use of four thin 
rods rather than one thick one was advisable, as there was a smaller 
temperature drop between the end of the rod and the calorimeter when 
the former was thin than when it was thick. 
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XXXV. The Coefficient of Expansion of Sodium. Ву Evaar А. 
GRIFFITHS and EZER GRIFFITHS, M.Sc. 


RECEIVED May 20, 1915. 
The Coefficient of Expansion of Sodium. 


INTRODUCTION.—The experiments recorded in this Paper were 
undertaken with the object of ascertaining the variation in 
the coefficient of expansion of sodium in the vicinity of it; 
melting point. 

The datum is of interest in its bearing on the modern theories 
of specific heat since the square of the coefficient of expansion 
i: one of the factors which enter into the calculation of the 
difference between C,, the atomic heat when the metal is 
free to expand and C,, the atomic heat at constant volume. 

Theoretical formule for the representation of C, ard its 
variation with temperature have been given by various writers, 
notably Einstein and Debye. 

Einstein based his reasoning on the quantum-theory of 
energy and the assumption that the atoms in a solid oscillate 
about fixed positions, the atomic system being equivalent to 
a number of Planck’s resonators, while Debye proceeds on 
the supposition that the heat vibrations depend on the elastic 
forces insucha мау that the longest heat waves are identical 
with elastic vibrations. 

On account of the experimental difficulties of the problem, 
direct determinations of C, have not been attempted in the 
case of solids, and consequently to test the theoretical formule 
it 13 necessary to deduce C, from a knowledge of C, and the 
thermodynamic relationship * between C, and C,. 

In the case of sodium it has been shown that C, increases 
very тару wrh the temperature as the melting point is 
approached, rising from 6-5 at 0°C. to 7-5 at 96°С.1 

Since the limizing value of C, for an element at high tem- 
peratures is approximately 6, it seemed of interest to test the 

* Cp— С. —a?erAt. 

Where a is the coefficient of cubical expansion. 

€ 5 i volumetric elasticity. 
» , reciprocal of the density. 

А , atomic weight. 

t ,, absolute temperature. 


Моте.— п Phil. Trans. Roy. Soc. А. 518, р. 339, Vol. 214 (1914), the 
£tomic weight coefficient (A) was inadvertently omitted in writing down 
fhis relationship between Ср and C,. 

t “ Proc." Roy. Soc., р. 561, Vol. LXXXIX. (1914). 
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validity of the theoretical formule for a metal near its melting 
point by determining the data necessary for the calculation of 
C—C.. 

Theory of Method. 


On account of its plastic nature and the tendency to oxidise, 
the ordinary methods for the determination of the coefficient 
of expansion cannot be applied to sodium. 

The method described in this Paper was devised to overcome 
these difficulties, and the principle upon which it is based is to 
measure the difference in expansion of a volume of sodium and 
an equal volume of glass or of quartz by differential weighing 
under oil at various temperatures. 

"he essential features will be seen from an examination of 
Fig. 1. 
Let W be the true mass of the sodium. 
» » true mass of the containing envelope. 
W,» , apparent mass of the sodium in oil at tem- 
perature ¢). 
и, » apparent mass of the envelope in oil at tem- 
perature £,. 
X , , true mass of the compensating globe. 
X, » ., apparent mass in oil at temperature ¢,. 


; W-W 
Volume of sodium at temperature ¢, = 7 ! where d} is the 
1 


density of the oil at ¢,. 
If K is the coefficient of cubical expansion of sodium, volume 
at temperature /;, 


== TC [1--E(,—1,)]. 


lf g is the coefficient : cubical expansion of the glass. 
volume of glass envelope at temperature ¢,, 


~g gt). 
1 


Volume of compensating globe at temperature t; 


-U tt. 


If Z is the additional mass required to prcduce equilibrium 
when the temperature is changed from t, to &,, then 2/4, is the 
volume of oil displaced bv the expansion of the sodium and its 
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envelope relative to the compensator, where d, is the density 
of the oil at ¢,. 
Hence, 


2 W—W = 
LO HKH е gt) 
m [14-9(t, —t,)]. 
1 


1 
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Now, by the preliminary adjustment, 

W—W .,--w—w,—X-—X, 
_ A (М — W,)(K 9) 
Ar РА : 


К-—9= 


Hence, 


1 
(tg—t,)(W — W M, 
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Description of Apparatus. 


In the actual observations the glass envelope containing the 
sodium was suspended from the left-hand pan of a 10cm. 
beam balance while the sealed glass bulb was suspended from 
the right. 

The tank contained transformer oil which could be heated to 
any desired temperature by means of a resistance coil, the 
wire being wound around the outside of the tank over a shee‘ 
of asbestos cloth. 

The suspension wires were made equal, so that the two 
globes were symmetrically placed and close together. 

Before taking observations the bath was heated to near the 
desired point, and the stirring continued for some time after 
switching off the energy supply. 

The weighings were taken as soon as possible after the 
stirring had been stopped, to avoid the possibility of errors 
due to non-uniformity of temperature in the region of the 
globes. " | 

The procedure adopted in setting up the apparatus was 2s 
follows :— 

The glass envelope was dried and weighed together with a 
well-fitting cork. It was then connected bv means of a short 
piece of wide tubing with a distilling flask containing dry 
sodium, and the interior thoroughly exhausted. 

The sodium was heated to the molten state and, bv careful 
tilting, poured into the envelope, the oxide being left in the 
larger flask. 

When the sodium had solidified, the vessels were discon- 
nected, and the envelope corked and weighed. It was then 
suspended in the tank, and the temperature of the oil raised 
past the melting point of sodium. By a little stirring of the 
molten metal all the gas bubbles were removed and a film of 
oil formed around the sodium. 

When the oil had cooled down to room temperature the 
apparent mass of the sodium and envelope were determined 
when immersed in the oil and hence the volume displaced. 

The volume of the compensating bulb was chosen to be equal 
to that of the sodium and envelope within a few cubic centi- 
metres and then an additional small bulb was blown to bring 
the adjustment within a fraction of a cubic centimetre. 

The final adjustment was made by fusing on minute bits of 
glass to the long sealing-off stem. 

By a few trials it was possible to make the loss in weight in 
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oil of the compensator the same as that of the sodium and 
envelope to within very narrow limits. In the present case 
the loss in weight on immersion was adjusted to a residual 
inequality of 0-02 gm.—z.e., 0-023 cubic cm., and since the 
displacement of the sodium was 250 cubic cm. the compensa- 
tion was correct to better than one part in 10,000. 


Results. 


Аз the experiments were regarded as being merely of а 
preliminary nature, it is unnecessary to record all the data 
obtained, and the following observations are selected at 
random from the records :— 


Weight of sodium in air — 242.868 gm. 
" е 01] = 29-342 ,, 
» Of vil displaced =213-526 ,, 

Density of the oil at 17 deg. = 0-854 ,, 


Hence volume of the sodium =250-03 cubic cm. 


TABLE I. 


Column I. Temperature of the bath. А 
П. Additional weight to produce equilibrium, the balance being 
counterpoised at 17 deg. 
III. Relative increase in volume of the sodium. 
IV. Increment per cubic centimetre. 
V. Absolute increase of unit volume at 17 deg. after correction for 


the glass. 
| | | 
| II. Hi. IV. у. 
I. | SA Relative 

‚ Equilibrium Increment Absolute 
Temperature.. eight. oe per cubic cm. increase. 
2534 | 0-295 0348 | 0-00139 0-00161 
| 431] | 1057 1.261 | 0.00504 0-00572 
61.13 1-790 2-162 0-00865 0-00979 
| 70-90 | 2.158 2.625 | 0-01050 0-01190 
| 91-34 3-025 3.737 0.01495 0-01688 
| 10021 8-025 10.728 — 0-042901 0-04507 
| 16-90 2-428 2.966 | 0-01186 0-01342 
"^ 64-36 1-505 — ^ 1.810 ; — 0.00724 0.00821 
23-12 0-240 0-282 | 0.00113 0-00129 
| 80-65 2.560 3.37 | 001955 | 0.01420 
96-46 3-190 3-956 ^" 001582 | 0-01789 


98-12 8-530 10-590 0.04235 | 0-04446 


Ва: | dene E 


Some of the observations are shown gvaphically in Fig 2. 

The value of the coefficient of cubical expausion deduced 
from these observations is 0-000226 per deg., and the change in 
volume on passing from the solid to the liquid state amounts 
to 2-57 per cent. 
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The experiments also give the value 0-971 for the density of 
sodium at 17 deg., and the value 0-930 for the molten metal at 
its freezing point. 

Calculation of C, — C,. 
Taking the value 6.5 х 1010 for the coefficient of volumetne 


elasticity as determined by Richards (Jour. Chem. Soc., 
1911), and calculating the difference between C, and C, for the 


0:047 


Increment in Volume 


10 20 30 v 35 ы 70 8 юю шо 
Temperature Degrees Cent. Melting Ро pat. 
Fro. 2. 


temperature of the melting point (370-6 deg. abs.), we №8 i 
C, — C, =0-70. ae 
This is the maximum value possible for the difference ei 
the coefficient of volumetric elasticity probably decreases W! - 
the temperature and Richard’s value was obtained at roe, 
temperature. Also the coefficient of expansion of all m et? 
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hitherto investigated decreases very rapidly at low tempera- 
tures, and the above experiments have shown that in the 
vicinity of the melting point the coefficient of expansion of 
sodium 18 sensibly constant. 

Hence, the value of C, deduced trom experimental data 
exceeds the theoretical limiting value by at least 13 per cent. 

The experiments ahove described were intended as a pre- 
liminary series to test the method and to ascertain whether the 
coefficient of expansion presented any anomalies near the 
melting point. 

In utilising the method for further work it would be advis- 
able to use fused quartz as material for the counterpoise, since 
its coefficient of expansion is small and sufficiently definite to 
render unnecessary an independent determination of its value 
for the compensator. 

ABSTRACT. 


The thermal expansion and increase in volume on liquefaction of 
sodium were determined by a method based on the following prin- 
ciple :— | 

The difference in expansion of & volume of sodium and an equal 
volume of glass (or quartz) was measured by differential weighing 
under oil at various temperatures. 

A volume of about 250 c.c. of sodium was suspended from one arm 
of a short beam balance and a weighed glass bulb of equal displace- 
ment from the other arm. 

The experiments show that sodium expands quite uniformly with 
the temperature up to its melting point. 

The value 0-000226 was deduced for the coefficient of expansion. 
In changing from the solid to the liquid state, an increase of 2-57 per 
cent. occurs in the volume. 


DISCUSSION. 


Mr. F. E. SurrR expressed his admiration for the method employed and for 
the order of accuracy with which the observations appeared to have been 
made. Would it have been possible to obtain sufficient accuracy with 
the sodium in an ordinary dilatometer, the remainder of which contained 
oil, аз was often done in the case of other metals ? — 

Mr. À. CAMPBELL asked if there had been no trouble from convection 
in the, oil at the higher temperatures. Had the authors noticed any 
hysteresis effect in the expansion of the glass globe such as the behaviour 
of а thermometer bulb would lead one to expect ? 

Dr. C. Carer stated that the two curves which Mr. Griffiths had drawn 
on the board representing the theoretical and experimental results were 
very similar in form, which might indicate that the theory had something 
in its favour. Had the coefficient of elasticity been determined for the 
actual specimen used, or were general results assumed? He believed that 
the elasticity varied considerably in different specimens. 

Mr. J. GUILD asked what precautions had been found necessary to 
avoid difficulties due to the very uncertain capillary effects where the 
suspensions enter the oil. Was the compensating bulb evacuated ? If 
it contained air at atmospheric pressure when cold, the pressure would 


4st MESSRS. E. A. AND E. GRIFFITHS. 


increase by about a third of an atmosphere at 100°C., which would pro- 
duce an appreciable alteration in the volume of the compensator. The 
neglect of a correction for this pressure effect would be to give less than 
the true value for the expansion of the sodium, and, therefore, of Ср—(%. 
This might account for the discrepancy between the observed and theore- 
tical values of C,, and it seemed advisable in future work cither to 
evacuate the compensator or to determine its total expansion from all 
causes by a blank experiment. 

Mr. S. D. CHALMERS asked if a check was made to see if the volume of 
the bulb was the same before and after the experiments. Had the author 
tried if Lindemann's formula would agree with their results ? 

Mr. GRIFFITHS, in reply, said that in the dilatometer method the 
ditference in expansion of sodium and oil would be measured. The 
coefficient of expansion of oil is about 10 times that of a metal, and would 
have to be determined with considerable accuracy. The method de- 
scribed was intended to measure the expansion relative to that of fused 
quartz, of which the cocflicient is about 1/200 that of a metal and is 
accurately known. The expansion of the oil only affects the ratio of the 
densities at the two temperatures. The effect of convection was greatly 
reduced by the symmetrical disposition and closeness of the bulbs. No 
secular changes were found, the results obtained before and after heating 
to the higher temperatures agreeing (see Table I. and Fig. 2). With 
quartz bulbs no secular effects would be possible. The formule of 
Einstein and Debye were able to represent the general form of the atomic 
heat-temperature curve, but systematic divergencies from the experi- 

montal results occur and the theories fail to account for the abnormal 
increase near the melting point. Nernst and Lindemann's formulz gave 
a curve very similar to Debye's (see '' Phil. Trans." R.S., A., Vol. 214, 
page 343, 1914). He had assumed Richards’ value for the elasticity. 
The suspensions were of fine tinned steel wire. As the oil wetted the 
surface the capillary effect would probably be constant, and the same for 
both wires. The compensator was heated to about 200°C. when sealing 
off and, being stout walled, would be little affected by the changes of 
pressure of the residual air when heated. The expansion of the com- 
pensator was checked by weighing it alone in water at different tem- 
deratures. 
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XXXVI.—Notes on the Calculation of “ Thin” Objectives. Ву 
T. Smiru, В.4. (From the National Physical Laboratory.) 


RECEIVED May 27, 1915. 
Synopsis. 

FORMUL® are given for the calculation of the curves of thin 
achromatic objectives, when two aberration conditions have 
to be satisfied. A two-lens objective satisfying the conditions 
es g rule cannot be cemented, because {he curvatures of the 
inner surfaces are unequal. Formule are given for the 
calculation of a triple objective satisfying the conditions, but 
with only two gless-air surfaces. Numerical examples are 
worked out illustrating the application of the formule to the 
calculation of an astronomical object glass, ard the kinds of 
vlass are determined with which a cemented doublet satisfies 
the condi ions for this case. 


Aberration Theory of Thin Lens. 


A lens system which approximates to the mathematically 
“thin ” lens would merit considerable attention were there ro 
uses to which it could be put but as the object glass of a tele- 
scope. Its usefulness is not, however, limited to such simple 
instruments, but very complex systems, such as periscopes for 
submarines, may be regarded as composed of я number of thin 
lenses. In the design of these more complicated instruments 
it is important to be able to arrive without excessive labour 
at a system which produces the desired optical effect, and these 
notes deal with one aspect of this problem. The positions 
occupied by the various lenses, their focal lengths and apertures 
are not here considered ; they will usually be fixed by con- 
»ideretions of ihe field of view that is desired, the required 
magnifving power, and the mechanical limitations imposed by 
the dimensions of the body into which they are to be placed. 
Neither will the part to be taken by the several constituents in 
rendering possible the required perfection of the complex 
system bedetermined. It is assumed that both these problems 
have been solved, and that. all that now remains to be done is to 
find how, with given kinds of glass, each subordinate system 
must be constructed to produce the effect that the previous 
investigations have shown to be necessary. ` 

The first order aberrations of any lens system symmetrical 
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about an axis are determined by six quantities. In the 
notation used by the author these are expressed in the form of 
ratios, so that they are independent of the dimensions of the 
system. They are denoted by A, В, C, ©, В’, А’. When a 
beam of light from an infinitely distant object on the axis of the 
lens travelling in the positive direction is brought to the same 
focus by all zones of {Ве lers, А is equal to zero. When this 
condition is satisfied by light from an infinitely distant object 
slightly off the axis of vhe lens, as well as from the point on the 
axis, Bis equal to zero. A’=0 and B'—0 are the corresponding 
conditions when the parallel beams of light approach the lens 
from the negativeside. The quantities C and © have the same 
meaning for light travelling in the positive direction as for that 
travelling in the negative direction. 

The general problem of designing a system tc have arbitrarily 
assigned values for the six coefficients А, B, C, ©, В’, A’ is 
probably insoluble algebraically. Were such а solution 
ob:ainable it would almcst ceriainly be too cumbersome for 
numerical vse. When, however, the system may be treated as 
thin, that is to say when the thicknesses and separations of all 
the component lenses are so small that thev may for a first 
approximation be neglected, the formule for these coefficients 
take simple forms, and many problems connected with thin 
lenses may be reduced to the solution of quadratic equations. 
The values for the curvatures of the lens surfaces obtained in 
this way are often—as in telescope objectives—in agreement 
to a high order of accuracy with the values obtained, when the 
thicknesses of the lenses are taken into account. In other 
cases appreciable modifications may be necessary, but much 
time can be saved bv finding the general character of each 
lens before trigonometrical or other exact methods of compu- 
tation are emploved. 

In all thin systems in which the first and last media through 
which the light passes are the same—for instance any lens in 
air—the six aberration coefficients are connected bv three 
identical equations, viz. : 


A+C:=2B+1, B-J-B/—2C--c, C+A’=2B’+1. . (1) 


There are thus in any thin system only three degrees of 
freedom instead of six,as in the general case. Moreover, in 
practice. = lies between very narrow limits, and in the majority 
of thin lenses it is definitely fixed when the kinds of glass to be 
employed are known. There are therefore only two conditions 
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which can in general be satisfied Бу а thin lens. In the 
numerical illustrations which follow, the conditions selected 
are those required in an astronomical objective, viz., that the 
outer zones of the lens shall have the same position for the 
principal focus, and have the same focal length as the central 
zone, or stated in technical terms, the system is to be free from 
central spherical aberration, and from coma for an infinitely 
distant object. The algebraic formule given below can, of 
course, be applied to fird a system having any desired values 
of the aberration coefficients consistent with equation (1). The 
problem already mentioned of finding the properties each thin 
system is to have is supposed to have been solved in the form 
of assigning to these coefficients values consistent with these 
three conditions. 

The coefficients by which ihe aberrations are mezsured can 
easily be calculated for a thin system having any number of 
spherical refracting surfaces. Suppose the number of these is 
n; let them be identified by the numerals 1, 2, 3, 
A, . . . n where the numbers indicate the order in which 
the surfaces are met by a beam of light traversing the system 
in the positive direction. Let their curvatures be denoted by 
В, Ra Re .. . ,Ra, . . . В, the curvature of any 
surface being positive if it is convex to incident light travelling 
in the positive direction. The powers of the surfaces will be 
denoted by K,, K,, K, . . . ,Ka. . . . K, with the 
usual convention as to sign. The refrac:ive index of the medium 
between surfaces 4 and 44-1 being ил, we have =, =l and 
Кл=Кл(ил— ил-1). Itis convenient to suppose that the focal 
length of the thin system considered is unity, so that 


K,rK,rK,- . .. +K,=1. 
The chromatic condition is of the form 
0=6K,+6K,+6K,+ . . . +6K, 
—(R,-Rjóu,r(R,—HR3)Óu4d- . E (Eu: — Ra)Ó t, 
If K,, be written for K,+K,+K,+ . . . +K, the 


values of А, B and о may be calculated from 


2 Ф) 
A- LEER, (KR -2 144.2% =) 
Их ka-1 
K K 
B=4A-14 ZR 2AA .(2 
Е ie "und иќ (2) 
K, 


Ia M 


0 = 
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where the summations are to be taken cver all the surfaces of 
the system. The values of the other coefficients may be found 
at once from the relations (1). It should be particularly noted 
that © is independent oi the shape of any of the lenses, and is 
not altered by any rearrangement of them or by dividing up 
any lens to any extent, so long as the total power of the lenses 
made of each kind of glass remains the same. It may be 
expressed in the form 


s-z[: (sum of powers of all lenses of refractive index 2) 
I 

where the summation is taken for all kinds of glass present in 
the system. i 


Uncem-nted Double Objective. 


For constructive purposes the formule for the aberration 
coefficients may be conveniently arranged in another wav. 
Let it be supposed that an objective is to be constructed of two 
kinds of glass of refractive indices и апа и’, and that the 
focal lengih is to be the same for two colours for which the 
differeaces of refractive index are du and ди’. 


Put R,—R-r, R,—r, R,—7', RL,—r'- R', == ial, 
ии, [677 i, KiK: =K, K,4+Ki=K’, K+ K’=1. 


Then K=R(u—1), K'—R'(u-—1) and the chromatic 
condition is O=Rdu+ В’ди’, and therefore 


where v=- =) yf es cce 


, 


K K pai ; 
Also o=-—+—, and all quantities are determined except 
p u 


r and т’. The two remaining aberration conditions are to be 
satisfied by a proper choice of these two quantities. 

As there is frequently no a priori reason for placing the 
component lenses in one order rather than the reverse, it is 
convenient to put the formulæ in such a way that thev can be 
as readilv applied to the one case as to the other, and so far as 
possible avoid additional numerical work. The quantities 
to be expressed in terms of r and 7’ тах therefore be C and 
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(B’—B). The reduction is easily made from formule (1) and 
(2), with the results, 


C=KR?+K’R?4+2KK(R+R’—5) 
+Kr{ SR42K’—"(K -kK) 
р 


К (3R'+2K+—(K -K’)} 
и 


ки (++ (+) . (3) 
ard | 
B/—B-2 [KR-KR-k(1-) 


ek (1-7) —(K-K/o 


By the second condition 7’ is expressed as a linear function of 
r, and by substituting this value in the first condition a quadratic 
equation is obtained for r. When this is solved the system 15 
completely determined. Аз an illustration of the use of these 
formule let it be required to find the possible forms for a two 
lens astronomical telescope objective using the glasses for 
which Steinheil and Voit* carried out their investigations. 
The conditions to be satisfied are C—1, and when light 
approaches from the positive direction В’—В=2- 5, ог 
from the negative direction B’-B=—(2+a). The values 
to be assigned to 


KR-—K'R^-:K (19) њики (19-7) 
T u 
are thus 1+ Ко and —(1+K’a) respectively. 


The glasses employed are 


uy =1-53350 


ur =1-61358 


Crown Flint [y= 1-64252 


giving for the D line 
K ==2-7348, K’ = —1-7348, R=5-2789, R’ = —2-8273, 


2—6 1.8015 —1.0751 =0-7264. 
Hon 


* “ Handbuch der Angewandten Optik." 
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The condition C=1 gives 
' 6.33781? — 3-885 1r’24- 17-7177 r4 4-384877 4- 44-9734 —0. 
B'—B-2-4-o gives | 
4.53637 —2-80997’+ 6-5454=0, 
and B'— В = — (2+5) gives | 
4.53637 —2-8099r’+ 9.2718—0. 


The solutions are 


r= — 3-6410) r=+2-4732 re | and я 
и 3.5486 J^ 46-3001)" r’ = — 5:1666 r’=+4-6929 


the first two for parallel light incident on the crown lens, and 
the last two for parallel light incident on the flint lens. These 
forms are illustrated in Fig. 1 on the same scale as Steinheil & 
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Voit’s figures. Of these four forms the second and fourth 
are probably never used. It usually happens when alternative 
forms are available that the one involving the least curvatures 
is adopted, the probability being that with this construction a 
larger aperture can be used than with the other forms before 
the higher order aberrations become perceptible. 

In the more desirable forms the curvatures of the inner 
surfaces are nearly, but not quite, equal to one another. This 
result is true of nearly all the glasses likely to be used in 
telescope construction. It is often a decided advantage to 
employ an objective in which these surfaces are of equal 
curvature and are cemented together. А very appreciable 
gain in the amount of light transmitted is secured bv eliminat- 
ing glass air surfaces in this way. In some cases it is not 
necessary to satisfy the assumed conditions to a high order of 


—_— [=—ы —————M—Á'— ——Á—M' 
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accuracy, and mathematical exactitude in the removal of 
aberrations may be sacrificed to gain increased light trans- 
mitting qualities. It might be supposed, for example in the 
first solution obtained above, that the effect of slightly altering 
the shape of опе or both of the lenses to make their curvatures 
alike, would be of little consequence, except perhaps in the 
case of a large objective, the difference in curvature being too 
small to be perceptible from the diagram. If we perform the 
calculations putting firstly r—7'— —3:6410 and secondly 
r=r = — 3-5486 we find that the aberration coefficients have 
the values A=—3-5052, B——3.2456 апа A=—3-4114, 
B= —2-9923 respectively. It will be observed that the signs 
of the errors introduced are the same, whether the crown lens 
is bent towards the flint or the flmt towards the crown. An 
idea of the magnitude of the errors to which the above numbers 
correspond may be formed by compariug them with the values 
for a single thin lens of refractive index 1:5. If such a lens is 
planoconvex with the convex side towards the incident light, 
its coefficients will have the values А =22, B=22 ; if it is equi- 
convex A=3}, B—2; if planoconvex with the plane side 
towards the incident light A—9, B=6. Thus the spherical 
aberration introduced by making the combination cemented 
with the minimum change of shape is about equal, but opposite 
in sign, tc that of the equiconvex lens, and the coma (measured 
Бу A—B) is approximatelv equal and opposite in sign to that 
of the planoconvex lens with the curved surface turned towards 
the incident light. 

When central spherical aberration is present, rays incident 
parallel to the axis on the zone of diameter d will meet the axis 
at a distance Ad?/8/ nearer to the lens than the principal focus 
for paraxial ravs, where / is the focal length of the lens. The 
diameter of the so-called circle of confusion in the paraxial 
image plane is Ad3/8f?. Coma has been described as а zonal 
variation of the focal length, but this description isnotstrictly 
accurate, inasmuch as when it is present all ravs from the 
same zone do not meet the image plane in one pomt. Rays 
from diametrically opposite points of any one zone meet the 
image plane in one and the same point, and the fact that both 
rays in an axial or primary plane do so agree is probably 
responsible for this wav of expressing the meaning of coma. 
Ravs in a primary plane meet the paraxial image plane in the 
points determined by assuming the focal length to be 
{/+3(A—B)d?/8/, and ravs incident in à secondary plane as 
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though the focal length were /-- (A — B)d?/8f. Rays from other 
parts of the zone meet the image plane in the circle having the 
image points for rays in the primary and secondary planes as 
the extremities of a diameter. When coma and central 
spherical aberration are both present their effects on each ray 
are additive. In the lens taken as an illustration, if the 
aperture were one-tenth the focal length, the longitudinal 
spherical aberration introduced by modifying the lens to the 
extent necessary to enable the crown and flint glasses to be 
cemented together, would be nearly $ per cent. of the focal 
length, and the coma would correspond to a decrease ш the 
focal length for the outer zones amounting to about one-eighth 
of | per cent. For many purposes such errors would be quite 
inadmissible. Before turuing to svstems which satisfy the 
conditions, and at the same time have only two glass air 
surfaces, we may note one or two cemented lenses of the type 
so far considered. With the above glasses, when there is no 
coma with the crown lens leading it is found that 


r=r = —3-7914, А = —3 5684, 
and with the flint lens leading 
‚== —5:3707, A'— —2.9842, 


When spherical aberration is corrected the solutions are 


—5-0080) | dac 


т==г = 
B= —2.1003) *! B-=+2-0645 


with the crown lens leading, and 


r=r = — 0:3242 (r=7 = — 4.0947 
B'— 41.6462} "d | В 23097 


with the flint lens leading. Of these four solutions the second 
has the crown lens very approximately equicon vex, and the Amt 
plano concave; this form is frequently adopted for small 
objectives on account of its small manufacturing cost. 


Effect of Bending Thin Objectives. 


When a lens system must have all its inner surfaces cemented 
together, only one degree of freedom is present apart from those 
obtainable by changes in the kinds of glass used, m the nember 
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of component lenses and in the order in which they are arranged 
on the axis. Ina thin lens this freedom is exercised by increas- 
ing the curvature of each refracting surface by the same 
amount. Оп substituting in equations (2) r+R, for R,, 
K 4 r(j, — ty) for К», and K,,,+-7(u, —1) for K,,,, where r is 


—25 —20 —15 —10 -05 0 0:5 10 1:5 2-0 2:5 
Fio. 2. 


the increment of curvature of each surface of the system it will 
be found that 


FADEN 1 
and — B'-B-By/—ByE2r(--g) | (4) 


where the suffix 9 is attached to the values of the aberration 

coefficients for r=0. Thus when these coefficients are known 

for any thin system, the effect of any bending of the system as 

a whole is determinable at once when XK,R, has been found 
LL 2 
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for the unbent system. Each product contributing to this 
sum has already been evaluated in the course of finding the 
aberration coefficients by equations (2). 

The standard form for the equations expressing the effect of 


NUY 
МАНА 


МА 
М7 Wi 


—2'5 —20 -15 —10 —0°5 0 0:5 1:0 1:5 25 
Ес. 3. 


А’ 


bending may be taken as that for which r—0 when С ва 
minimum. The equations then become 


A=A, —2r(14-c)4- (12-20) 

B=B, — r(1--5)4- (14-22) 

C=C, -J-r (14-297) 

=B; + r(1-+m)+r°(1+20) 

A'— A, 4-2r(12- o)2- r*(1-- 22) 
The curves expressing the variation of the coefficients with 7 
as independent variable, are thus equal parabolas with their 
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axes vertical and separated horizontally at equal intervals of 
(1+2c)/2(1+a). Fig. 2 shows these curves for a single 
lens ої refractive index 1:5. In Fig. З the curves for cemented 
doublets made of the glasses used in the foregoing numerical 
illustrations are given. In the case of the single lens the curves 
lie whollv on the positive side of the axis of abscissa. In the 
other case the curves cross this axis. The cemented lens is 
overcorrected for a distant object in that the intersection of 
curves A and B lies on the negative side of the axis. Jt is 
evident from the fact that a cemented doublet is overcorrected 
when made of the usual glasses, but is undercorrected when 
the refractive index has the same value throughout the lens, 
that it is theoretically possible to choose two glasses such that 
the intersection of the curves A and B will lie on the axis when 
the system is corrected for colour and is also cemented. The 
practical realisation of these conditions depends upon our 
ability to make glasses of the required relative dispersions, 
having regard io the values of the refractive indices. This 
question is dealt with later ; meanwhile it is worth considering 
how the conditions can be fulfilled for a cemented achromatic 
objective when it has to be made of two given kinds of glass. 


Triple Cemented Lenses. 


The simplest way of attempting this is to assume that two 
lenses will be made of one kind of glass, and that the lens of the 
other kind will be cemented between these two. Such a 
system can be regarded as built up of two cemented achromatic 
doublets placed back to back. Now the aberration coefficients 
of a compound system composed of two similar systems placed 
back to back are easily expressed in terms of those of the 
components. Let large capitals denote the aberration 
coefficients of the compound system, and small capitals those 
of the simple systems. Ш the compound system of power 
unity be made up of simple systems of powers 1—0 and 0, the 
relations 


C =c+6(1-6)(A—4B-1) 
and 


B'- Bai -26)4-4B-1430+5) 


hold whether the simple systems are thin or not. When the 


- -a = =. = 
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simple systems are thin tbese relations reduce, in virtue of 
equations (1) to 


C 2c- 60 -0y2B--C)- C — 00 —0)3C4-o — B-- B) | 
and - (5)* 


B'-B-ua-20(&-5 | 


Let the value of 2K,R, for the simplesystem be denoted by 
с; then for the compound system 2K, R,-(1— 20)s. Com- 
bining with equations (5) the resulting "change in the co- 
efficients due to a change of curvature г in each surface from 
equations (4) we obtain the generalised formule 


(Ос 001 -oy22--c)-xa — uihil 
,(6) 
B'- Bzua-20y& -5)-2rü4-2) j 


giving the effect of combining two systems together and bend- 
ing the combined system to an arbitrary extent. In order 
that the coefficients may be those for a system with only two 
glass air surfaces it is only necessary that the sub-systems, in 
addition to having their inner surfaces cemented together, 
should have their last surfaces plane in the form to which the 
values of C, B'— B, and с used on the right of equations (6) 
refer. 

The form of these equations shows that the general problem 
of satisfying two aberration conditions is resolved into the 
solution of a quadratic equation. Thus—apart from the 
occurrence of imaginary roots—four thin cemented achromatic 
triplet objectives can be made with two given kinds of glass to 
satisfy two arbitrary aberration conditions, two of them having 
one kind of glass enclosed between lenses of the other kind, and 
two with this glass enclosing a lens of the second tvpe of glass. 
Since the triplet form provides solutions of the general problem 
we have been considering there is nothing to be gained by the 
consideration of thin systems of а more complex type. With 
the Steinheil & Voit glasses, it is readily found that a double 


* These results may of course be verified by substituting in formule (2) 
for the powers, curvatures and refractive indices the following series of 
values :— 


(1—9)K,,(1—09)K,, (1—0)R4,. ..(1—0)K,,9K 4,,9R.4 2, Ka-5. ..0KR,, OK, 
(1—6)R,, (1I76)R, (1L—9)R4, .. . (1—6)R,, —9R4, —0R,-,, —0Ra-,,...—0R,, —OR, 


l, His И» Из эо. Un-yy l, Ин-т» Ha-as изл? : He» А1, l. 
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cemented objective with the second surface of the flint lens 
plane has 


C=3-0890, В’—В=6-0551, ХК, К, =3-8773, 
and therefore for a cemented triplet 
C=2-4528r?+ 8-2329r(1 — 20) — 3-93830(1 — 0)4- 3-0890 
B’ —B=3-4528r-+6-0551(1—20), — 
the solutions of which when C—1 and B’— В=2-- о are 


0—0-1783 } а о 
p= —0-3385) 816 72-0045)” 


giving tor the curvatures of the four surfaces 


1-6758 5.381] 
— 2-6616 1-5701 | 
0.1657 and 4.3974 | respectively. 
—0-1158 —0-0705 


In the doublet with flint lens leading and last surface plane 
С=—2.3528, В’—В=2.4097, YK,R,-—10259, leading to 
equations for this form of cemented triplet 

C=2-45287?+ 3-7935r(1 —20)+8-74170(1 — 0) —2-3528 
B'—B-34528r4-2-4097(1—20) 
and to the solutions 


0 —0-6389 


о. 
r—0-9835 ? 


| oad 50.5507 


with curvatures 


1.8688 2.2014 

2:8897 4.1244 | 
—2.3392[ 8nd р.у i6 respectively. 
— (0.5828 —0-2411 


Аз was to be expected the curvatures compare favourably 
with those for the double forms of objective satisfying the 
same conditions, viz. :— 

1-6379 


T 2.3393 — 1.5202 
—3-6410 2-4 
) 
1 


1 

2 5.1066 —4-6929 
Li 5-2413[|^  —0-8630[' 
1 — 0-0346 — 44159 


-3-5486 6: 
—0-7213) 9. 
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It will be noted that one of the forms with crown glass 
outside is slightlv better than the more favourable form with 
flint outside, as regards smallness of curvature, and that the 


Fig. 4. 


other two forms are not as satisfactory in this respect as the 
best doublet form. The four triplets are illustrated in Fig. 4. 


Cemented Double* Objectives for Telescopes. 


From the point of view of reduced cost of manufacture a 
doublet lens is preferable to a triplet, and it is of interest to see 
what properties the glasses to be used must have if a cemented 
objective is to be free from colour and from spherical aberration 
and coma. Assuming a refractive index for the flint lens of 
1-6, the ratio of the dispersions of crown and flint glasses for 
various refractive indices of the crown lens is shown by the 
curve of Fig. 5. This ratio demands less dispersive power 
from the crown lens than is found in the ordinary glasses ; even 
when the v for the flint lens is аз low as is obtainable with a 
refractive index of 1-6, the onlv glasses which satisfy the con- 
ditions are phosphate crowns, which, on account of their 
instability, are out of the question, and medium baryta crowns 


* Cemented doublets free from spherical aberration and coma for a distant 
object have been very thoroughly investigated by Harting, who has prepared 
tables giving the necessary curvatures for the surfaces and the relative dis- 
persions of the glasses for given refractive indices, and has further considered 
what glass combinations satisfy the conditions, His list of possible com- 
binations does not, of course, include the fluor crown combination men- 
tioned above, as this glass has been introduced since Hartings' investigation 
was carried out, and his tables are not за Нсеп у extended to include such 
glasses, Von Hoegh has given equations for the determination of such 
doublets when the “object is at a given finite distance from the lens. The 
diagrams given above were obtained by а method which avoids the solution 
of а quintic equation, Ап account of the work of both Harting and Von 
Hoegh on this subject will be found in Gleichen’s “ Lehrbuch der Geo- 
nietrischen Optik," p. 323. 
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Fig. 5.—REFRACTIVE INDEx OF CRowN LENS. 


15 . 1°55 1-6 
Но. 6.—REFRACTIVE INDEX OF CROWN LENS. 
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which require greater curvatures than is desirable. If the 
refractive index of the flint lens is increased to 1:63 the curve 
obtained is shown in Fig. 6. Here the medium baryta crowns 
are again on the curve, but this now passes through the position 
of one of the fluor crowns, which have been recently introduced 
by Messrs. Schott. So far as the published descriptions state, 
this glass appears to be in every way a desirable one to employ 
in a telescope objective. Its price is, however, much higher 
than that of the more familiar glasses. It appears undesirable 
to employ a flint of greater refractive index than 1-63, as such 
glasses are coloured and cannot be handled without risk of 
tarnishing. 


ABSTRACT. 


Lens systems which are symmetrical about an axis have in general 
six degrees of freedom for first order aberrations. Thin systems have 
only three degrees of freedom, and in consequence of the limited 
range of glasses only two degrees of freedom are practically available. 
In achromatic combinations of two lenses these two degrees of 
freedom are controlled by the general shape as distinct from the 
total power of each lens. In general when two given conditions are 
satisfied the curvatures of the inner surfaces are not equal,so that a 
cemented combination of two lenses is not possible. Owing to the 
increased light transmitting powers it is often necessary to have only 
two glass air surfaces, and thus more than two component lenses are 
necessary. The effect of bending any thin system as a whole by 
increasing the curvature of each surface by the same amount ie 
investigated, and it is shown that with two given kinds of glass a 
triple cemented lens can be formed satisfying two arbitrary aberra- 
tion conditions. The problem reduces to the solution of quadratic 
equations, and in general there are four solutions. Illustrations are 
given of astronomical objectives of both double uncemented and 
triple cemented forms, and the glasses are determined for which 8 
doublet can be cemented. 


DISCUSSION. 


Mr. 5. D. CHALMERS expressed his appreciation of the Paper. Опе 
could get a rapid survey from it of the results which were possible. The 
special problem of a lens corrected for spherical aberration and coma had 
been discussed by Harting and also by Von Hoegh. The latter had 
solved the problem on lines which seemed to him rather simpler to use. 
He did not quite agree with the author's statement that the use of 
phosphate crowns had been entirely discontinued. Glasses very like 
these have been used fairly frequently, especially by Continental makers. 
There were cases where in computing a lens it was not desired to achro- 
matise completely ; where, for example, after correcting for spherical 
aberration and сота, зоте residual chromatic aberration was desirable 
to neutralise the chromatic aberration of the prisms in binoculars. 

Мг. A. CAMPBELL asked if the small thickness of the cement used in 
cemented lenses made an appreciable difference, and if its refractive 
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properties entered into the calculations. What was the range of re- 
fractive index available in the modern optical glasses ? 

The AUTHOR, in reply, was surprised to hear that phosphate glasses 
were still emploved in any case in which they could possibly be avoided. 
The cement used was alwavs Canada balsam and was entirely neglected 
in all computations. A range of refractive index of 1:47 to 1-79 was 
available, but the extreme values were rarely used, 1:49 to about 1:65 or 
80 being the range usually utilised. 
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XXXVII.—On Tracing Rays Through an Optical System. Ву 
T. SurrH, В.А. (From the National Physical Laboratory.) 


RECEIVED May 27, 1915. 


THE most troublesome calculations which have to be made in 
computing an optical system are those relating to ravs not 
lving in an axial plane. The methods hitherto used are 
trigonometrical. Perhaps the formule most extensively 
emploved are those of Von Seidel. А complete account of 
them will be found in an appendix to Steinheil & Voit’s “ Hand- 
buch der Angewandten Optik." They may, with minor 
changes in the notation, be summarised as follows. 

Let OP and O’P be the incident and refracted rays for a 


DIAGRAM ILLUSTRATING Von SEIDEL’S METHOD OF TRACING A GENERAL 
RAY THROUGH A LENS SYSTEM. 


spherical surface whose centre is at М. Take О and O' in the 
plane through M normal to the axis of the system, and let Q 
be the foot of the perpendicular let fall from the point of 
refraction P to this plane. In the diagram, lines in this plane 
are drawn as continuous thick lines, and lines not in a plane 
normal to the axis are shown thin. The interrupted lines 
refer to refraction at a subsequent surface. The aigles of 
incidence and emergence are о and 9’; the angles made bv the 
incident and refracted ravs with the axis are t, t’. The 
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angles made by QO and QO’ with an arbitrary direction MN'N 
in the normal plane are л and л’. The points M, О’ and О lie 
on a straight line inclined at an angle ¢ with MN, so that the 
angles MON and MO'N' are x—( and z'—( respectively. 
Let the angles MOP and MO’P be called 4 and 7’, the lengths 
MO and MO' U and U', and the radius of thesphere R. Then 
the equation of refraction is 
w sin o' = sin ©, 
aud from the figure the relations, 
cos A—sin т cos (Л— 0), 

U sin 4 

K 

A4 —À + 9—9, 
_ Вто „u sind 


— 
— 


sin 4" w sin 4" 


sin ọ= 


? 


4 


sin sin (л’—0 _ sin tsin (z —Q) 


sin 4 i sin A : 
sin t’ соз (x — ():=соѕ А 
ате found. 

Let the refracted ray meet the next surface whose centre is 
M, in P, ; and let the notation applied to the previous surface 
hold throughout for this surface with the addition of the suffix 
1. The plane containing PQ and P,Q, is parallel to the axis, 
and Q,O, meets PQ in a point Sin this plane. The intersection 
of this plane with the plane MM,N’ is the line N’N,, and this is 
parallel to the axis. Thus z,—2', QN’=SN,, and the distances 
of QN’ and SN, from the axis are equal, leading to | 


О, sin (л — (,) = О’ sm (2,— Q), 
and U, cos (x — (,)--U' cos (23 – 6) —ctan т’, 


where c-- MM,. The four co-ordinates U, ¢, v, л are selected 
to define the incident rav at one surface, and the above 
equations determine the corresponding quantities for the next 
surface, since the equation v,—z' follows by definition. 

These equations have the advantage of being in а form 
suitable for logarithmic computation, but the process is very 
tedious—nine equations have to be solved for each surface— 
and the method does not readily indicate what modifications 
should be made in the system when the ray does not emerge as 
is desired. Ап algebraic method is preferable precisely 
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because it is free from this objection, and the fact that it 1s not 
as well suited for logarithmic work is of no importance where а 
calculating machine is employed. 

The algebraic formule to be used should, if possible, be 
comparable with those used for calculating paraxial ravs. [4 
the system consist of n refracting surfaces, distinguished by the 
numbers 1, 2, 83, . . .4. . . n, the radu of curvature 
being ry, T4, . . . fa. . . fa reckoned positive when the 
surfaces are convex to incident light passing from surface | to 
surface n. The refractive index of the medium between 
surfaces 2 and 44-1 will be denoted by дл, and the axial 
separation of these surfaces by &. The power of the suriace 4 
My kha 

А 
opticians. The power of the complete system and other 
constants are found by successive applications of the formulz 


3 x= , the sign being that commonly used by 


Кулк + к дка Kia K к Okan 
LAT 1,4—1] ^ дк ? A,n A+l,n À CK, ) 
дк. Okia а Crm OK 410 Ae 
= ee. = lA—Lb PE Т МАН 
OK) Ok, i Ил -1 Oc, OKAY Ил 


where x, із the power of the system composed of the surfaces 
L2,5,. 


NorE.—The advantage of using the second set of formule given above, 


А А . CKim Ckyn а. А ; 
instead of those which give ~~~ and = directly is that in numerical 
CK, CK CKy 


calculations, which from their nature are approximations, the equality of the 
two values found for к,,„ is a better check оп the accuracy of the result 
obtained than the satisfaction to the same number of significant figures of 
the identity 


CK jsn CK aon Ок an 
^ А —Kisn - ^ == 4. 
Ck, Oka CK,CKn 

Tf, now, a paraxial ray enters the system inclined at an angle 
Oo with the axis and meets the first surface at a distance S, from 
the axis, the emergent angle 0, and the distance S, at which the 


last surface is met, are given by the equations 


CK п 
us, — 000 с АИЛ Six n 
4 CK, , 


Ок, Ок 
S, = — Ulala- — ame т. 
К}, ~ - b =. 
n (0 CK CK, + OK, , 
or as an alternative to the latter, 
Ск n 
Moo us, + лн. 
CK, 
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Turning, now, to the general case, let a ray passing between 
surfaces A and 4+ 1 have direction cosines La, М». № referred 
to rectangular axes of which the axis of x coincides with the 
optical axis, and let d, be the length of that part of the ray 
which lies between these two surfaces, which must be sym- 
metrical about the optical axis, but need not for the moment 
be assumed spherical. The direction cosines of the normal to 
the 4th surface at the point of refraction will be denoted by В, 
т», пл, and the length of the normal intercepted between the 
optical axis and the surface Бу г», во that r, is the transverse 
radius of curvature of the surface at the point of refraction. 

The equations of refraction are 
fala — Haila c шМ, — ил Ма М — и МЫ. (1) 

і, i тА Ny 

Denote each of these equal quantities by r,K,; К, is defined 
as the power of the surface for this particularray. If D, is the 
deviation suffered by the ray the way in which K, varies with 
the obliquity of the incidence is indicated by the equation, 

nK =M t uc — или л cos Dy. 

The equations giving d, are 
q, lat ыт ЛАТА — ТАТА _ АТА — a iaa (9) 

Ly M, Na 
where a,/u, is the intercept on the axis between normals to 
surfaces 4 and 44-1 at the points where they are met by the 
ray. From equations (1) and (2) it is seen that if K,,, &c., are 
defined by the formule, 


oK 
K mK aat Кр 
OK, OK. OR, dac, 2k ds (3) 
ӘК, — еқ, А ИА} LAÀ—1; 
&c., 


the exact equations for ud through the system are 


М, њм Кы aa} " ve mar, Kan 


aK 
Ia Ny Ug No-= 79 


eK. К 
7K OK, | EET 


Kn ОК, „ 
КАР әк, 


“+ nr Kin, 


Marl y= ug Мот, 
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or, as alternative forms to the two latter equations, 


OK in 


UgMy = u, M, = aK. 


— m,r,K ],n» 


Um 
ио = „Аһ К. п.’ К] п 
may be used. 

If, then, sufficiently simple formule can be obtained for the 
determination of the K’s and d’s, all rays can be traced through 
an axial system employing exactly the same formule as are 
used for paraxial rays. The required expressions evidently 
involve the shape of the section of the refracting surfaces by an 
axial plane. The most important case is that in which all the 


| ал . . 
surfaces are spherical, so that - is the distance between the 
A 


centres of curvature of surfaces А and 24-1. Les the lengths 
of the perpendiculars let fall on to the path of the ray in 
medium u, from the centres of curvature of these two surfaces 


be ane ue respectively. Then 
Ma Ma 


uwd, — La, + V atr? — hy? — V utr ua? — hag? . (5) 
Also from the law of refraction the length of the perpendicular 
from the centre of curvature of surface À to the incident ray is 
h 7 ) . 
— ^. that is to say h, is unaltered by refraction. 


UA —1 


It follows from the definition given of K, that 
r*K,-— М utr? — h,3— V iu, r3 — 2. "E" (6) 


Now let (41, тлф, пла be elimmated from equations (2), 
using the relation Б-Р in, 4,?-- n, =l, and let d, be given 
its value from equation (5). The result is 


har ehy "AN VUT = паи, + a(l —L,?). (7) 
Equations (5), (6) and (7), together with 


{aly == 11-1 +hrnKa 
and 


Чл 1 
Lane " +h- 17—1-- La ida- 1, 
| 


RAYS THROUGH OPTICAL SYSTEMS. 507 


determine all the K’s and d’s of the svstem as was required. 
Since J, and L, have been obtained in the course of this pre- 
liminary work, the final result may be checked by veriiying 
the equations 


l?-4- ma +N = L,?+ M,?+N,?=1 
Ayr = и.т {1 — (Lala t+ Mamat Мп, 
and 
Hnn (Man, —N,m,} = Mol 1 {Mon, ze oi] 
—_ Matt M, N n^ N,M,) 


Lt" 


When the performance of the system is unsatisfactory, it 
appears probable that a comparison of the K's and d's with the 
corresponding «'s and ѓв will suggest what modifications are 
necessary to amend the system in the direction desired. 

It is of interest to notice some deductions from equations (4). 
Suppose z, y, z are the co-ordinates of a point on the incident ray 
and &, 7, ¢ those of a point on the refracted ray, the origins 
of both systems of co-ordinates being on the axis. If 4P, is 
the length of the incident ray between х, у, z and the first 
surface, and и„Р» the length of the emergent ray between &,7, $ 
and the last surface, 


у= —m,r,—u MP, 
Z= — 17; —ujN,P, (8) 
N= — Mp n F nMn Pa | 7 

= — 17% us Nn Pn 


or from equations (4) . 


OK, n 
-K,u(P. K,,— - OK. 


K,.i—-— iN, (PoK na P: pec и) — 1} 


ких» 2) 
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Now let &, 7, ¢ be the point on the refracted ray which lies in 
the same axial plane as х, у, 2. Then es =Q, say. 
4 2 е 


This requires 
(9) 


formule exactly corresponding to those for the determination 
of pairs of conjugate foci on theaxis. lf, then, conjugate points 
on a general ray are defined as the intersections of the incident 
and emergent portions of any ray with any plane through the 
axis of the system, all laws relating to conjugate foci on the axis 
will also hold of conjugate points on any ray ; instead of trans- 
verse magnification, the ratio of the distances of the two points 
from the axis is to be taken; and instead of principal foci, 
principal points for the ray which are conjugate to the points 
at infinity on the ray. 

It at once follows that the image of a plane can only be 
free from curvature for more than one magnification if the rays 
before and after refraction are equally inclined to the optical 
axis. For assuming that for magnification Gg the object and 
image are plane, when the object has been moved along the 
(5 E =) the object point on the 


Kin G 0 
ray considered will have been moved through a distance 


axis through a distance 


1 sl 1 UNE 
c- (=) and since the new magnification is to be G, 


Lyin \G 6G, 
this must be equal to le ( T or K "= окул 
Ky G to d 1, , 

Similarly, the movement of the image plane is (С—С) 

Kin 
. ] 1 
-along the axis and. _---—(G—G,) or (G — Gg) along the ray. 
Likit Kia : 


Thus K,,—L,x,, must be satisfied if there is no curvature 
for the new magnification. 

From the two values of К, „/к п itis seen that L, must be 
equal to Ly, the result stated. 

If m, п, &c., are eliminated from equations (8) by means of 
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(4), and P, and P, are given the values indicated in (9), the 
results are 


] 
J= = = Meo — Gu, М»), 


z-- ‘ae (UNo — Си, №), 
1 
n= Ron — Gus М), 
: = A No — Gu Nan), 


that is to say, the co-ordinates of any pair of conjugate points 
satisfy the relations 
M „М N nity 
pcre аа аа ы ТСО (10) 
n y ¢ 2 


Equations (10) may be taken as a basis for the definition of 
conjugate points, in which case the definition holds when the 
ray considered lies in an axial plane. For such rays the one 
conjugate point marks the intersection of the ray with the 
radial focal line formed by rays passing through the other 
point. This follows from simple considerations of continuity : 
assuming the existence of such a focal line its co-ordinates n, 
{ are given by (10) for a ray lying very close to the axial plane 
but not in it; and the values of К, „, M,, Ma, №, №, may be 
made to differ by less than an arbitrarily assigned small 
quantity from those for the ray actually in the axial plane. 
The assumption of the existence of the focal line is readily 
justified, for from symmetry the path of the ray in the axial 
plane has either à maximum or a minimum value. 


ý ABSTRACT. 


Trigonometrical formulæ have been used for tracing rays not lying 
entirely in one plane through optical systems, as these can readily be 
arranged in a form suitable for logarithmic calculation. When a 
calculating machine is available such computations can be carried 
out more expeditiously by using algebraie formule given in the 
Paper; in form these exactly correspond with the expressions for 
paraxial rays, and a comparison of the numerical result appears 
likely to suggest what alterations should be made when a general ray 
does not behave as desired. It is pointed out that if the two points 
in which a general ray meets an axial plane are defined as conjugate 
points, all pairs of conjugate points on a ray are connected by the 
same relations as hold for object and image points for paraxial rays, 

MM 2 


"1 а —— — — a = 2 
‘ p d 


Ut = 


510 MR. Т. SMITH. 


and the theory for paraxial rays can be extended to rays in genera 
by placing a suitable interpretation on magnification, &c. The 
definition of conjugate points can be extended to include rays lying 
in axial planes, in which case the one point marks the intersection of 
the ray with the radial focal line formed by rays passing through its 
conjugate. 

DISCUSSION. 

Мг. S. D. CHALMERS was particularly interested in the method of 
tracing rays through a system. The relationships between the various 
quantities involved was of considerable interest. The author's methods 
of treatment seem to present many possibilities in addition to the cases 
actually quoted. By extending them he may simplify very considerably 
many important computations. Some time ago he had used somewhat 
similar methods to express the image position of an object in terms of 
the separations of the surfaces and the height of the intercepts of a 
standard ray on the different surfaces. 

Mr. T. Smits, in reply, agreed that if one had time to go into all the 
cases which might arise many interesting and useful results would follow. 
It was easy from the formule he had quoted to obtain an idea of what 
other general relations are likely to exist in an optical system, and to 
extend the meaning to be attributed to various conditions, such, for 
example, as the sine condition of Abbé. Не hoped to treat more fully of 
these matters later. 
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XXXVIII. On an Investigation of the Accuracy of the Lens 
and Drop Method of Measuring Refractive Index. By H. 
REDMAYNE NETTLETON, B.Sc., Assistant Lecturer т 
Physics at Birkbeck College. 


REcErvepD May 10, 1915. 


1. Introduction. | 


Ir a few drops of liquid be introduced between a plane 
mirror and a thin convex lens we have in effect a combination 
of the latter with a plano-concave lens of the liquid. From 
a knowledge of the curvature of the lower face of the convex 
lens together with its focal length and that of the combination, 
the refractive index of the liquid used can be calculated. 

This method is described by T. Н. Blakesley (‘ Proc." Opt. 
Con., 1905, p. 189). It is also given in “ Nature," Vol. 
LXXXVII., Oct. 26, 1911, and im Dr. Clay’s “ Treatiseon Prac- 
tical Light," and has forlong afforded а laboratory exercise, the 
focal distances being almost invariably measured by the pin 
and parallax method probably on account of the fact that the 
lens and mirror most conveniently lie horizontally. Thus, as 
usually practised the method is very rough, and no notice of it 
is taken by F. E. Wright in his discussion on the accuracy of 
the many drop: methods in use (Washington Acad. Sci. 
“ Journal " IV., pp. 269-279, June, 1914). 

The object of the present communication is to show that by 
the choice of lenses of special curvature, and with the aid of 
totally reflecting prisms the method can be adapted to the 
optical bench and monochromatic light to give results reliable 
at least to the third place of decimals—an accuracy nearly 
always sufficient for the petrographer or the physical chemist in 
his determinations of molecular refractive powers. For 
substances having refractive index lying between 1-33 and 1-4 
—which will include most aqueous solutions of salts and mix- 
tures of alcohol and water—an accuracy in the value of џ is 
obtainable of about 0.0002. Thus, this method usually so 
roughly practised can, by the careful design of the lenses and 
by taking into account their thickness, be transformed with 
little loss of simplicity into one of the most accurate and rapid 
laboratory experiments on refractive index. Strictly, the 
apparatus here described is one for comparing refractive 
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indices, for it is necessary to find the constant of the instru- 
ment with a liquid of known refractive index. There is, how- 
ever, по. difficulty here, as the refractive index of distilled 
water is known at ordinary temperatures with an accuracy of 
practically the fifth decimal place. 


2. Simple Theory of the Method Neglecting Thickness of the Lens. 
The simple theory is well known, but is reproduced very 
briefly here for convenience in consequence of what follows in 
section 3 of this Paper. 
Let ^ {=focal length of the thin convex lens, 
9 —Íocal length of the plano-concave lens formed of 
the liquid of refractive index y,, 
F,=focal length of the combination, 
r—radius of curvature of the lower face of the 
convex lens, which is also that of the concave 
lens. 


Then, by the law of combination of lenses we have numeri- 
cally :— 
1/9—1/f —1/F,—(u,—1)/r, 


OT, n Am Re. 
Similarly, for water or other standard substance, 
r(F, —f) 
— l= AA 
F i Е,.] 
whence p—l  (F,—fF, 
u,—1 (F,—f)F, 


Let Е, — ў, which is measurable directly, =X. 
Let F,—/, likewise measurable directly, =S. 


IDE 
(X+/)8 

On inspecting this formula it will at once be seen that the 
accuracy of the method depends on the measurement of 
differences of focal lengths. A small error made in deter- 
mining f the focal length of the convex lens—which can be 
found once and for all—is relatively unimportant unless S and 
X are small or differ greatly. By using а standard liquid, 


Then, и =1- (и, —1) 
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such as water, we do away with the necessity of measuring & 
radius of curvature and virtually find the constant K in the 
formula which the method assumes, viz :— 


Xu. 1=K( . 


It is of importance to find out whether the effect of the 
thickness of the lens is to merely modify the constant К, 
which for a lens infinitely thin is equal to r/f. 


3. Effect of the Thickness of the Lens. 

The effect of the thickness of the lens can be found by con- 
sidering the full refraction of the parallel rays returning from 
normal reflection by the plane mirror. 

Applying the formula :— 


which holds strictly for determining “limiting foci” at 
spherical surface, let и, equal the refractive index of the liquid 


Ес. 1. 


placed between the mirror and face г of the lens, and let м, 
equal the refractive index of the glass, all refractive indices 
being with reference to that of air taken as unity. Then, for 
the first refraction we have :— 


HH, 1 паи) —1 


y Ud r : 
or, since for this refraction, U= œ, 
ya te 
[lg — Их 


If t be the thickness of the lens and s the radius of curvature 
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of the face remote from the mirror, we have for the second 
refraction from glass to air :— 

U=V’+4, 

V =F (the focussing distance from the face s), 


and, hence :— 
MEG ge, 
l — uu, 


whereas, if air replace the liquid, x 
Mm, l (m)! 
} т 8 77 
t+ 1—1i/u, 


Fer. (uz — 1) 
Ff (t-r—t/u,)(t+r—t. ии, 


Trans posing and writing z for и, —1, we obtain :— 


7 F- E t , Mz 
where aM 
r 


Applying formula (3) first to the substance of refractive 
index u, and, secondly, to the standard substance of refractive 
index 44, as in section 2, we obtain im :— 


=(м,—1 E= z—f kd pe а 
i Е, — RUIT V). 
— fs 


ee the measurable distances of withdrawal Е, –/, 

—f, by X and S respectively as before, and remembering that 
r is negative, we may write arithmetically, that is taking all 
symbols as positive : — 


hence, 


=a constant. 


3 X z^ Ms 
£—(u, —1) LM s ag a). 0.2. (8 
where 
(an Le a See м oe a ee 


ee ч a, 
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The use of a standard liquid thus only in part corrects for the 
thickness of the lens. The correcting factor, however, is small, 
and the denominator T is found without trouble, once and for 
all, in the following manner :— 

The thickness of the lens ¢ is found with a screw-gauge. 

The radius of curvature of the drop face r is found without 
any additional measurement—with an accuracy for greater than 
is needed—from equation (2) above which may be written 
thus :— 

xF t 
а {fr+e(1 -iiA П): Es spo x us (6) 


—r--t(1— 1/u,)4-t(1 —uzlug) very approximately. 


Thus, algebraicallv, r-- 2 42-1 [и — их/ио) very ap- 
proximately. 

Whence, taking F as the focussing distance when using 
water, putting z=4 and u,=1-5, we have, taking all symbols 
with the positive sign :— 


1 4 
но" . " oe e (7) 


The accuracy obtainable in this method of measuring curva- 
ture is limited in practice by the accuracy of the measurements 
of / and F —/, since in thin lenses the approximations intro- 
duce no appreciable errors. If the lens were very thick, and 
HM, differed greatly from 1-5 formula (6) could always be applied, 
‚и, being found as described below. If F—/ should be too 
small to measure accurately benzene should be used instead of 
water, whence, since u;/;j4 will be very nearly unity, we have 
with an even closer theore.ical accuracy :-— 


(8) 


The only other term needed to find T is the refractive index 
of the glass of the lens which in a small correcting factor nught 
be taken as 1.5. It is, however, easy to find jj more accurately 
once and for all in the following simple way. Reversing the 
lens, introduce between the mirror and the face of curvature s, 
usually uppermost, a few drops of benzene or oil of cedar wood, 
and find F’, the focussing distance of the combination measured 
from the face r. The refractive index of the liquid used is not 


т" — = щие om — 
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required, but it must be near that of the glass ot the lens. We 
have then, interchanging r and s in formula (1) :— 


l/u, 1 1и —1 
Far = 
l — ttg 


or, as s is always large in suitable lenses, and 14/1 is very nearly 
unity :— 


] 1- | 
= = ? very approximately, 
whence, arithmetically, Ms 7l ge oom As e ue 0) 


and this value of и, could be used in equation (6) in finding r 
with precision in the case of a very thick lens. 

As the refractive index of the glass of a lens is sometimes 
required very accurately a typical example of how this тах be 
done is given in section 6, subsection (d) below :— 

The approximate value of “,=1-+2, found by neglecting the 
correcting factor altogether, of course, serves forthe numerator 
Ше. Of this fraction. Typical experiments are given in 
section 6 below. 


4. Description of Suitable Apparatus. 


À form of suitable apparatus will be readily understood from 
the diagram Fig. 2. It consists essentially of two parts—an 
arrangement for supporting the right-angled prism P and lens 
and mirror M, and an optical bench and object-screen sliding 
piece, S. For the former purpose a good heavy adjustable 
“ Young's Modulus table," with levelling screws, was found 
suitable, a small piece of metal being cut away over which the 
prism P stood fixed as shown. The table top T could be 
slightly rotated. The double platform piece D was clamped at 
L to the vertical table pillar, and afforded a support for the 
block of wood W carrving the lens and mirror. This mirror, 
about an inch square, could be adjusted to the horizontal by 
the screws s, and was cemented with red lead to the block W, 
which should always be replaced on the table, touching the 
same margin line. 

The optical bench, 120 cms. long, 15 a good one, such as used 
for the bi-prism experiment, and one of its disused but well 
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made carrier pieces S, fitted with a vernier reading to 0-1 mm., 
was easily adapted for receiving an object-screen. А postcard 
with a small circular hole punched out of it answered this 


purpose well, when furnished with threads in the form of & 
square with diagonals, the diagonal cross-wires being very fine. 
This object was illuminated from behind by the sodium flame 
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Е standing on the block В, which could easily be moved along 
the optical bench. When in the focal plane of the lens and 
drop combination, the reflected image of the cross-wires could 
be received either on the far side of the object on the screen 
itself, or else on the near side by the small right-angled prism В, 
which turned it into the focal plane of the negative microscopic 
eye-piece E, supported as shown. This latter device very 
effectively overcomes the difficulty of obtaining sufficient 
illumination, especially at relatively great focal distances, 
where without it the room must be quite dark, and the flame 
worked up to its best. On the other hand, using the small 
prism and eye-piece the image is perfectly clear even when all 
the lights are on in the room, and the sodium flame is feeble. 
Moreover, the definition of the image of the fine cross-wires in 
the microscope eye-piece is such that the whole carrier-piece 
S can be set to а consistency of a millimetre at a focal distance 
of quite a metre. The eye-piece must be set by the observer 
once and for all in the manner described below. 

The adjustment of the apparatus prior to use is simple. 
The table T is first levelled to the horizontal, and then also 
the platform D and plane of the mirror by means of the screws 
s. The optical bench is likewise levelled, and the height of the 
object-screen brought to the position which, at the right focal 
range, gives image and object side by side in a horizontal line 
when a lens lies on the mirror. By very slightly rotating the 
table platform T the image can then be turned into the prism 
В and eye-piece. The position of the eye-piece must then be 
adjusted on its supporting arrangement, such as that shown, so 
that when the image is in the sharpest focus on the object- 
screen, аз seen under the best conditions of illumination, it 18 
likewise in sharpest focus when viewed through the eye piece. 
If the sodium flame is not very good an incandescent burner 
should be used for this purpose, a signal green glass being 
placed between burner and object-screen. If the prism В в 
properly placed the agreement, once obtained, will be found 
practically perfect everywhere, except for positions of very 
short focal range, where there is, of course, no necessity to 
use the eye-piece arrangement at all. For such testing pur- 
poses it is convenient to have at hand for placing on the 
mirror two common spectacle lenses of focal lengths about 
50 cm. and 100 cm. respectively. These adjustments can be 
made in a few minutes, and most of them are permanent ; 
when the eve-piece is set it should be firmly clamped at V, and 
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all screws tightened. Care should be taken not to move the 
prism P, and no means of bringing the image into its proper 
position on the object-screen or into the microscope eve-piece 
should be attempted other than a slight turn of the table T, the 
sliding of the entire screen piece, and if need be the slightest 
vertical movement of the object-screen by means of the 
screw Z. 

In performing an experiment the lens selected is placed with 
the face of radius r symmetrically on the mirror, and the block 
W placed in position. The “ zero reading" on the optical 
bench is then obtained when the image of the cross-wires is 
formed on the screen alongside the object. Two or three drops 
of distilled water are then placed on the mirror, and the lens 
replaced. А reading is now obtained through the eye-piece, 
and on subtracting the zero reading we obtain S, the distance 
of withdrawal for water. Similarly the distance of with- 
drawal X for the liquid under investigation is obtained. In 
both cases the temperature should be taken as recorded by a 
thermometer, subsequently placed with its bulb between the 
mirror and peripheral pertion of the lens. Care should be 
taken not to warm the lens with the hand, or, at all events, 
time given for the temperature to recover and the focussing 
length to attain a steady value. Owing to the smallness of 
the exposed surface of the liquid evaporation is exceedingly 
slow ; none the less it 1s desirable to devise a water circulation 
to maintain steadier conditions. The focussing length f is, of 
course, obtained in the ordinary manner on any optical bench 
employing sodium light by measuring the distance from the 
nearest face s of the lens to the coincident image and object. 
It is easily obtained correct to the nearest 0-5 mm., and is a 
constant, being practically independent oi temperature 
changes. 

It should be noted that the effect of the prism P is to lengthen 
all focussing distances by the same amount, not affecting, 
therefore, differences of focal lengths. Clearly actual focal 
lengths can be found by the periscopic arrangement by em- 
ploying as a “ distance-piece " any lens of known focal length 
and thickness. 


5. Selection of Mirror, Lenses and Standard Substances. 
I. It is absolutely essential that the small mirror, an inch 
square, be of good parallel plane glass—otherwise the image 
will show apparent astigmatism, vertical and horizontal lines 
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having different focal distances. There is no need, however, to 
resort to optically worked glass, as it is easy to select specimens 
of patent plane mirror glass which are quite satisfactory. 
Perhaps a trace of “ astigmatism ” is if anything helpful, 
enabling a sharp setting of the cross-wires for equality of 
definition. 

II. The whole accuracy of the method is intimately con- 
nected with the careful prescription of the lenses. They 
should be thin, of aperture about 1 in. to 1:5 in., and made of 
glass of refractive index of about 1:5. In making the selection 
for any purpose free use should be made of the approximate 
formula— 


F—jr/(r—zf), 


and it should at the same time be remembered that while the 
“ range of good focus " is proportional to Е, the senitiveness 
dF/dx—F?/r, and absolute measurements of short focussing 
distances are, therefore, to be avoided. 

The following set of four lenses to which special attention 
has been given illustrate well the possibilities and limitations 
of the method. The approximate dimensions to which they 
were ordered are given in centimetres :— 


А. А bi-convex lens of unequal radii of curvature. 
—20; r=12; $-=60 (approx.). 


B. A bi-convex lens of unequal radii of curvature. 
f=30; r=20; s=60 (approx.). 


С. A concavo-convex lens or a converging meniscus. 
f=H=ll; r=0-5; s=64 (approx.). 


D. А bi-convex lens of unequal radii of curvature. 
f=20; r=15; s=30 (approx.). 


Experiments are given in section 6 below illustrating the 
respective uses of these lenses. It will be found that lenses А 
and В are applicable over practically the same range and thus 
serve well for comparative tests. The accuracy obtainable in 
measuring, sav, a refractive index of 1-5 with lens A is depen- 
dent on the accuracy of measurement of the distance of with- 
drawal, X=20-96 em. for water. An error of 1 mm. in this 
measurement would affect the value of и—1 for the unknown 
liquid by 1 part in 400. Owing, however, to the shortness of 
both focal distances the measurement can probably be made 


MEASURING REFRACTIVE INDEX. 521 


correct to 0-05 ст. An error of 0:05 cm. in the measurement 
of f the focal length of the lens would affect the result by 1 part 
in 1,400. The change of focal length due to substituting 
benzene for water is over 50 cm. 

Corresponding errors made with lens B would have less 
effect on the result; the correcting factor for thickness is 
smaller; and an error in the setting for the zero reading is of 
less importance. А change of focal length of some 50cm. 
again results on replacing water by benzene. 

Using the converging meniscus C the method is perhaps 
seen at its best, refractive indices up to 1-39 being certainly 
obtained correct to 0-0002. On substituting for water a strong 
salt solution of refractive index 1-3807, the focal length rose 
from 68 to 118 cm. Errors in measuring f or observing the 
zero are of minimum importance. 

Lens D is specially for high refractive indices, and benzene 
should be used as the standard substance. For comparative 
purposes it is very accurate, but the absolute values are 
dependent on the data given for benzene below. 

For ordinary laboratory use lenses C and either À or B wil] 
usually be found sufficient. 


III. (а) Water is used as the fundamental standard sub- 
stance. Its temperature coefficient is abnormally small, and 
its refractive index is known to the fifth decimal place. The 
values given below are based on those of Jamin, Lorenz, 
Walter and others, as given in the Phvsikalisch-Chemische 
Tabellen of Landolt, Bornstein and Roth. 4—1 may thus 
often be taken = 1/3 with sufficient accuracy. 


Temperature. | Refractive index air to water. Temperature coefficient. 


20°С. 1.33300 0.00008 
15°C, 1.33339 000007 
10°С. 1.33369 0.00006 


(6) Benzene will be found useful as а secondary standard, 
especially in determinations of high refractive indices. It 
can be crystallised and easily obtained pure, and Из purity 
can be readily tested. Moreover, the presence of traces of 
impurity has no marked effect on the refractive index. A 
sample of “ pure crystalline benzene ” was found on a refracto- 
meter to differ in refractive mdex from Kahlbaum’s pure 
benzene for molecular weights by not more than 0-0003 under 
constant temperature conditions. Benzene has the disad- 
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vantage, however, of a high temperature coefficient compared 
with that of water; when it is used, therefore, temperature 
must be carefully observed. Based on Weegmann, Knops and 
Landolt and Jahn we may take “,,=1-5039 and из=1-5013 
with 0.00065 as the temperature coefficient. The nearness of 
the refractive index to that of glass is useful in determining the 
refractive index of the lens as explained in section 3 equation 
(9). For this latter purpose oil of cedar wood answers equally 
well. 


6. Typical Experiments on the Constants о} Lenses and. on 
Determinations of Refractive Indices. 


(а) Taking lenses A and В the following readings were 
obtained :— 
TABLE I.—Readings with Lenses А and B. - 


| Nature of observation. 
Thickness of lens in centimetres.................. eee eene 0.318 
Focussing length correct to 0-05cm. (from nearest face з) 18-70 
Zero on Optical Bench .................. ccce 
Reading with oil of cedar between mirror and lens face я. 
Readings with liquids between mirror and face r :— 
(a) Water, temperature 11-7?C......................... 25-91 
(b) Chloroform, temperature 12-0?C................... 51:25 
(с) Benzene, temperatures 12:1°С.. 12.2°С. ......... 78-90 


Thus, with lens A we obtain— 
Distance of withdrawal 5 for water=20-96 ; S+ /=39-66. 
Distance of withdrawal X for benzene=73-95 ; X+-/=92-65. 
и—1 for water at 12°C. =0-33357, 


whence regarding the lens as infinitely thin, we obtain for 
benzene 
39.66 73.95 


u— 1=0-33357 x 90.96 x 99-65" 


—0-503;,, which is the very approximate value. 


The denominator T of the correcting factor for thickness is 
now found, and will serve for always. 
Ву formula (7) we have for the radius of curvature of tbe 
drop face r :— 
39-66 4 


9900 450-318 
39-96 ^ g (09315, 


r-- 1x18. 10x 


=11-9, ст. 
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And by formula (9) for the refractive index of the glass of the 


lens— 
11-94 


ER TENE S. 
u—ltucl&59-495 199 
and, hence, from (5) 
11.94 —0-32 
—=57.3. 


Thus, we obtain for the corrected value for benzene 


y—1=0:50378( EE 


—0-5038-1-0-0015, 
whence p=1-5053 at 12-1°C. 
Similarly, for chloroform, 


4496 —0-3336 
p=1+0-4496(14 23835 07891, 


—=1.450, at 12-0?C. 
An Abbé refractometer with water circulation gave at 12-1°C. 
for water u=1-3334, 


for chloroform 4—1-4499, 
for benzene u=1-5050. 


The readings for lens B give T=96-6, which could be taken 
as T=100, with sufficient accuracy as the correction for 
benzene is only 0-0009. The values obtained are :-- 


for chloroform 4—1-450, at 12-0?C. 
for benzene u=1-505, at 12-2°C. 

(6) The converging meniscus C had focal length from near 
асе= 16:80 ст. and thickness=0-286cm. Experiment 
showed 7=7:57; аш, =1.53,; and T=40-4=40 approx. It 
is very sensitive to small changes in refractive index, and all 
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necessary measurements can be made with a high accuracy. А 
curve of the refractive index and density of salt solutions was, 
therefore, attempted, at the same time a comparison with an 
Abbe refractometer being made. The temperature of the 
research laboratory was very constant, and the water circu- 
lating through the Abbé prisms was easilv adjusted to this 
temperature. A specific gravity bottle containing the solution 
having been weighed, drops of liquid were placed on each 
refractometer. The comparison is tabulated below :— 


TABLE II. СОЯ Readings with Converging Meniscus С. 


Refractive index by lens and drop 


Refractive index by 


of salt sol. method, Abbé refractometer. 
—————— М y ———Á——— Àj re———S i | eae 
Weight of | Reading 

contents ой Tem- on | Tem- | p—l и ш Тет- 

full sp. gr. ,perature.| optical perature.! uncorrected. | corrected. perature 

bottle. | bench. | 
70.705 ' 196 |1045 (И. | 0-38016 | 13806 | 13809 , 120 
69-416 12-8 9502 | 11-8 200931524 1.3156 1.3759 | 11-8 
67.371 ^ 125 87-00 12.0 | 0-369068 1-3700 1-3702 12-0 
. 66-816 13-0 82-16 | 11-9 0.36552 1.3658 1-3660 | 12-9 
66-161 13 79.30 11.9 | 0-36314 1.3634 1.3636 12-0 
64-549 12:6 72.37 12.1 | 035072 1.3569 1.3571 12.0 
63-607 13-9 68-90 | 12: : 035310 1.3533 1.3533 12-0 
62.191 | 12.5 6595 1 11-7 0-34977 1.3499 1.3500 12-0 
61-819 : 13-0 62-60 12-0 0.34569 1.3458 1.3459 12-0 
60-055 129 | 5981 | 126 — 034200 | L3421 | 1399 | 120 
60.253 , 130 57.82 12.3 0.33919 1.3392 1.3394 12-0 
59-350 13-0 55:38 12.3 0.33553 1.3355 1.3324 12.0 
*58-868 12-8 54.12 12.5 11-3335, 1.3334 | 12-0 
* Water. T Assumed value. 


The zero on the optical bench was at 2.95, and the reading 
with oil of cedar and the lens reversed was 0:30. Meniscus С 
can be used for concentrated common salt solutions which are 
at about its maximum limit. А second meniscus, E, with 
f=18-45 and S {ће distance of withdrawal for water=42-75 was 
accurate and serviceable for solutions up to u=1-41. 

(c) Lens D, suitable for high refractive indices gave the 
following data: Thickness—0-221 cm. ; /—18-80cm.; zero 
on bench=5-05; reading with oil of cedar wood and lens 
reversed —14-00; reading with water=18-90 at 12.8°С.; 
reading with benzene=38-58 at 12-6°C. ; reading with carbon 
bi-sulphide (redistilled) 281-1 at 12-0°C. 

Owing to the smallness of the distance of withdrawal for 
water, benzene should be used as the standard, u, being taken 
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as 1.506,. Formula (8) gives r=14-96, and Т will be found 
:=70 approximately. Hence, tor carbon bi-sulphide :— 


52:33 16:05 


u—1=0-5062 x 33.53 x 9185 (approx.), 
—0-633,, 
иі (corrected) =0-6334(1 29394 908) 
—0-6334--0-0012, 
or и=1-634.. 


An Abbé refractometer gave for benzene 1.5048 at 12-7°C., 
and for carbon bi-sulphide 1-6336 at 12-5°C. 

(4) It has already been shown how Бу the use of a liquid of 
refractive index near that of glass, the refractive index of the 
glass itself may be easily found approximately. If the trouble 
be taken to find by the method of this Paper the refractive 
index of the liquid used, the refractive index of the glass may 
be found to an accuracy similar to that which holds for r and f, 
and hence s may be deduced. 

To illustrate this the benzene found by lens B, see sub- 
section (a) above, to have at 12-2°C. refractive index 1-505,, was 
found when placed between the face s and the mirror (lens 
reversed) to give at 12-0°C. the reading 25-15 on the optical 
bench. Whence F’=29-20+ 25-15 — 15-45 — 38-90. 

Thus, ug 7 14-r[ E" —14-20-39/38-9 —1-52,, approx. 

From equation (la) and by other means we find s—60 
approx. But from equation (1b) we have with great accuracy 
for au, 


r r r 
Ig lta Lt la), 


F^ уз 
all symbols being positive. Hence, 
ла 2039, ov 
Mg —1:5242 — 20-59 (1.5242 — 1-5056), 

=1-5242 —0-0047, 

=1-520. 

From (1) ог (la) we now obtain :— 
s=60-4 cm. 


(e) An instance of the special usefulness of the lens and 
drop method is the following. The author determined for 
NN 2 
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his colleague, Dr. G. Martin, the refractive indices of a number 
of newly-prepared alcohol derivatives of silicon hexachloride 
(Martin, Chem. Soc. “ Trans.," Vol. CV., 1914). These com- 
pounds fuming in the air leave a deposit of white solid on glass 
which is only removed by warming with caustic soda. The 
lens can easily be warmed in hot alkali, and the ring which 
protects the rest of the liquid, dissolved away, but similar 
treatment in a refractometer would be impossible. | 


7. Summary and Conclusion. 


The lens and drop method of comparing refractive indices 
is a very accurate one when due regard is paid to the choice of 
lenses, and allowance made for the thickness. It is easily 
adapted to the optical bench and monochromatic light, and 
measurements may be made very quickly. The method is 
perhaps seen at its best when employing a suitable con- 
verging meniscus to measure refractive indices between 1-3 
and 1-4. The method of measuring short radii of curvature 
in terms of the well-known refractive index of water is also 
frequently very useful and accurate just when other means are 
difficult or inaccurate. The lens and drop method may also 
be of service in finding the refractive index of the material of 
the lens. The apparatus here described is very suitable as 
providing & laboratory experiment for advanced students in 
view of the accuracy cf the results obtained by the inexpensive 
adaptation of standard apparatus. 

The author must express his special thanks to Dr. В. S. 
Willows, M.A., of the Sir John Cass Technical Institute, for the 
loan of a refractometer for comparative purposes, and to 
Dr. A. Griffiths, head of the Physics Department, Birkbeck 
College, for putting at his disposal all the other apparatus 
needed. Не would alsc record his indebtedness to Mr. S. D. 
Chalmers, M.A., for suggestions made since the communication 
of this Paper, especially with reterence to the notation adopted. 
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XXXIX. Conduction of Electricity Through Metals. By Sir 
J. J. THomson, O.M., F.R.S. 


RECEIVED JUNE 25, 1915. 


THE investigations of Kamerlingh Onnes on the resistance of 
metals at the temperature of liquid helium have led to results 
which are of vital importance in the theory of metallic con- 
duction ; they have shown, for example, that some metals can 
exist in a state where their specific resistance 18 less than one 
hundred thousand millionth part of that at 0°C. The tran- 
sition from the state in which the resistance is diminishing 
normally with the temperature to the one where they possess 
this super-conductivitv takes place abruptly at a definite 
temperature, and the difference in the electrical properties of 
the metal above and below this temperature are as well marked 
as the difference in elastic properties when a solid melts or in 
the magnetic ones when a piece of iron passes through the 
temperature of recalescence. One of the most remarkable 
effects discovered by Kamerlingh Onnes is that when a current, 
was started in a small ring of lead at a temperature of about 
4 deg. absolute, by bringing a magnet close to it ; the current, 
instead of dying away as it would have done at 0°C. as soon as 
the magnet was stopped, went on with practically undiminished 
intensity, its rate of decay being so slow that Kamerlingh Onnes 
estimated that it would take four days to fall to half its mitial 
value. This power of transmitting a current for long periods 
when no external E.M.F. acts on the metal is one that has to 
be accounted for by any theory of metallic conduction ; any 
such theory must indicate that in ceriain metals a change of 
electrical state takes place at a definite temperature, that above 
this temperature the current dies away almost instantaneously 
after the E.M.F. is removed, while below it the current may 
persist for days without undergoing any considerable diminu- 
tion. It seems to me that this is another and fatal objection 
to the theory that metallic conduction is due to the presence 
in the metal of free electrons which drift under the electric 
force, for no permissible increase in the number of free electrons 
or in the mean free path wovld explain the difference between 
the ordinary and super-condvcting state. In the case of the 
lead ring the maximum free path (equal to the longest chord 
that can be drawn in the ring) cannot be more than a few 
millimetres. 
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It is the object of this Paper to show that the effects dis- 
covered by Kamerlingh Onnes are ш accordance with the 
theory of metallic conduction which I gave in * The Corpus- 
cular Theory of Matter," page 86, and which, with the sub- 
stitution of an electron for a charged atom is substantially the 
same as that given in my “ Applications of Dynamics to Physics 
and Chemistry," 1888. 

On this theory the atoms of some substances, including the 
metals, contain electrical doublets, t.e., pairs of equal and 
opposiie electrical charges at a small distance apart. In the 
normal state of a body the axes of the large number of doublets 
occurring in even a small volume are uniformly distributed in 
all directions ; when, however, an electrical force acts on the 
body, the axes of the doublets tend to point in the direction of 
the force, and the moments of the doublets have a finite re- 
sultant in this directipn. If the axes of the doublets were 
quite free to set in any direction, the smallest electrical force 
would be able to pull the axes of all the doublets into line and 
thus produce the maximum polarisation. There are, however, 
several influences at work which limit the number of doublets 
wbich point in the direction 0f the electric force. 

In the case of gases, for example, there are collirions between 
the various molecules which tend to knock the axes of the 
doublets out of line as fast as thev are brought into it bv the 
electric force. Langevin has calculated from the principles of 
the ' Kinetic Theory of Gases " the magnitude of tnis effect, 
and has shown that if M is the moment of each doublet, N the 
number of doublets in unit volume, I the resultant of these 
moments parallel to х and X the force on a doublet in this 
girection, 

T puras BU 


T— E 


—х r! , 
where аа 


0 being the absolute temperature and R9 the mean kinetic 
energv of a molecule at this temperature ; when z is very small 
I—-1NMz, when it is verv large 1— NM. 

In the case of solids and liquids, though there mav not be 
collisions between the molecules, the rotation of the molecules 
endows them with a quasi rigidity, making each molecule behave 
very much as if its axis of rotation were acted on bv a restoring 
couple proportional to the angle through which the axis is 
displaced and proportional also to the kinetic energy possessed 


Г-= МУ 


CONDUCTION OF ELECTRICITY. 529 


by the body in virtue of its rotation, it behaves, in fact, very 
much like aspring whose stiffness is proportional to its kinetic 
energy. The value of I will be a function of the ratio of XM, 
the deflecting couple acting on the doublet, to the restoring 
couple brought into play when the axis is deflected through 
unit angle. As this couple is proportional to the average 
kinetic energy of the mclecules, we have 

I=NMF(XM/w). 
Thus we see that for solid and liquids, as well as for gases, Iis a 
function cf MX /w. 

We need not here go into the question whether the form of 
the function depends on whether the body is in the solid, liquid 
or gaseous state. It is sufficient to notice that whatever the 
state, when z—0, F(z)—0, and when z= œ, F(z)=1. 

Thus F(x) will be represented by a curve of the type shown 


Fia. 1. 


in Fig. 1. The force X which occurs in the expression for z is 
not merely the external electric force acting on the system, the 
polarised doublets will themselves give rise to strong electric 
forces and X is the resultant of such forces and the external 
electric force. We shall take the force due to the polarisation 
of the doublets as proportional to I and put it equal to XI. 
Thus if X, is the external electric force, 


X2 X, KI, 


: M(X 
and ;:5 LE o 
w 
ow № 
or J= MW E 


This relation between I and z is represented graphically by a 
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straight line and the value of I corresponding to any value of 
X, can be determined by finding where this line intersects the 
curve 


I=NMK(z). 


The effects corresponding to any finite value of I will be the 
same as if I doublets per unit volume pointed in the direction 
of the electric force, while the axes of the rest were uniformly 
distributed in all directions ; and we may picture the substance 
as containing a number of chains of polarised atoms whose 
doublets all point in the direction of the electric force as in 
Fig. 2. | 

So far as we have gone there has been nothing to differentiate 
between insulators and metals; in each of these the doublets 
set under the electric field and give to the substance specific 
inductive capacity, the valve of which is proportional to the 
value of I when X, is unity. 

It will be noticed that the electrons in the atoms of the 


Ge ce ee OB ce ce 


substance will be under the influence of forces excited bv 
neighbouring polarised atoms. Thus in the case represented 
in the figure these forces tend to make the electrons in À move 
towards B and those in B to C,andso on. On this theory the 
peculiarity of metals is that electrons, not necessarily nor 
probably those in doublets, are very easilv abstracted by these 
forces from the atoms when these are crowded together. Thus 
we may suppose that under these forces an electron is torn 
from А and goes to B, another from B'going to С, and so on 
along the line, the electrons passing along the chain of atoms 
like a company in single file passing over a series of stepping 
stones. Let us suppose that p electrons pass along each of 
these chains per second, then if there are л of these chains 
passing through unit area at right angles to the electric force, 
the current $ through unit area will be epn, e being the charge 
on an electron. If d is the distance between adjacent atoms 
in the chain, there will be 1/d atoms per unit length of chain, 
and I the number of doublets per unit volume pointing in the 
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direction of the electric force will be equal to n/d, thus n=Id, 
and therefore 
i=epld. ' 


The specific conductivity of the metal с is equal to ?/X,, во 
that 
c—epdI/X,. 


The force exerted by the polarised atoms on the nearest 
electron in a neighbouring atom will be very large compared 
with that exerted by the external electric force, so that р will 
be determined by these inter-atomic forces and will not to an 
appreciable extent depend on the external electric force. The 
ratio of the current to this force will, therefore, follow the same 
laws as the ratio of I to the force. 

We have seen that the value of I is determined by the inter- 
section of the line, 
wr Xo 


ME Kk 
wiih the curve I-NMFE(, . ....-. (2 


where w is the kinetic energy of a molecule, unless the tem- 
perature is very low w=R0, where 0 is the absolute tempera- 
ture and В the gas constant. When the temperature falls to the 
stage where the specific heat diminishes with the temperature 
w will be smaller than the value given by this equation. 

When w/MK is considerable the line (1) will be steep and will 
intersect the curve near the origin, where it approximates to the 
straight line, 


I= (1) 


I-NMzE(Q) . . . . ee (3) 


The intersection of (1) and (3) is given bv 
j- NM?F'(0)K, 
ш kNM3y"(0)' 
апа t the current by = 
epdN M?F"(0)X, 

t= w= kNMSEA0) 
Thus the current is proportional to X, and Ohm’s law holds. 
The specific resistance « is given bv the equation 


| 10— kNM?F'(0) 
T= epdNM?F^(0) ` 
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Now, except at very low temperatures, w is equal to R0,so that 
с 1s expressed by an equation of the form, 


c — A(0—b). 


It is thus a linear function of the temperature, which is verv 
approximately true for pure metals. 


Super Conductivity. 


Let us now consider what happens when the temperature 15 
diminished. The slope of the line (1) continually decreases and 
the intersection of this line with the curve gets farther and 
farther away from the origin. When the intersection comes on 
a part of the curve at an appreciable distance from the tangent. 


Fic. 3. 


at theorigin, Ohm's law will no longer hold. Suppose that the 
slope of the line (1) has fallen so that, as in Fig. 3, it is less than 
that of the tangent at the origin to the curve 1= NMF(z) ; and 
after the application of a force X,, suppose the force is gradually 
removed, the value of I corresponding to the diminished force 
will be got by drawing parallels to PQ, continually getting 
nearer to the origin, and its value when the force has been 
entirely removed, by drawing a parallel through the origin 
itself. Wesee from the figure that in this case the line through 
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the origin will intersect the curve again at S, showing that I 
retains the finite value SN after the electric force has disap- 
peared. From the point of view of this Paper, however, the 
part played by the electric force in metallic conduction is to 
polarise the metal, z.e., to form chains. When once these are 
formed, the electricity is transmitted along them by the forces 
exerted by the atoms on the electrons in their neighbours. 
Thus, if the polarisation remains, after the electric force is 
removed, the current will remain, too, just as it did in Kamer- 
lingh Onnes’ experiment with the lead ring. We see that we 
shall have the current remaining after the removal of the 
electric force, t.e., the metal will be m the super-conducting 
state as soon as the slope ot the line is less than that of the 
tangent at the origin to the curve, t.e., when 


n is less than NMF’(0), 


Or w less than NM?KF"(0). 


Thus, the temperature at which the metal passes into the super- 
conducting state is such that 


w—NMSR(0.. . . .. . . (4) 


ENM is the electric force exerted by the doublets when they 
all point in one direction : if we denote this force bv P, then 
W, the value of w at the critical temperature, is given bv 


w,—MPF'(0). 


If the specific heat of the metal had not commenced to 
diminish at this temperature, 0,, the temperature of transition 
into this state would be given by the equation, 


R0, —NM?EF/(00) =MPF (0). 


As, however, the transition takes place at verv low tempera- 
tures, when the specific heats are variable and w no longer 
equal to RÓ, we must use a more general expression for w in 
terms of 9 to determine the critical temperature. The per- 
sistence of the chains after the removal of the electric force is 
due to the disturbance due to thermal agitation being too weak 
to break up the chains when once they are formed. The chains 
are held together bv the electric force due to the doublets in 
the chain itself as well as by the external electric force, and 
when we approach the critical temperature the force due to 
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the doublets is much greater than that due to the external field. 
We see this from the expression, 

|. NM?F'(0) 

о – ММЕН 6) 
This may be written as 


j=l ұ 
k w-w, ” 
à М wy 
г X, ^ w—wy 


Now, kl is the part of the force on a doublet due to the other 
doublets, and we see from this expression that when w is nearly 
equal to w,, kl is very large compared to X,, so that the re- 
moval of X, will not appreciably weaken the coherence of the 
chains. On the other hand, at temperatures considerably 
above the critical. kl is small compared with X,, во that the 
externa] force 1s essential for the coherence of the chains. 

If the disturbing effect on the chains is entirely due to the 
thermal energy, and if this energy vanishes at the zero of 
temperature, it will always be possible to find a value of te 
whichsatisfies equation (4) and there will always be a critical 
temperature ; t.e., the metal will be able to pass into the super- 
conducting state. It is possible, however, that the action of 
adjacent atoms may, independently of thermal agitation, tend 
to make the axes of the doublet take up a definite distribution 
: of orientation giving a kind of crystalline arrangement to the 
metal, and that the doublets when disturbed from this align- 
ment come under the action of couples tending to restore them 
to theiroriginal positions. We can easily take this into account. 
All that we have to do is to replace w in the preceding equation 
bv w+D, where D is proportional to the restoring couple for 
unit angular displacement, due to the mutually directive action 
of the atoms. 

The equation to the straight line (1) is now 

jou, ом, owe Ge. de AD) 

МА k 
We should expect the directive force either to be independent 
of the temperature or to vary but slowly with it. In this case 
the slope of the line will not diminish indefinitely as the tem- 
perature, but will reach a minimum value whose tangent is 
D/Mk. If this slopeis greater than that of the tangent to the 
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curve at the origin, whose tangent is NMF’(0), there will be 
no critical temperature; hence the condition for a critical 


temperature is 
D less than NM?EF'(0). 


The restoring couple may be regarded as due to a local 
electrical force L exerted by the neighbouring molecules. D will 
then be LM, and the preceding condition may be expressed as 


L less than PF’(0). 
Wy the value of w at the critical temperature is now 
о =М МЕ ”(0) — D—M(PF'(0) — L). 


When tbe slope of the line is considerable, we have from 
equations (3) and (5) 


1—1 Wy Хо 
k wtD—w, 
kiw4-D —w,) $ А 
ог Ху = P E (6) 
and c, the specific resistance, is equal to 
k‘'wt+D—w,) 1 _ 
KU E EE w, ера’ ( Г) 


Unless the temperature is very low, we may put w— R6, and we 


R0--D—«w) 1 

have s ELD -w) —, 

Wy epd 
if со is the resistance at 0°C. and a the temperature coefficient. 
of the resistance, 

o,=0,(1-+ af), 

where ¢ is the Centigrade temperature. Comparing this with 
the previous expression, we see that 


1 
D—w, 


13+ R 


а = 


The condition for the existence of a critical temperature is 
D<w, i.e., that the temperature coefficient of the resistance 
when the temperature is not very low should be greater than 
`1/273. 

When D is considerable the line (5) will be steep,so that at 
all temperatures the intersection ot tbe curve and the line will 
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be quite close to theorigin. Wemay, therefore, use equation 
(3) even for very low temperatures,so that at all temperatures, 


k (wtD—vw,) 


ера Wo 


The temperature coefficient of the resistance is proportional 
to с/40, and this, as we see, is proportional to dw/d0. This 
quantity, the raie of increase of the energy with the tem- 
perature, is proportional to the specific heat at the tempere- 
ture 0. 

As the specific heats of many substances are very much 
smaller at the low temperatures obtained by the use of liquid 
hvdrogen or helium, than at normal temperatures, we see that 
on this theory the temperature coefficients of metals which 
have no critical temperature ought to be very small at low 
temperatures. The experiments of Kamerlingh Onnes and 
Dewar and Fleming show that this is in some cases a very well 
marked effect. Fig. 4 shows the variation of resistance of 


Fic. 4. 


gold and platinum suspected of not being quite pure; it will 
be noticed that at very low temperatures the resistance becomes 
almost independent of the temperature. Similar effects are 
shown by many alloys; they would, on the theory, be shown 
by any metal or mixture which had not too small a value of D 
and whose specific heat fell appreciably at low temperatures. 
In fact, the general behaviour of alloys seems to admit of a 
satisfactory explanation on the supposition that in them, or 
at any rate in those whose resistance is considerably greater 
than the value calculated from their percentage composition, 
the restoring couple D is much greater than ш pure metals. 
This seems what we might expect when the alloy is not a mere 
mixture ; for if it was a definite compound of the two metals 
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we should expect that there would be a tendency for the axes 
of the molecules of one metal to have definite orientation with 
reference to those of the molecules of the other. Thesame thing 
would also apply if the metals did not form definite compounds 
with each other but did form crystals. 

We see from the preceding equations that if D were large for 
these alloys they would have (1) a small temperature co- 
efficient at normal temperatures and a very small one indeed 
at temperatures low enough to diminish the specific heats, (2) 
they would not have a critical temperature and would never 
pass into the super-conducting state. These are characteristic 
properties of the resistance of alloys. 

Again, if there ате m molecules of one metal, n of the other 
per unit volume we should from the expressions (B) for the 
specific resistance of a pure metal expect that the specific 
resistance of the alloy would be given by a formula of the type 


«i mk, (wt+D,—) , nka UD em 


g — 
epyd, Wo epal, wo 


As this involves the restoring couples D,, D, it cannot be cal- 
culated from the resistances of the metals when pure; we see, 
however, that c, —ст the difference in the specific resistances of 
the alloy at the temperatures ¢ and T is given by the equation 


(mk, Ww. nb, i ини), 


g;—904— — 
lep id, 100 ер-4 Wy 


the D’s have disappeared from this equation, and it is exactly 
the value we should have calculated from the resistance of the 
metals separately. This is the result known as Matthiessen’s 
rule, which states that even when the specific resistance of the 
alloy can not, the difference between the specific resistance at 
two temperatures can be calculated from its constituents. So 
far we have supposed D is independent of the temperature ; if 
it changes appreciably with it, as it might be expected to do if 
the nature of the compounds, or mixed crystals formed by the 
two metals, did so, the temperature coefficients would show 
anomalies such as those found in alloys which have negative 
temperature coefficients. 

I have shown (“ Corpuscular Theory of Matter,” р. 86) that 
the electric and thermal conductivities will on this theory bear a 
nearly constant ratio to each other if the electrons which take 
part in the conduction are in thermal equilibrium with the 
metal in their neighbourhood. = 
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ABSTRACT. 


The discovery by Kamerlingh Onnes, that at the temperature of 
liquid helium some metals can exist in a state in which their specific 
resistance is less than one hundred thousand millionth part of that 
at 0°C., appears to necessitate the abandonment of the ordinary 
theory of metallic conduction, as the experimental conditions pro- 
hibit the explanation of the phenomenon by an abnormal increase, 
either in the number or mean free path of the free electrons. The 
ef:ects observed by Kamerlingh Onnes may, however, be accounted 
for by a theory of metallic conduction previously given by the 
author in ‘‘ The Corpuscular Theory of Matter." On this theory the 
atoms of some substances contain electrical doublets—t.e., pairs of 
equal and opposite electrical charges at a small distance apart. The 
effect of an applied E.M.F. is to alter the heterogeneous distribution 
of the axes of these doublets by bringing them into partial alignment 
with the field. The influences preventing complete alignment are 
considered, and it is shown that if M is the moment of a doublet, N 
the number per unit volume, w the average kinetic energy of the 
molecules (=F 6,except at very low temperatures) and I is the resul- 
tant of the molecular moments in the direction of X the electric force 
on the doublets, then 


I-NME(XM/w)—-NMFE(z). . . . . . . (D 


in which Е(х)=0 when 2—0, and F(x)— o» when z is infinite. 

X is made up of the applied electric field X, plus an internal field 
due to the polarised doublets, the latter of waich is assumed to be 
proportional to I. Hence, X — X,-- KI, and х= М(Х + KI)/w, or 


T=wr/Mk—X,/k . . . . -. . -. . (2) 


For any value of X, the value of 1 can be found from the intercept 
of the straight line (2) with the curve (1). The effects due to any 
value of I will be the same as if I doublets per unit volume pointed 
in the direction of the field, the axes of the rest being uniformly dis- 
tributed in all directions, and the substance may be pictured as 
containing a number of chains of polarised atoms whose doublets 
all point in the direction of the field. The electrons in the atoms will 
be acted on by forces due to the neighbouring polarised atoms, and 
the theory supposes that in conductors the electrons are easily 
abstracted by these forces from the atoms to which they are attached, 
and pass, under their influence, from atom to atom round the polar- 
ised chain. If p electrons pass along each chain per second, and if 
there are п chains per square centimetre perpendicular to the field, 
the current density i=epn, where e is the electronic charge. It is 
shown that p is independent of X, and во the ratio of i to X, will 
follow the same laws as that of I to X ,. 

When w/Mk is large, as at ordinary temperatures, the slope of 
(2) will be steep and will intersect (1) near the origin where it 
approximates to a straight line. In these circumstances it is shown 
that Ohm's law holds. Аз the temperature falls the slope of (2) 
also decreases, and may ultimately become less than that of the 
tangent at the origin of (1). In this case. if we start with an external 
field producing a polarisation, I, and gradually reduce the field to 
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zero, the point of intersection of (1) and (2) moves along the former, 
but still gives a finite value of I, when (1) passes through the origin— 
i.e., When X,— 0—and a current continues to flow in the absence of 
an applied E.M.F. as observed in one of Kamerlingh Onnes' experi- 
ments. 

On this view, therefore, the function of the applied field is to pro- 
duce the alignment of the doublets; the actual transference of elec- 
tricity is effected by the large inter-atomic forces brought into being 
by the polarisation of the doublets. Thus, if the polarisation re- 
mains on withdrawing the applied E. M.F. the current will also remain. 


In addition to the disturbing effects on the chains due to thermal 
energy. there may be mutually directive action between different 
atoms such as gives rise to crystallisation. "The effect of this is con- 
sidered, and it 13 shown that if this factor is large the metal cannot 


become superconducting. 
DISCUSSION. 


Prof. S. P. THompson, in proposing a vote of thanks to the President 
for his Paper, said there were one or two points which he had not quite 
grasped in the course of the lecture, and which he would like to have 
cleared up. We were asked to assume a ring of polarised atoms with 
positive and negative sides producing an electric force which caused the 
transference of electrons from one atom to the next and so on round the 
circuit, this transference constituting the electric current. Although 
the responsible factor in the transference of the electrons was the internal | 
force, an external force was necessary to produce this, and he did not see 
why, on withdrawing the applied field the process should go on instead of 
stopping after one, or, at most a few, transfers had taken place. Were 
there any physical grounds for supposing that the forces of restitution 
were greater in the case of mixed crystals than in homogeneous ones ? 
Lastly, he did not see the physical necessity of introducing the quantity 
D. Could the total force of restitution from all causes not have been 
included in a single symbol ? 

The PREsIDENT, replving to the points raised by Prof. Thompson, said 
that the energv was not spent in the movements of the electrons, but in 
creating the initial polarisation, and if, in any cireumstances, this could be 
maintained, the current would go on without any loss of energy, except a 
little by radiation. The formation of mixed crystals of A and B was due 
to the force between а molecule of А and one of В being greater than that 
between two of A or two of B. Hence, the force of restitution called into 
play on displacing à molecule will be greater in the case of the mixture 
than in that of the pure metals. He had thought it better to denote the 
force of restitution due to the directive action of neighbouring mole- 
cules, which did not depend much on temperature, by a separate symbol 
D. and keep it clear from the restoring couple dueto the gyrostatic action 
which did depend on the thermal conditions. 
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XL. On an Unbroken Alternating Current fór Cable Tele- 
graphy. By LIEUT.-COLONEL GEORGE О. Squier, Ph.D. 


RECEIVED May 28, 1915. 


І. Introduction. 


THE object of this Paper is to propose a new angle of view in 
the method of transmission of signals in the submarine tele- 
graph cable, and to describe some apparatus for operating on 
the general principles involved. 

Although more particularly an engineering subject, yet it 
is brought before the Physical Society in the hope that some 
of its members may see in the plan proposed some points in 
the fundamental theory of ocean cabling for further research. 

The phenomenal progress of wireless telegraphy has been 
made possible only by the combined efforts of some of the 
world’s best-equipped physicists and the practical engineer. 
It is in the hope of a similar co-operation of effort for the 
advancement of cable engineering practice that Г invite your 
attention at this early stage of development. 

Experiments have been conducted during the past two vears 
at the works of Messrs. Muirhead & Co. (Ltd.) with a view of 
de:ermining the practical application of the sine-wave type 
of E.M.F. for cable signalling. The results thus far obtained 
have only been made possible through the wide range of ex- 
perience and practice which this distinguished firm of cable 
engineers have been able to bring to bear on the subject, and 
they have taken a leading part throughout the experiments 
carried out. 

Sixteen years ago Dr. Crehore and the author conducted 
some experiments on an Atlantic cable from Waterville. 
Ireland, to Nova Scotia, Canada, using а special form of 
dynamo as a source of power for operating the cable. 

A transmitter was also devised, in which a special feature 
was the cutting out or suppressing from the alternating 
current certain definite semi-waves of current which enabled 
the cable code to be transmitted. 

At that time the demand for increase of speed over ocean 
cables was not pressing. In fact, the particular cable used 
was idle for several hours each day, which fact, however, 
greatly facilitated the opportunities for experimenting. 
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Wireless telegraphy did not then exist, and the cable relay 
or amplifier had not appeared, so that very accurate balancing 
of the duplex-bridge was not required. 

Conditions have changed materially since 1899, until at the 
present moment, it may be said that the matter of obtaining 
increased speed on ocean cables with present apparatus, 13 
largely controlled by the accuracy with which the duplex- 
bridge may be balanced. 


II. An Ocean Cable Considered as a Power Line. 


If an engineer were required to design a system for operating 
an electric motor through an Atlantic cable, no form of gene- 
rator could be proposed at present, other than a single-phase 
alternating current of thesine-wavetype. This form, we know, 
will deliver power at the receiving end of the cable more 
efficiently than any other shape of wave. Furthermore, 
during the operation of such a motor, the generator would be 
allowed to run smoothly and regularly, and, in particular, the 
generator circuit would never be metallically opened or closed 
during operation. 

The opening and closing of an alternating current circuit 
is well known to produce disturbances of a more or less pro- 
nounced character, depending upon the angle of phase at 
which the current is opened or closed. 

Since improvement of the duplex-bridge balance, as stated 
above, is really at present a most important desideratum, 
experiments were made using the Muirhead artificial cable 
to compare the present forms of battery transmitters with 
various modifications of the sine wave of Е.М.Е. 

In the last analysis it was always the opening and closing 
of the transmitter circuit which produced the final kick or 
“jar” in the balance. This is not surprismg when we re- 
member that, from an electrical standpoint, few things can 
be done to a circuit more severe than suddenly to introduce an 
infinite resistance into it. 

However, since there is an appreciable spark or arc at the 
instant of opening the battery transmitter circuit, this dis- 
charge controls to a greater or less degree the character of the 
break; but the exact influence of this is not so easy to predict, 
for, though it is probable that the current dies away quicker 
with a sudden break than it does with a very slow one, which 
permits the arc to remain for some time, yet it is not proved 
certainly, for the more rapidly the break is made the faster 

002 


542 LIEUT.-COL. G. 0. SQUIER ON 


the resistance increases, and therefore, probably, the rate of 
change of current, and with it the counter E.M.F., increases. 
An increased. E.M.F. can bridge a longer gap, but a longer gap 
may be made in the same time that a short one is, with a less 
velocity at the break. So it appears that these two considera- 
tions counteract each other, and it all depends upon which has 
the greater influence. 

It was only after many variations of the simple alternating 
current had been tried in the course of experiments to perfect 
the duplex-balance of the bridge that the fundamental principle 
of never breaking the transmitter circuit became impressed. 

Continuing the analogy of the power plant, it тах be re- 
marked that practically every form ot cable recorder, amplifier 
or relav is essentially an alternating-current motor. Из field 
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Fic. 1.—SIMPLEX CIRCUIT FOR OCEAN CABLE CONSIDERED AS А POWER 


LINE. 


magnets, armature coil and the counter Е.М.Е. of damping are 
subject to the same laws as in the motor for power purposes. 

Let us assume, therefore, as a starting point, the standard 
tvpe of circuit for operating a cable simply as a power plant 
as the ideal solution of the problem, and then determine by 
experiment how near this solution may be retained in practice 
for the purpose of transmitting cable signals according to the 
present alphabet. In this plan it will be the continued. experi- 
mental purpose to determine the minimum possible variations 
in such asvstem to enable the alternating current received to be 
interpreted into dots, dashes and spaces. 

A siphon recorder placed in the receiving end of such a 
cable plant would trace on the recording slip an uninterrupted 
sine-wave of current which may be considered as the theo- 
retically perfect form of siphon record always to be aimed at, 
although never to be actually attained in practical telegraphy. 

In Fig. 1, D represents а single-phase alternating-current 
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dynamo, В and В’ are resistances and М’ is a motor to be 
operated. . | 

"x Since a circuit comprising an ocean cable is largely over- 
loaded with capacity, and already includes a large ohmic 
resistance, it will bein the direction of increasing the resultant 
harmonic current flowing in such a circuit, to insert in the 
sending end of the cable a variable inductance, L,. For 
symmetry, L’ is а variable inductance similar to L,. 

T and T' are iron-cored transformers or auto-transformers, 
the coils of which are of low resistance, and connected directly 
to earth at E and Е’. 

The circuits in Fig. 1 are closed circuits throughout. 

For duplex working Fig. 1 becomes Fig. 2, in which L,, L,, 


L, 


Е E 
Fic, 2.-—DvPLEXx CIRCUIT FOR OCEAN CABLE CONSIDERED AS A POWER LINE. 


L,, L, are the inductance arms of the bridge, and the motors 
M and M’ are inserted in the usual manner for cable working ; 
Al and Al’ are the artificial lines. 

It now remains to inquire as to what modifications must be 
made in the typical duplex power-circuit in Fig. 2 to enable 
the motor recorders to indicate the elements of the cable 
alphabet. These elements are three in number, and onlv 
three—^4.e., the dot, the dash and the space—and each of them 
is equally important in interpreting the record, and for this 
reason they will each be considered in the general sense as 
signal units, rather than the usual wayof regarding only the 
dots and dashes as the signals, and not the spaces. 

It is also usual to speak of cable speeds in terms of standard 
letters per minute transmitted ; but for our present purposes 
it will be more convenient to convert this speed into terms of 
the frequency of thedynamo. The graph (Fig. 3) exhibits the 
linear relation between n, the frequency of the dynamo, and 
letters per minute transmitted, based on the assumption that 
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the average cable letter, with its space, requires four units of 
alphabet time. 

Careful experiments on an Atlantic cable confirm the theory 
of the subject—that, no matter what the shape of the alter-. 
nating current transmitted, approximate sine waves are 
received at the distant end of the cable. Battery reversals 
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produce just as accurate sine-wave signals on the receiving 
recorder as does the alternator itself. 

In other words, it 1s the fundamental term of the Fourier 
analysis which is alone concerned in making the record at the 
receiving end of the cable. 

Since, therefore, both theory and experiment show that a 
sine form of wave is the only one which can pass through the 


CABLE TELEGRAPHY. 545 


cable without changing its characteristic shape, it should be 
an advantage so to alter the typical power circuit in Fig. 2 as 
to preserve the sine characteristic as far as possible. 

This can be done in a simple manner by operating upon the 
primary circuit of the transmitter containing the generator, 
to alter the impedance of the circuit in synchronism with the 
generator itself. The problem is the more simple from the 
practical standpoint, because we are dealing with frequencies 
from about 4 to 10 cycles per second, and, therefore, it is easy 
to operate with great accuracy on this primary current at any 
angle of phase. If the change of impedance of the primary 
circuit always takes place at the mstants when the current 
flowing in the circuit is naturally zero, the fundamental fre- 
quency of the current will not be changed, and the sine charac- 
teristic of the wave will be very approximately maintained. 


Space 


Fig. 4.—CuRRENT WAVES FOR TRANSMITTING THE LETTERS đa, b, c AND d 
BY THE ALTERNATING CURRENT. 


Varying the impedance of the primary circuit will change the 
amplitude of the individual alternations of the current. 

Another way of stating the effect is that the voltage between 
the end of the cable and the earth is made to vary by this pro- 
cess, to indicate the three elements of the cable alphabet. It 
should be noted that this plan transmits alternating current 
for the spaces between letters and words with exactly the same 
regularity and integrity as for the signals themselves. 

Dots, dashes and spaces are each transmitted by impulses of 
either sign, differing from each other only in amplitude. 

Fig. 4 shows diagrammatically the form of current waves 
transmitted for the letters a, 6, сапа d with the accompanying 
spaces required. 

Although an alternating current operated upon as above 
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outlined could be read directly from a standard siphon record. 
yet it would be considered an advantage if the final received 
record could be printed in Morse characters on the usual 
receiver slip. To accomplish this it will be necessary to pro- 
vide an apparatus which operates solely by the amplitude of 
the current waves received, and not by their sign. Further- 
more, since the impulses transmitted and received for the 
spaces are not required on the printed slip, the apparatus 
should be capable of sorting out and omitting these parts of the 
record automatically. 


Description of Circuits Used. 


Fig. 5 shows diagrammatically one form of circuit arrange- 
ment based on the above principles for transmitting and 
receiving messages. The usual transmitting condensers are 
shown in the arms of the duplex bridge, instead of the induc- 
tances L,, La La} №. The ordinary transmitting tape is 
caused to move synchronously with the generator bv being 
geared directly to its armature shaft. The perforations in the 
tape are of such a size that the tape advances a distance corre- 
sponding to one semi-cycle of the alternator for each individual 
perforation. 

Since in & circuit comprising an ocean cable on which is 
impressed an alternating E.M.F. the current leads the E.M.F. 
by an angle which in an infinite cable is constant at 45 deg., 
it is necessary to provide in the transmitter, mechanism for 
moving the tape carriage longitudinally relative to the per- 
forations in the tape. А micrometer screw is provided for this 
purpose, and by its use the current can be operated upon 
accuratelv at any angle of its phase, and in practice it is so 
adjusted that the impedance of the primary circuit will be 
changed at the instants of zero phase of the current. Since 
also the angle by which the current leads the E.M.F. 1s depen- 
dent upon the resistance of the primary circuit, there 1s also 
provided in addition an adjustment of the transmitter for the 
very slight difference of phase for the dot-and-dash conditions, 
so that in effect all operations on the primary current, whether 
for a dot, dash or space, are adjusted to take place at the zero 
point of current. 

The general operation of the transmitter mechanism is as 
follows : When no holes are perforated in the tape t, the whole 
resistance В is in the primary circuit and an alternating 
current is transmitted, which corresponds to spaces between 


547 


CABLE TELEGRAPHY. 


"LNASU 0) 


ONLLVNUALIY ALL Ad SADVSSA ONIATAOAY аму DNLLLIKSNVu ноа LAAWADNVUUY LIQOHIL) XAA 40 ичод 3N()—'Gg 


aiii. 


ЧЕТ 


‘Oly 


548 LIEUT.-COL. 6. О. SQUIER ON 


letters and words, and when a perforation in the tape is on the 
dot side, part of this resistance В, is short-circuited, and when a 
dash perforation occurs, all of this resistance is short-circuited. 
The relative values of these resistances bemg adjustable, the 
amplitude of the individual alternations are under complete 
control by the ordinary transmitting tape. 

In the figure is shown diagrammatically the arrangement for 
causing a dash impulse to be sent by the transmitter by short- 
circuiting the whole of the resistance R for a time correspond- 
ing to one semi-cycle of the alternator. ris an ordinary relay, 
k is an electromagnet which operates at the end of each signal 
or group of signals. The line / leads to an exactly similar 
arrangement which is provided for the dot impulse by which a 
certain proportion of the resistance R is short-circuited. In 
practice these two arrangements are side by side, and in the 
figure the dot arrangement would be immediately behind the 
one shown for the dash. 

The tape carriage can be moved longitudinally by a micro- 
meter screw which is not shown in the figure, and has an adjust- 
ment over a range of а complete semi-cycle. The contacts з 
and s’, and similar ones for the dot mechanism are adjustable 
bv slow-motion screws, so that the instants of contact for a 
dot and for a dash have an adjustment relatively to each other 

A convenient method of observing the wave-form produced 
by the transmitter, and for making the above adjustments, 18 
to include an ordinary siphon recorder in the transmitter 
circuit, or, better, in the cable itself at the transmitting end ; 
by connecting it at the terminals of a very low resistance in the 
circuit. At the very low frequencies involved, the siphon 
recorder becomes a most useful and accurate current curve- 
tracer, and enables the experimenter to observe exactly the 
shape of wave being transmitted into the cable for any. adjust- 
ment of the transmitter. Once these adjustments are mad e tor 
any particular cable they remain unchanged. ^ 


Form of Receiving Circuits. \ 


One practical arrangement for receiving the signals on a 
Morse printer is shown diagrammatically in the upper part of 
the figure. 

F is an adaptation of the well-known Muirhead gold-wire cable 
relay, in which f is the gold wire which oscillates between the 
platinum contact posts /3/3, about a fixed point at Е. A second 
pair of posts /?/? is provided, and each of these pairs has an 
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adjustment for altering their distance apart and also for 
moving them longitudinally along the gold wire and relatively 
to each other. Instead of being separate contacts, as in the 
usual case with this relay, each of the pairs are electrically 
connected as shown. Е” is a local wire relay of similar prin- 
ciple, and /’ is its moving part which in its oscillations makes 
contact with the posts /*/* adjustable as above; h and À' are 
electromagnets for operating the dot and dash arms of the 
printer ; g and g' are two arms pivoted at their outer ends, 
adapted to make a siphon record at their free ends in the 
centre upon the moving tape shown beneath. The arm g' is 
forked to record two ink marks on the tape symmetrically on 
either side of the central mark made by the arm g, and in line 
with it across the tape, so that both arms can make a record 
simultaneously on the tape for a dash. 

The incoming alternating current thus causes the gold wire 
f to oscillate back and forth with different amplitudes depend- 
ing upon whether dots, dashes or spaces are being received, and 
the posts /?f? are adjusted so that the space amplitude just 
does not make contact, but does make contact for a dot ampli- 
tude of either sign. In like manner the posts /3/? are adjusteu 
so as just not to record a dot impulse, but to make contact 
for the larger amplitude of a dash of either sign. It is seen 
that both a dot and a dash contact are made whenever a dash 
amplitude is received. The flexible gold wire f in its motions 
about Е first strikes the posts РР, and there is a bending or 
wrapping effect produced in the wire, which for the stronger 
dash impulses causes contacts with /?/3 also. The relay Е” 
operates similarly through a moving arm, making contact with 
the posts /*/* separately or both together, depending upon the 
amplitude of its swing. 

The printer itself becomes an apparatus of marked sim- 
plicity, and is nothing more than two small siphons adapted 
to mark on theslip in the usual manner. 

In practice, all adjustments are so made as to provide for 
transmitting for the spaces as large an amplitude as possible 
instead of as small an amplitude as possible, in order to approxi- 
mate more nearly to the ideal electrical conditions for trans- 
mission through the cable itself. 

In case a cable magnifier such as the Heurtley instrument is 
used instead of a gold-wire relay, it would be inserted in Fig. 5 
in the recorder arm of tbe bridge, and operate a local wire 
relay and printer instead of the usual recorder. Since the 
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relay operates on difference of amplitude of the waves, and not 
on their absolute value, a cable magnifier would serve to exalt 
the value of this difference and furnish a greater margin for 
practical working. 


Resolving Power or Definition. 

The ideal alphabet to employ in cable signalling would be 
one in which other things being equal, each letter had the same 
limit of legibility ; because if this is not so, the speed of sig- 
nalling is lowered to meet the legibility of certain letters only. 
In present cable practice, what may be called the “ resolving 
power,” or the definition, is not equal throughout the letters of 
the alphabet. 

Letters like “ a ” or “ n,” for instance, may be considered as 
perfect letters, and whether sent by one complete cycle of 
E.M.F. of a dynamo, or by two square-topped waves of equal 
area and opposite sign separated by a time interval, produce 
on the siphon record approximate sine-waves. On the other 
hand, letters like '*s " or “h,” where three or four square- 
topped waves of the same sign are sent into the cable con- 
secutively, the received record at high speed fails to resolve 
these separate impulses, and the siphon record becomes a 
more or less continuous hump of large amplitude, which the 
expert operator learns to read without being able to detect the 
individual impulses ; in fact, some practical operators seem to 
prefer these letters to what are known as “ cross-letters," such 
as" a" and "n." 

Careful experiments have been conducted through long 
cables, which prove, however, that the so-called “ cross- 
letters " have a superior legibility, which obviously should be 
the case from theoretical considerations only. 

We may consider the siphon record of an uninterrupted 
alternating current as possessing 100 per cent definition, 
independent of the frequency, the voltage employed, or the 
particular cable used, and regard it as the standard of definition 
for all signals. Indeed, such a record is, in fact, а message 
composed of a series of the letter “ a ” joined together withovt 
spaces between. 

In present practice it is found necessary to insert a receiving 
condenser in series with the recorder coil, or an inductive shunt 
around the coil, for the purpose of improving the definition of 
certain letters of the alphabet, such as “s ” and “ h,” as well 
as to eliminate from the record the effects of earth currents 
of very low frequency induced ш the cable. 
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Ш. Electrical Measurements of the Cable Circuits. 


One of the chief attractions in the use of an unbroken 
alternating current for operating the cable is the fact that for 
the first time we are enabled to measure the constants of the 
different elements of the bridge and cable circuits employed 
under actual signalling conditions. Since one particular fre- 
quency is used and the current is never broken, it is necessary 
and sufficient to use the ordinary commercial hot-wire ammeters 
and voltmeters which are now available over suitable ranges. 

A tachometer is attached to the dynamo armature shaft, 
so that the frequency is indicated continuously, and these 
readings, in connection with those of the ammeter and volt- 
meter, are all that are required to determine the impedance 
and phase angle of any part of the transmitter circuit, including 
those of the cable itself. 

In the present forms of battery transmitter a square-topped 
wave is employed, and, in addition, it is found necessary to 
disconnect the battery and connect the cable to earth during a 
portion of each individual signal sent. The reason for this is 
that, in this form of wave, the cable receives a charge dependent 
upon the time during which the key remains closed for the 
signal, and when the circuit is opened it is necessary to give 
time for the cable to become discharged before the succeeding 
signal can be sent. This discharge is shown in the spark that 
is seen in the present form of transmitter when the circuit 18 
broken. The percentage of time of each elementary signal 
during which the cable is connected to earth varies according 
to the cable, but in long cables it is usually about 25 per cent. 
of the whole time of the signal. 

This means that of necessity the cable is entirely discon- 
nected from the battery at both ends for a period aggregating 
six hours per day, due to the present method of sending the 
individual signals. 

This discharge of the cable has, indeed, been turned to 
account for a useful purpose by the late Mr. Gott,* who quite 
recently developed a system of transmission m which the dis- 
charge of the cable is ingeniously utilised to operate the tongue 
of a relav, which causes the succeeding signal to enter the cable 
with the opposite sign. 

This form of square-topped wave, when combined to make 
up letters and words, causes a broken and irregular form of 


* British patents No. 10,534 and No. 22,361 of 1912. 
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current to enter the cable, which precludes the possibility of 
measuring the ordinary quantities, such as voltage, current, 
impedance and phase-angle of the different elements of the 
circuit. This is extremely unsatisfactory from an engineering 
standpomt, and retards progress. 
The development of the modern artificial line for simulating 
the action of the cable has required a large amount of patient 
and careful work extending over a number of years. As soon 
as any form of break, with its consequent spark or arc, is 
removed from the transmitter circuit, and an alternating 
current of one frequency only is substituted, the artificial line 
can more faithfully represent the action of the current flowing 
in the real cable, and its construction may be simplified. 


Transmitting Impedance of an Atlantic Cable. 


In the case of long submarine cables having resistance and 
distributed capacity, self-induction and leakance being ne- 
glected, we have the well-known sine-wave formule for an 
infinite cable 
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e and 2 represent instantaneous values of the voltage and cur- 
rent at any point of the cable at a distance z from the origin 
and a time ¢: Е is the maximum value of the E.M.F. applied 
to the cable, В and C are the resistance and capacity of the 
cable per unit length, w is 2z times the frequency. | 

These formule are accurate for all practical purposes in the 
case of long cables, as will be shown presently. 

At the transmitting end of the cable z—0, and (2) becomes 
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where I is the maximum current and @ is the angle by which 
the current leads the E.M.F. This angle is constant and equal 
to 45 deg. The transmitting impedance of the cable is 


E R к. R и 1 
Z => —— = -——— -=C - 5 
TJ Co 226 v: av E RR 


CABLE TELEGRAPHY. 009 


where c, is constant for any particular cable. 


B. 


A == 


Let us assume 
R=4,895 ohms. 


C—914-1075 farads. 
Length —2,164 nautical miles, 


data which represent one of the best transatlantic cables. 
Substituting in (5) and (6) we have 


_ 9232 


NH = — 
Ти. 4r xo o s (8) 


The graph (Fig. 6) represents the impedance-frequency curve 
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FREQUENCY = N 
Ета. 6.—TRANSMITTING IMPEDANCE OF A TRANS-ATLANTIC CABLE AS THE 
SPEED OF SIGNALLING IS VARIED. 


at the transmitting end of this particular cable plotted from (7). 
For n=5, or at 150 letters per minute, the cable impedance 
is 412 ohms, or only 8-4 per cent. of the ohmic resistance of the 
cable. 
The impedance of this same cable, as measured by the 
ammeter-voltmeter method, for a frequency of n=5-03 is 
397-5 ohms. 


Digitized by Google 
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With 50 volts on this cable at the same speed of transmission 
the current flowing into the cable from (8) is 


I=0-12 ampere. 


The transmitting impedance is most sensitive to change of 
frequency at the lower frequencies, and by increasing the speed 
from n=4, or 120 letters per minute, to n=9, or 270 letters 
per minute, the cable impedance is decreased in the ratio of 
З to 2, and the current correspondingly increased. The same 
values of impedance and current deduced above apply to the 
equivalent artificial line, which is made to balance as far as 
possible the real cable. 

By inserting a hot-wire ammeter in the cable itself beyond 
the bridge, and also connecting the transmitting end of the 
cable to earth, through a suitable voltmeter (preferably an 
electrostatic instrument, to prevent any disturbance of the 
bridge balance), we have the means at hand for determining 
the best transmitting conditions for any particular cable and 
frequency of signalling. Heretofore the value of the trans- 
mitting condensers in the duplex arms of the bridge have been 
more or less arbitrarily assigned by certain practical rules 
obtained by an expert study of the signals themselves. Here, 
however, we may approach the problem more scientifically by 
so adjusting the values of the condensers or inductances, or 
both, in the bridge branches аз to produce а maximum reading 
of the hot-wire ammeter in the cable itself for any particular 
voltage assigned. The criterion for best transmitting con- 
ditions alone would be that the transmitting impedance should 
be a minimum, ог the current flowing into the cable as measured 
Бу a hot-wire ammeter should be а maximum for any раг- 
ticular signalling frequency. à 

This practical method is, of course, entirely analagous to 
the present practice of inserting a hot-wire ammeter in the 
transmitting antenna of a wireless station, except that in the 
latter case we can go much further and adjust for the maxi- 
mum current possible at the maximum point of the resonance 
curve of the antenna. In the cable circuit we are dealing, 
not with resonance, but with forced waves maintained by the 
dvnamo. 


Electrical Stress Upon the Cale. 
Submarine cables are at present operated: by primarv 
batteries giving an open-circuit voltage of from 50 to 80. The 
main reason for this is, of course, the constant fear of sub- 
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jecting the cable itself to undue electrical strain, particularly 
in the deep sea portion. where repair is difficult and expensive. 
This is not the only reason, however, although it is the prin- 
cipal one. 

The present form of battery transmitter impresses upon 
the cable square-topped waves, which may be analysed by 
Fourier's method, and in the hands of Malcolm and a few 
others the wave-form has been worked out and predicted as 
the wave passed through the cable to the receiving end. Since 
we know that it is only the fundamental term of the Fourier 
analysis which produces an appreciable effect at the receiving 
end, all of the harmonic waves which are required to build up 
the square-topped form of wave are impressed upon the cable 
at the transmitting end, and are absorbed in the cable itself, 
and never reach the receiving end. These, therefore, represent 
superfluous electrical charge impressed upon the cable, and 
this charge for each signal must be got rid of before the suc- 
ceeding signal can be sent into the cable. 

It is, therefore, probable that a practical limit would soon be 
reached in the present form of transmitter, where the mag- 
nitude of this extra charge sent into the cable would become 
so great that there would be little advantage in further in- 
creasing the E.M.F. 

The direct influence which increase of voltage produces on 
the amplitude of the record received as the frequency changes 
is shown in the graph (Fig. 7). These data were obtained over 
а submarine cable from New York City to Canso, Nova Scotia, 
of 

R=13,700 ohms. 


C--231-4:107* farads. 
Length —880-6 nautical miles. 


The cable was used at the transmitting end simplex, without 
condensers, and at the receiving end the ordinary duplex 
arrangements were employed with 50 mf. condensers, and the 
cable recorder was adjusted once for all, and remained un- 
changed throughout the experiments. The receiving arrange- 
ments were not particularly sensitive, and the recorder was not 
readjusted as the frequency was increased. 

It will be observed that, within the limits of these experi- 
ments, the amplitude of the excursions of the siphon increased 
with the voltage for any particular frequency of the dvnamo, 
and as the frequency was increased, the voltage remaining 
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constant, the double amplitude of the siphon record gradually 
decreased. Theoretically, these lines are curved lines, but for 
observations up to 30 volts, with but one adjustment of the 
recorder, the right lines in this figure best represent the actual 
observations at each voltage. 

It is seen that these lines converge towards a common 
vanishing point at somewhere about n=7, which means that, 
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N 


with the limited sensibility of the particular recorder used 
(which may be considered as an ammeter if properly cali- 
brated), we cannot expect by any increase of voltage to signal 
faster than about n=7 with this particular cable. 

This graph has been made from data of experiments made 
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17 years ago, and since that date, due to the great improve- 
ment in sensibility of cable relays and amplifiers, the vanishing 
point at the present day for this cable would be moved to the 
right along the axis of absissa, to some point corresponding 
to n equal a considerably larger number than 7. 

The above outline will be sufficient to show that in the case of 
an alternating current being impressed upon a cable, increase 
of voltage for signalling purposes should be considered from 
a new point of view, for we know that the power impressed 
in this case varies directly with the square of the voltage used 
in transmitting. 


Maximum Voltage Along the Cable. ` 


In (1) and (2) above, it is seen from the exponential factor 
that the maximum ordinates of the E.M.F. and current waves 
decay according to the logarithmic law, and that the rate of 
decay is dependent upon the capacity and the resistance of the 
cable per unit length, and also upon the frequency. 

Assuming n=5, or 150 letters per minute, the instantaneous 
value of e or ?, and also the maximum volts per volt at sending 
end have been computed for the Atlantic cable of Fig. 6, and 
are shown in Table I. 


TABLE I. | 


Maximum volst 


Frequency =n. Nautical miles. per volt at 
sending end. 
5 1 1 
» 0.5135 0.5924 
» 0-1755 0-3510 
» 0 
» —0-0616 
и | 675 —0-0630 
А | 810 —0-0432 
» 945 | | —0-0222 
М 1,080 | —0-0076 
oy 1,215 0 . 
" 1,350 | 0-0027 i 0-0053 | 
25 1,485 | 0-0027 | 0-0031 


” | 1,620 | 0-0019 ‚  . 0-0019 


These relations are shown graphically in Fig. 8. It is seen 
from the table that the maximum voltage impressed upon the 
cable has decreased to 1/500 of its original value in one com- 
plete wave-length, and to 0-5924 of the original value in the 
first 135 nautical miles from the transmitting end of the cable. 
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At this speed of signalling a complete wave is 1,620 nautical 
miles in length ; also we have 
A=1,620 nautical miles 
1 


1 
Т=-=- second. 
n D 


Total length of cable— 1-334. 


A 
Rate of propagation of wave through the cable=,,=8,100 


nautical miles per second, or the time required for the wave 
to travel the length of the cable=0-27 of a second. 


T ЕЕ 087 Resistance of CABLE ® 4895 Onms 
ACES Capacity or Caste = 914°10~© Faraos 
LENOTH = 2164 Кмотз 
Noe М. 5 #150  Lerrens РЕВ Minute 
ПЕ A = 1620 Кмотз 


Curve I МАх.\МостдЗЕ ALONG CABLE 
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Fic. 8.—VorTAGE STRESS ON TRANS-ATLANTIC CABLE FOR n=5, OR 160 
LETTERS PER MINUTE. 


The frequency п has а marked influence upon the rate at 
which the amplitude of the wave decreases as we proceed along 
the cable from the transmitting end. The distance at which 


this amplitude will have : of its original value is the reciprocal 


of the coefficient of z in the exponential term of (1), or 
2 
ges. Cho —258 nautical miles. 


or z' varies inversely with the square root of the frequency. 
This means that if we increase the speed of signalling from 
n=4 to n=9 the higher frequency wave will experience the 
same decrease in voltage in two-thirds of the distance from 
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the transmitting end. In other words, the higher the speed ot 
signalling attained on any cable for a given transmitting 
voltage the safer the cable is from electrical strain. Increase 
in efficiency of the cable plant means increase in safety also. 

With a battery, it is possible to subject every centimetre 
of the cable to the full voltage stress of the battery, as occurs 
whenever the usual insulation resistance test of the cable 
is made, or in case the transmitting condenser should be 
accidentally short-circuited. 

With the alternating-current dynamo, however, it is impos- 
sible either by accident or by design to produce in the cable in 
the deep sea portion any voltage, even momentarily, of more 
than & small fraction of the voltage used at the transmitting 
end. 

This suggests, as has been done before, that, by designing 
submarine cables with heavier insulation over comparatively 
short distances at the ends, we can emplov higher voltages in 
signalling with no possibility ot subjecting the cable to undue 
electrical strain at any point of its length. 

Submarine cables before laving are at present subjected 
to a stress of several hundred volts in the cable tanks for 
a considerable period, and if there is a material advantage 
in speed in increasing the signalling voltage there would seem to 
be no good reason for hesitating in the slightest degree to 
increase the voltage moderately in actual traffic. 


Receiving Conditions. 

In a long cable there is no reactive influence upon an ammeter 
or voltmeter placed in any circuit at the transmitting end due 
to any variation in the form of apparatus inserted at the 
receiving end of the cable. Opening and closing the cable 
circuit produces no perceptible indication. The energy of the 
waves may be considered as leaving the transmitting end of 
the cable along the conductor path never to return. 

We are, therefore, at liberty to consider the electrical con- 
ditions for best receiving, separately and independently of the 
conditions for sending, and then inquire how far these two sets 
of conditions can be made to harmonize with each other. 

Fig. 9 shows one of the standard arrangements for operating 
on long cables in which the values of the condensers and the 
resistance of the recorder coil as shown have become more or 
less fixed quantities in cable practice. The condenser c is 
limited to this comparatively small value, as its main function 
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is to improve the definition of letters like “в” and “h,” for 
there is no need to correct for letters like “a” and “п.” 

This lack of uniform resolving power for all letters, at present 
limits the free use of any value of condenser in this arm which 
would be the most suitable from electrical considerations to 
increase the value of an alternating current in the recorder coil. 

In Fig. 9 the attenuated alternating current at the receiving 
end of the cable is divided at the point B of the duplex bridge, 
and again subdivided at А and C inversely as the vector- 
impedances of the paths. 

In the recorder arm BC the ideal electrical conditions would 
be to so assign values to the receiving condenser c, and the 
inductance and resistance of the recorder coil, as to cause this 


B 


BoM 7% | 
С: 40 MF 


К: 4%0. OHMS 


А 


80 MF 
C TL 
Fic. 9.—Form or DUPLEX CIRCUIT овер on Lona CABLES. 


arm ef the bridge to be in resonance, entirely independently of 
the cable itself, the artificial line, or of any other arm of the 
bridge. In other words, we should so arrange matters if we 
could that if the arm BC is short-circuited on itself its natural 
frequency would be equal to the frequency of the current it is 
required to receive. In the abstract, there would be an 
infinite number of solutions for this arm, depending upon the 


. L | 
stiffness function С selected, each solution fulfilling the cun- 


dition, CLw?=1. 


The Cable Dynamo. 


The alternator has been designed for the particular purpose 
of operating a cable, and possesses some novel features. Since 
we cannot reduce the number of poles to less than two, we must 
rely on a high magnetomotive force, and a minimum clearance 
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for the armature to produce, at such low frequencies, the 
voltage required. 

In addition, it is especially desirable to generate an accurate 
sine wave of E.M.F. These objects have been satisfactorily 
obtained in the design of the machine used in these experi- 
ments. 

The resistance of each of the field coils is nearly 1,000 ohms, 
and the inductance of the armature largely controls the cur- 
rent in the armature circuit, so that the machine can be short- 
circuited at full voltage without harm. 

In starting and stopping the dynamo no form of switch is 
used, but, instead, the motor which operates the dynamo, 
starting from rest, gradually builds up the E.M.F. from zero, 
which gradually dies down to zero at stopping. In this manner 
there is never any possibility of a “ break " in any metallic 
circuit connected with the transmitting apparatus. 

Since the dynamo transmitter comprises the power plant 
for an ocean cable, it must, therefore, take its place on the 
instrument table, where the transmitter is directly geared to it. 
The armature is mounted on ball bearings, and runs with 
remarkable silence and smoothness under load. 

The developments of wireless telegraphy have introduced 
alternating-current dynamos of considerable power of 100,000 
and even 200,000 cycles per second ; but for the present pur- 
pose we require an alternator to operate at from 4 to 10 cycles 
per second, and to develop 100 volts or more. This type of 
dynamo possesses some interest to the engineer, because it 
may be said to represent the extreme infra-red end of the 
dynamo spectrum, just as the high-frequency: machines men- 
tioned above represent the ultra-violet end. It would be 
strange indeed if the needs of telegraphy should be ultimately 
responsible for the development of both ends of this spectrum. 


IV. Summary. 


In the phenomenal development of the wireless art many 
instruments and methods have been imported from the much 
older art of wire telegraphv. In like manner may we not, to 
advantage, re-import some of the methods and instruments 
developed in wireless telegraphy into the art and science of 
cable telegraphy ? 

It has been truly said that “we begin to understand а 
phenomenon when we can measure it," and for this reason © 
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alone the present plan, it is thought, will appeal to physicists 
and engineers. 

It is seen that once we can employ a system of signalling 
in which we are dealing with one fundamental frequency only, 
and the circuit is never broken, the process of measuring the 
constants of the cable itself and the most suitable bridge 
arrangements for high efficiency is greatly simplified. 

The removal of any form of arc or spark from the cable 
circuit has been shown to very materially increase the accuracy 
of balancing the duplex bridge, while the smooth type of waves 
employed in sending the signals has enabled this important 
object to be attained with an accuracy greater than has been 
possible before. 

Using the low-resistance coil of а transformer or auto- 
transformer as the actual source of E.M.F. in the circuit com- 
prising the cable itself, enables each end of the cable to be 
permanently connected to earth, thus providing a drainage 
path for earth currents of all kinds induced in the cable, and 
also adding to its safety. 

The present forms of cable recorders, relays and amplifiers, 
when relieved from the necessity of recording consecutive 
impulses in the same direction, are liberated from some ргас- 
tical restrictions which have heretofore hampered them. 

In the example shown the recorder coil of the gold-wire 
relay oscillates back and forth at a definite frequency, and the 
inertia of the moving parts 1s, therefore, less troublesome, and 
we are at liberty to increase the flux of the magnetic field, as 
well as reduce the control of the coil so as to allow it to vibrate 
more freely at its natural frequency. 

No mention has been made of the possible application of 
this method of transmission to landlines, but it may be re- 
marked that in the present Wheatstone automatic system 
there is great trouble caused by the induction of one line upon 
another, and if we could remove from the Wheatstone system 
the necessity of making and breaking the battery circuit at 
comparatively high voltage we could, at a single stroke, very 
largely reduce all such inductive effects. 

The more usual method of developing a system of telegraphy 
is what might be called the " synthetical method "—that is, 
having certain fundamental principles which are proved to be 
correct, to endeavour to build up а system in practice which 
will possess as many as possible of these principles. 

This method was employed in the earlier stages of these 
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experiments, but it was only after abandoning this course 
altogether, and starting with the ideal solution as outlined 
above, that it was possible to proceed without radical com- 
promise. It is known, for instance, that certain characteristics 
are very desirable in any cable system, such as 

(а) All signals should represent equal lengths of time ; 

(b) No two consecutive signals should be of the same sign ; 

(c) The resolving power or definition of each letter of the 
alphabet should be as nearly as possible the same ; 

(d) The total quantity of electricity measured in coulombs 
impressed upon the cable should be as nearly as possible equal 
to zero for any two consecutive signals. 

It will be seen, however, that the ideal solution for power 
transmission automatically comprises each of these conditions, 
and, in addition, has other advantages in safety to the cable 
property from undue electrical strain throughout every 
centimetre of its length. 


ABSTRACT. 


1. The Paper proposes a new angle of view in the method of trans- 
mission of signals in the submarine telegraph cable, and describes 
some apparatus for operating on the general principles involved. 

2. An ocean cable is considered as a power line, and starting with 
the standard form of circuit which would be used in case it were 
required to operate an electric motor through an ocean cable, experi- 
ments are described to determine the minimum possible variations 
required in such a circuit to permit the alternating current received 
to be interpreted in dots, dashes, and spaces of the present alphabet. 
The uninterrupted alternating current used in transmission is operated 
on synchronously by the ordinary transmitting tape, so as to alter 
the impedance of the transmitting circuit at the instants when the 
current is naturally zero. Dots, dashes and spaces are each sent by 
semi-waves of either sign. but of different amplitudes. The alter- 
nating current received may be read directly from the record made by 
a siphon recorder, or this current may be employed to operate a 
siphon Morse printer, by means of an adaptation of Muirhead's 
gold-wire relay, or a Heurtley magnifier and a local wire relay. 

3. The voltage stress along an Atlantic cable when an alternator 18 
employed is shown, and the transmitting impedance of such a cable 
is computed as the frequency varies. 

4. А special form of cable dynamo to operate at frequencies from 
4 to 10 was used in the experiments described. 

5. The fundamental principle is developed of never metallically 
* breaking " the transmitter circuit, which permits of greater accu- 
racy in balancing the duplex bridge. 


DISCUSSION. 


Mr. W. DupDELL said the author and Dr. Crehore some 20 years ago 
were trying to get rid of the square corners of the waves due to the upper 
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harmonics. The difficulties now appeared to have been entirely sur- 
mounted. Аз pointed out in the Paper, if the current be broken the 
harmonics are again introduced, and he thought the method of avoiding 
this by exact synchronism of the transmitter and generator very in- 
genious. 

Prof. S. P. Тномрзох thought the great merit of the method of working 
was that it reduced everything to the sine curve. Anything clse than a 
sine curve was less economical financially and electrically. Не admired 
the author's method of obtaining synchronism, and of making the altera- 
tions in amplitude exactly at the zero points. 

Mr. A. CAMPBELL said that frequencies of 4 to 10 seemed to be usually 
emploved. What were the limits of frequency practically possible on an 
Atlantic cable, for example ? Was the limit set by the facility with 
which the signals could be read by the operator ? 

Dr. Н. W. Marcom thought that by adopting the principle of never 
breaking the circuit the author was working on the right lines. The 
distortion in а long cable was so great that the wave-form of the signal 
received depended very little on the form transmitted, and so the wave- 
form could be chosen to produce the least disturbance at the transmitting 
end. For this the use of a series inductance was helpful. Another 
method was to use a commutator to shut off the recorder while the battery 
circuit was made or broken. 

Prof. а. W. О. Howe asked why the amplitude of the current which 
passed between signals could not be made zero. Was it an instrumental 
ditticulty, or was there a theoretical advantage in having it large. 

The AvTHon. in reply, said it was desirable to have the amplitude 
large between signals, so as to depart as little as was practicable from its 
ideal sine wave. Moreover, the energy was utilised to feed the tape. 
With regard to frequency, 10 was very high from a cable standpoint, but 
he was hopeful that when the physicist had attended to the problem of 
the receiving instrument, much higher frequencies, say within the aural 
limit, would be possible. 
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